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AXISYMMETRIC PROBLEMS OF ELASTICITY
FOR A TRANSVERSELY ISOTROPIC BODY WITH CRACKS

M. SAVRUK

The axisymmetric problem of elasticity for a transversely isotropic body, when
the plane of isotropy is normal to the axis of revolution, is decomposed into two indepen-
dent problems of axisymmetric torsion and axisymmetric deformation. In the case of an
isotropic elastic body with arbitrary cracks both problems were studied earlier [1],[2].
It is known that the axisymmetric torsion problem of a homogeneous anisotropic body
of revolution is reduced to the similar one of an isotropic body by means of a simple
change of spatial variables [3]. The case of axisymmetric deformation of a transversely
isotropic body requires a special consideration.

We assume that the distribution of stresses in a transversely isotropoc body of
revolution is symmetrical about the axis of revolution. Let us introduce a cylindrical
coordinate system (r, ¢, z) with z-axis coinciding with the axis of the body. Then
the problem of the axisymmetric deformation of such bodies is reduced to finding
two components of the displacement vector u,, u, and four components of the stress
tensor Ore, Opy, 0,; and o,,. Let a system of axisymmetric cuts on smooth surfaces
of revolution be located in an elastic medium. Denote by S a set of cut contours in
the half-plane Il = {r > 0; —00 < z < o0}. Assuming that the displacements and
stresses are discontinuous on the contour S, we write down the equilibrium equations
in displacements in the generalized sense [2]

(1) Lopup + Xo = [ta]s8s + AL, (3:)([uplsnqs),

where -
Lyy = A11(02 + (1/7)8, — 1/7?) + A48?,
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L. = (A13+ Ay4)0,0, L.r = (A13 + A44)(8,0; + (1/7)3s),
L. = Aqa(82 + (1/7)0,) + A330%;

A%, (0:) = And, £ (A — An)/r,  AE,(8:) = Aadds,
AL, (8;) = Awd,,  AE,(8:) = A13dr, AL, (8:) = A130,,
A%.(8s) = AL, (8:) = Aaa(B, £ 1/r),  A%E,(8) = Assd;
ta(2) = Oap(2)np(2) = Tony(nz, 92)uy(2),
Trr(nz,0z) = A11n, 0, + Agan,0; + Apan, /1,
Ty2(ng, 0z) = A1an,0; + Asan.o,,

Tor(nz,0:) = A4ane0; + A13n,0; + Agan,/r,
T.2(nz,0;) = Agan,8, + A33n,0,.

ng(z) = cos(m, zg) is the direction cosine of the normal n to the contour S; 9 = 8/8zg,
z, = 1,2, = 2; [fls = (&) - f(£), £ € §; the superscripts + and — indicate the
limiting values of the function on the contour §; X, are components of volume forces;
Aj1, Aqg, ... are elastic constants [3]; és is the surface delta function [2],[4]; the Greek
subscripts take the value r and z.

Fundamental solutions U,g(z,y) (y = (', 2')) satisfying equations

LogUyp = —bovyb(z — y)

are expressed in terms of elliptic integrals [5]. Making use of them we obtain a solution
of equations (1) in the form

(2) up(e) = / Xa(9)Vap(z,y)dy + / ([ua(M]sTap(2, 1) — [ta(n)lsUap(z, n))dS,
I 5

with

Top(z,y) = Tyalny, 0y)Uys(2,9), Tro(ny, 8y) = "ﬂ(y)A;aﬁ(ay)-
Satisfying the boundary conditions on contour S for the displacements (the first basic
problem)

() = va(€) £ 7a(£), (€S

or the stresses

t2(€) = pa(§) £ pal€), €E€S
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with the aid of the integral representation of displacements ug(z) (2), we arrive at two
systems of boundary integral equations

2 [ C1alm)Tap(€, ) = a()Vap(€,m)AS, =
S
® =@ [Xa)Uaple sy, €S
S
2 [ (ra(1)Saal€,) = o) Dap(€, )5, =
J

) =206~ [ Xa(u)Da(E 1)y, € €S
Il

in the unknown jumps of stresses 2u,(£) (3) (the first basis problem) and of displace-
ments 29,(€) (4) (the second basis problem). Here

Saﬁ(zv y) = qu(n,,-, az')Ta'v(z, y)’

Daﬁ(z’ y) = Tﬂ-y(nzy ac)Ua’v(z’ y)‘

In the case of a system of flat coplanar cracks in the plane z = 0 the systems (3) and
(4) are decomposed into four independent equations which can be written in the form

(5) Fo(rYddr' | Jo(tr')u(tr)dt = fu(r), res;
e ] '
(6) Gn(r)rdr' [ 2T, (tr')Ja(tr)dt = go(r), TrE€S;
[eor |

where n = 0,1. Here F,(r) and Gy(r) are unknown functions; f,(r) and g,(r) are
specified functions; J,(t) is the Bessel function of order n. When the S is an internal
(0 £ r < R) or external (R < r < o) circular region the equations (5) and (6) are
solved in closed form for arbitrary n > 0 [5]. In the case of a penny-shaped cut we have

2r(n-1) ¢ d [t (8)dt

R
Fa(r) = d / zdz d [ fa(t)dt
s r drJ zanJz?_ r2dz vz -2
r o
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R
z"tlg, (z)dz

(7) Gn(r) = 21r / tz"m/ N

with G,(r) satisfying the condition G,(R) = 0.

The last equation of (7) provides the possibility to write the closed-form expres-
sions of the stress intensity factors K] and Ky under the action of volume forces in
a solid and arbitrary nonself-equilibrium tractions on faces of the penny-shaped crack.
When the volume forces are absent (X,.(:c) X:(z) = 0) these expressions take the
form

with
= (7/2)(A11/Ass - )/ /2(a? + ¢2),
a2 = (A11A13 - 2A13A44 - Afa)/(zA&Aﬁl)’ 04 = All/Aaa.

The case of an external circular crack (S = {r > R; z = 0}) can be considered
in a similar manner [5]. The corresponding expressions of stress intensity factors are

Ky = \/2_( [ "”,r__;(’)‘;; + by 7p,(r)dr),

(®) N T
I[\/r - R?

with
by = 2A13(1/A44 - 1/A33 - A13/(A33A44) + l/(A33€2))/\/2(02 + 62).

It should be noted that the solution (8) is obtained under the condition that
the displacements are equal to zero at infinity. To avoid such a restriction one should
carry out an additional analysis, similar to the isotropic case [6].

We have assumed above that the contour S is open. However the obtained
integral representation of the solution (2) of the differential equations (1) remain valid
also if S is a closed contour (or an open contour with its origin and end at the axis of
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revalution) or a set of such contours. Therefore the integral representation constructed
above can be used for reducing the boundary value problems for a region G bounded
by the contour S to boundary integral equations. Then we carry out an analytic
continuation of the solution to the region Gy = II \ G(G; being the completion of G
to the half-plane II) in such a way that in crossing the contour S, the displacements
remain continuous (the first basic problem), or the stresses remain continuous (the
second basic problem). As a result we obtain integral equations of the first kind over a
closed contour §. Such an approach has been realized, in particular, in two-dimensional
problems of elasticity theory [7].

In the theory of boundary integral equations it is common to use integral rep-
resentation of the general solution of the equilibrium equations in a somewhat different
form, when the displacement of internal points is expressed in terms of the bound-
ary values of displacements and stresses. Such integral representations can be easily
obtained from the above relationship (2) by assuming that S is a closed surface that
bounds the region G, and that the sought function is equal to zero outside G. By
assuming that n is the outer normal to the contour S, we obtain

[tals = —uz () = ~ua(§), [tals = —15(§) = ~ta(€),€ € S.

Now it follows from formula (2)

A@)ua@) = [ Xa()Vas(,v)ayt
G

(9) + / (o) U@, 7) — a(n) Tz, 7)) S0,
S

where A(z) = 1 for ¢ € G, and A(z) = 0 for ¢ ¢ (GU S). The formula (9) is the
analogue of Somigliana integral identity for axisymmetric deformation of a transversely
isotropic body. Proceeding to the limit as 2 — &(z € G,£ € S) in (9) we obtain the
boundary integral equations having the same form for the first and the second basic
problems of axisymmetric deformation of a bounded body of revolution.
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