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ABSTRACT. Fast catastrophic landslides cause many victims and im-
portant economic damage around the world every year. It is therefore
important to predict their path, velocity and depth in order to provide
adequate mitigation and protection measures. The distance travelled by
these fluidized avalanches is large in many cases, such as lahars in vol-
canoes. Three dimensional models are extremely expensive, and depth
integrated models provide a reasonable compromise between computa-
tional cost and accuracy. One important aspect to model is the consti-
tutive/rheological behaviour of the materials. This paper describes both
from the solid and from the fluid dynamics points of view models which
can be used to describe fluidized soil behaviour. Concerning initiation
or triggering, we describe generalized plasticity models for liquefaction
and collapse of loose metaestable soils, as these mechanisms are found in
many fast landslides. Once the soil has fluidized, we shall describe its
rheological behaviour, giving details of how to obtain depth integrated
rheological models
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1. Introduction

Mathematical models have to be completed using constitutive or rhe-
ological models relating stress and strain tensors. In the case of solid soils,
great effort has been devoted in the past decades to develop accurate constitu-
tive models accounting for the more important aspects of soil behaviour, and
today there is a wide choice between many elastoplastic, viscoplastic, hypoplas-
tic, non linear incremental and generalized plasticity models, just to number
some of them.

One important limitation is that, so far, no satisfactory model exists
that is able to reproduce the behaviour of soil mixtures under the full range of
strain rates which appear in fast slope movement problems. After liquefaction
or fluidization has taken place, the soil behaves in a fluid like manner, and
models used here are different from those used for reproducing the triggering
mechanism. Indeed, both classes of models for solid or fluidized soils are often
referred to as “constitutive equations” and “rheological models”, even if they
provide in both cases relations between stress and strain tensors and their
rates.

The purpose of this work is to present models able to describe —with
different degree of approximation— the behaviour of fluidized soils. We shall
begin discussing the process of fluidization or liquefaction, where a solid soil is
transformed from solid to a fluid like material, and presenting some of the many
available constitutive models which allow describing this phenomenon. In the
second section, we shall describe a general framework within which rheological
laws such as Newtonian, Bagnold or Bingham fluids flow models can be derived
as particular cases.

One particular type of models which are widely used is the so called
“depth integrated” model obtained from the general 3D models by integrating
along depth. They require determination of “depth integrated stresses” and
“basal friction forces”. Here we shall provide insight on how to derive both.

2. Mechanisms of fluidization of geomaterials

2.1. Types of failure and material behaviour
There are many alternative classifications of landslides attending to
shape, morphology, velocity of propagation, etc. (Dikau et al. [6]). How-
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ever, few of them provide insight on the mechanism of failure or the reasons
why under some circumstances a landslide propagates with a reduced speed
or it accelerates downhill, reaching high velocities and propagating over long
distances.

Concerning initiation phase —or triggering mechanisms—, most classifi-
cations of landslides define two separate groups as “slides” and “flows”. In the
former, a soil mass behaving like a rigid body moves along a clearly defined
surface where strain localizes. This is the failure surface commonly used in
classical geotechnical analysis, and it corresponds to a phenomenon of local-
ization of plastic strain. In the latter failure takes place over a much larger
extension of soil, and it is referred to as “diffuse failure”. Here it is important
to mention the work of Darve and co workers in Grenoble, who proposed and
investigated this mechanism (Darve and Laouafa [4]), and that of the authors
(Pastor et al. [16]; Fernandez-Merodo et al. [7]). Of course, nature is more
complex, and we can find mixed types of landslides where liquefaction devel-
ops over a limited zone, or where water enters the soil during propagation of
the landslide, etc. In most cases, fast catastrophic landslides are related to
liquefaction of loose, poorly compacted deposits.

Therefore, we shall concentrate on “localized” and “diffuse” mecha-
nisms, in order to relate them to the constitutive properties of the material.

Catastrophic landslides are characterized by an acceleration of the soil
mass which is believed to be caused by a decrease of strength, which in turn
is quite often related to “softening” of the material. However, it is important
to precise what is really softening.

Let us consider the following three triaxial tests: (i) Consolidated
Drained behaviour of a dense sand, (ii) Consolidated Undrained behaviour
of a very loose sand, and (iii) Consolidated Undrained behaviour of an over-
consolidated clay. Figure 1 illustrates these cases.

In the Figure 1, we have depicted: (a) deviatoric stresses versus axial
strain, (b) stress paths on p’ — ¢ plane, and (c¢) the mobilized stress ratio (¢/p’)
versus axial strain.

If we assume that soil strength is of frictional nature, it is the stress
ratio (¢/p’) magnitude which we have to use in order to analyze soil response.
In all the three cases depicted, we can see that only the CD response of dense
sand and the CU response of the lightly overconsolidated clay present a de-
crease of strength. On the contrary, the CU response of the very loose sand
is characterized by a monotonically increasing stress ratio. However, the peak
in deviatoric strain is much more important in the latter. Therefore, lique-
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Fig. 1. Softening of geomateriales

faction is in many occasions responsible for diffuse failure mechanisms and
fast catastrophic landslides while softening can be associated with localized
mechanisms such as planar or circular slides.

Therefore, it is crucial to model the increase of pore pressure leading to
liquefaction presented in loose or metaestable deposits. Liquefaction of loose
sands has been studied in detail during the last decades, but the collapse of
metaestable soils such as those of volcanic origin has received less attention
from researchers. To illustrate the destructive power of landslides triggered
on such soils, we can mention the case of El Salvador earthquakes of 2001,
where a large number of fast landslides were triggered. In this case, the soils
were unsaturated, and the long distances and velocities of propagation can be
related to a collapse of soil structure causing a rise of the air pore pressure due
to the tendency to compact. Of course, time of dissipation is small, but the
propagation times were small than 10 s.
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2.2. Constitutive modelling of liquefaction via Generalized
Plasticity

There are excellent texts and state of art papers devoted to describe
constitutive models and their use in geotechnical engineering. We can men-
tion here the texts of Desai [5], Cambou and Di Prisco [3], Kolymbas [9, 10],
Zienkiewicz et al. [20] among others, and the references provided therein.

We shall focus here on the Generalized Plasticity Theory (GPT) in-
troduced by Zienkiewicz and Mroz [18] and elaborated by Zienkiewicz et al.
[19] and Pastor et al. [14, 15], as it provides a framework within which ac-
curate models can be developed to describe softening and liquefaction under
monotonic and cyclic loading. The basic model has been recently extended by
Tamagnini and Pastor [17] and Ferndndez Merodo et al. [7] to non saturated
and collapsible soils.

Generalized Plasticity Theory introduces the dependence of the con-
stitutive tensor relating increments of stress and strain on the direction of
the increment of stress via a unit tensor n which discriminates the states of
“loading” and “unloading”

(1) de =Cp:do for n:do€ >0,
de =Cy:do for n:do® <0,

where do€ is the rate of stress which would be produced if the behaviour was
elastic, do® = D¢ : de, and D¢ is the elastic constitutive tensor.

After imposing the condition of continuity between loading and unload-
ing states, we arrive at

1

Cp,=0C +HL

NgL @ n,

(2) ,
Cy=0C°+ H—UngU X n.

In above, subindexes L and U refer to “loading” and “unloading”. The
scalars Hy iy are referred to as loading and unloading plastic moduli, and unit
tensors ngyr, /iy give the direction of plastic flow during loading and unloading.

The limit case, n : do® = 0 is called “neutral loading”, and with the
assumption done in (2), it can be seen that response is continuous as:

der, = Cp : do = C¢ : do,
dey = Cy : do = C° : do.
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The strain increment can be decomposed into two parts, elastic and
plastic as:

de = de® + de?,
de® = C° : do,
(3)
d6p = ngL/U X n.
U

The main advantage of Generalized Plasticity Theory is that all in-
gredients can be postulated without introducing any yield or plastic potential
surface. Moreover, it can be seen that both Classical Plasticity and Bounding
Surface Plasticity models are special cases of the GPT.

We shall describe next a simple model proposed by Pastor et al. [14,
15] which is able to reproduce the basic features of sand behaviour under cyclic
loading.

The main features of sand behaviour under monotonic and cyclic load-
ing are the following:

(i) Volumetric deformations depend mainly on the stress ratio n = ¢/p.
There is a characteristic value 7 = M, at which the behaviour changes from
contractive to dilative. Failure at constant volume takes place also at this line,
referred to as “Characteristic State Line” by Habib and Luong, and it can be
interpreted as a Critical State Line for granular soils. The basic idea behind is
that the soil, before failure, crosses a state at which there is no volume change,
and comes back to it at residual conditions.

(ii) Very loose and loose sands exhibit compaction under shearing,
which results in an increase of pore pressures when the loading process is
not fully drained. In the limit, liquefaction can happen.

(iii) Dense sands exhibit dilation once the Characteristic State Line
has been crossed. Dilation causes softening, and the strength decreases after
a peak has been reached. Here, localization of strain in shear bands obscures
the experimental results as the specimen is not homogeneous.

(iv) Under cyclic loading we observe the same compaction and dilation
patterns. Plastic deformation occurs and the soil compacts progressively or
the pore pressure increases. Liquefaction under cyclic loading is just the result
of the increase of the pore pressure and the mechanism which is observed in
monotonic loading.

(v) Medium dense sands under undrained cyclic loading develop a spe-
cial type of behaviour which is referred to as ’cyclic mobility’. The difference
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to liquefaction consists in dilation which causes the pore pressure to decrease,
hardening in turn the soil.

Taking into account all experimental facts described above, it is possible
to develop a model within the Generalized Plasticity Theory as follows:

First of all, the direction of plastic flow in the (p, ¢) plane is postulated
as:

ng = (ngvvngs) )
(4) ngy = dg/(1 + df;)l/Qa
Ngs = 1/(1 + d3)1/27

where the dilatancy dg is given by dy = (1+ ) (My —1n), o is a material
constant.

The loading-unloading discriminating relation n is obtained in a similar
way:

n’ = (ny,ns),
ny = dp/(1+d3)1/2,
ny=1/(1 +d2)V2,

dy =(1+a)(My—mn),

()

where M} is a material constant
The third ingredient is the plastic modulus, which has to be defined
both for loading and unloading. During loading, we assume:

(6) Hy = Hop'Hy (H, + Hs) Hpu,

where Hj is a constitutive parameter. In above, H is given by

and
=(1+ L M
Ny = o I

Hy varies between 1 at ¢ = 0 to 0 at the straight line tangent to the
Yield surface at the origin.



108 M. Pastor, J. A. Fernandez Merodo, B. Haddad et al.

The terms H,, H; and Hpjs refer, respectively, to volumetric and
deviatoric strain hardening and the discrete memory. They are given by:

1
Hy=(1--1
= (),

(7) Hg = Bof exp (—5o€) »

|
o= (42)

In above expression, Gy and (1 are material constants, while ¢ charac-
terized the maximum level of stress at which the material has been subjected.
It is defined as

(®) = {1-(*52) %}W.

Let us now consider each term. The volumetric term is zero at the CSL,
and therefore, failure would take place there if H were zero. It can be observed
in triaxial tests that both in drained and undrained processes, the stress paths
are able to cross this line. The role of H is to prevent failure at this stage, but
to allow it at residual conditions. This is achieved by making H to depend on
the accumulated deviatoric strain & defined from d¢ = (de? : deP )1/ % where de?
is the increment of the plastic deviatoric strain tensor.

As an example, we depict in Fig. 2 experimental results and model
predictions for the liquefaction of very loose sand under undrained loading in
a triaxial apparatus.

2.3. A Generalized Plasticity model for collapsible soils

An improvement of the Generalized Plasticity model has been recently
proposed by the authors to reproduce the mechanical behaviour of bonded
soils, weak rocks and other materials of a similar kind.

Following the framework introduced by Gens and Nova [8] and Lagioia
and Nova [11], two basic concepts lie in the representation of this mechanical
behaviour: the fundamental role played by yield phenomena and the need for
considering the observed behaviour of the bonded material in relation to the
behaviour of the equivalent unstructured one.

As the amount of bonding increases the yield surface must grow up.
Two parameters define the new enlarged yield locus: ps that controls the
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Fig. 2. Liquefaction of very loose Banding Sand (data from Castro, 1969 and
predictions from Pastor, Zienkiewicz and Chan [15])

yielding of the bonded soil in isotropic compression and p; which is related
to the cohesion and tensile strength of the material. Both p.y and p; increase
with the magnitude of bonding.

We can assume that the degradation of the material (decrease in bond-
ing) is related to some kind of damage measure, that will in turn depend on
plastic strains. Lagioia and Nova [11] proposed simple laws to describe the
debonding effect on a calcarenite material. The evolution of p, is governed by:

Dt = Dio XD (—pted) :

where p;o and p; are two constitutive parameters and e? is the accumulated
plastic volumetric strain. It appears reasonable to assume that changes of the
yield locus will be controlled by two different phenomena: conventional plastic
hardening (or softening) for an unbonded material and bond degradation. In
that case, the plastic modulus in the sand model proposed by Pastor et al.
[15], can be modified introducing Hj, such as:

(9) Hy = (Hop" — Hy) Hy (Hy + Hg) Hpyy,
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where the following notations are used:

7\ *
p* =0+, H*:(l——> ,
nr
< n*) <r>;ax>'7D]VI
H = (1- , HY . = ,
(100 M, b ¢*
-1/
Qo n*
— / *: / 1_ f U
nx=q/ (@ +pt), ¢ (p+pt){ <1+af>M} ,

Hb = bled exXp (—bzsd) s

ag, by, ba, ypy and M are model parameters. It can be seen that the value of
Hy, decreases when the volumetric plastic strain increases (i.e. when debonding
occurs) and in the limit case, when de-structuring is complete, H}; becomes
zero. In this case, the modified plastic modulus defined above coincides with
the original plastic modulus.

With this improvement it is possible to reproduce the laboratory tests
of Lagioia and Nova [11] on the Gravina calcarenite. Figures 3 to 6 compare
experimental data and model predictions for isotropic compression test and
shearing under drained conditions with initial isotropic confining pressures as
well as for oedometer test.
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Fig. 3. Isotropic compression test: experimental data from Lagioia and Nova [11]
and model predictions

This type of behaviour —de-structuring with a significant compaction—
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Fig. 4. Drained constant cell pressure test (04 = 1300 kPa) experimental data from
Lagioia and Nova [11] and model predictions
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Fig. 5. Drained constant cell pressure test (o4 = 2000 kPa) experimental data from
Lagioia and Nova [11] and model predictions
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Fig. 6. Oedometer test experimental data from Lagioia and Nova [11] and model
predictions

reflects a mechanism which in our opinion plays a paramount role in the gen-
eration of pore pressures and catastrophic failure of soils.

2.4. Comments and remarks

So far, we have considered behaviour of soil up to failure that is the
point at which classical geotechnical analysis stops. Beyond it, there are im-
portant difficulties from all points of view: experimental, constitutive, and
numerical. Experimentalists find that specimens are not homogeneous in the
case of localized failure, and therefore, it is a difficult task to obtain reliable
measurements of stress and strain. Moreover, the test apparatuses are not
designed to follow the important strain which develops after failure. Consti-
tutive modellers do not go further because of the lack of experimental data.
The situation is not much different for numerical analysts, who will find here
large deformations. Numerical methods such as finite elements need to use
special techniques. If the formulation is of Lagrangian type, the mesh can
be severely distorted, and either adaptive remeshing or arbitrary Lagrangian-
Eulerian techniques have to be used. If an Eulerian formulation is used, the
material movement has to be tracked in the fixed mesh. Tracking of free sur-
faces requires also the use of techniques such as the level set.

Concerning constitutive modelling —to which this paper is devoted-,
one important aspect is to bridge the gap between solid and fluid behaviour.
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Viscoplastic models can provide this bridge, if some concepts such as critical
state are extended to the fluid phase.

The paradigm of the existence of a Critical State (CS) at which the
material can sustain deformation at constant void ratio has to be revised.
One possible solution could be to assume that the CS depends either on a
measure of the rate of deformation or the kinetic energy of the material. The
resulting state surface in the space kinetic energy - hydrostatic pressure and
void ratio could explain some experimental observations in rheometers working
at constant pressure or constant volume.

3. Rheological models

3.1. General framework

Once downhill movement has started, material behaviour becomes more
and more “fluid-like”. The problem of modelling such fluid is complex, and it
will depend on the type of mixture. In the simplest case of a flow of a granular
material without interstitial water, it could be thought of being composed of a
single phase. However, the flow presents inverse segregation, and the coarsest
fraction will move upwards. Therefore, this phenomenon cannot be modelled
if the assumption of a single phase material is made. The problem gets more
complicated if an interstitial fluid is present. In some cases the pore fluid is
water, while in others is mud.

A first simplification commonly found in literature consists in studying
the overall mixture behaviour, formulating ad-hoc models for it. This approach
precludes the relative movement of the interstitial fluid against the solid frac-
tion, and does not allow modelling of stabilization of the flow using bottom
drainage systems.

Next refinement consists in considering two phases, a granular skeleton
and the fluid (water or mud) filling its voids. If the shear resistance of the fluid
phase can be neglected, the stress tensor in the mixture can be decomposed
into a “pore pressure” and an effective stress.

The purpose of this Section is to present some of the models which have
been used in the past, providing values of their material parameters whenever
they are available. Most of these models have been formulated in terms of total
stresses for one phase, but they can be generalized including the stresses within
the fluid. It seems reasonable to consider one phase in the case of mudflows,
and two phases in the case of debris flows. The difference will be in the ability
of the fluid phase to percolate through the solid.
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One of the main difficulties to develop suitable rheological models is
the limitations of the existing rheometers in applying general stress and rate
of deformation fields. This situation is much different from that found in soil
mechanics, where today it is possible to control three independent magnitudes
such as principal stresses or invariants. There exist devices allowing to explore
the effect of rotation of principal stresses axes, the structural and induced
anisotropy, etc.

In the case of fluidized geomaterials, the stress conditions are rather
simple, such as the simple shear which has been already described, and most
of simplifications used in the analysis are caused by a lack of available data
rather than provoked by findings in experiments.

If we assume that the fluid is isotropic, and we want to express the
stress as a function of the rate of deformation tensor, it is possible to use the
so called “representation theorems”. Following Malvern [12] the stress tensor
can be expressed as:

(11a) o= —pl — Ool + ®1d + Dod?,

where p is a “thermodynamic” pressure, I the identity tensor, d the rate of
deformation tensor, and @y, k = 0..2 scalar functions of the invariants of d:

Q= O, (I1a, L2d, I34) -

The invariants are defined as:

(11b) g = %tr (d"“) .

In most of models it is assumed that the fluid is incompressible, and
therefore I1; = 0. When modelling fast landslides, some authors consider the
deformation decomposed into two parts: propagation, at constant volume, and
vertical consolidation. In this case, using the assumption that behaviour of the
mixture is incompressible is justified. However, the reader should be aware that
this is just an assumption which has been proven accurate only under certain
restrictions. We shall assume in what follows that the flow is incompressible.
Moreover, due to the lack of experimental evidence, we shall assume that there
is no dependence on I34. In our opinion, this assumption which is found in
most of the available models should be given more consideration. In the case of
soils and granular materials in solid state, this assumption leads to important
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errors, such as different friction angles at critical state at compression and
extension. In consequence, we shall assume:

Qp = Py, (Iog) -

The stress tensor can be decomposed into hydrostatic and deviatoric
components as:

(12) o= —pl +s,
where:
= —~tr o)
= ——tr
b 3 ,
s=oc+pl.

The hydrostatic component is obtained as:

1
p=—=(—3p— 3Py + Potr (d?))

3
(13)
2
=p+Po— 5‘132—72(1-
Finally, the deviatoric component can be easily obtained as:
2
(14) s = =3 ®alyl + &1d + Pyd?.

It is important to notice that, as the flow is incompressible, the hydro-
static component of the rate of deformation tensor is zero, and d is a deviatoric
tensor. Therefore,

(15) d=dev(d),

and (14) can be written as:

(16) o= —§<1>212d1 + ®ydev (d) + Bad®.
The stress is given by:

(17a) o = —pl — &yl + Brdev (d) + Pod>.
A third alternative is:

(17b) 0 = —pl — Bl + Brdev (d) + By {dev (d)}*.



116 M. Pastor, J. A. Fernandez Merodo, B. Haddad et al.

We shall consider next two particular cases of motion: simple shear
flow and a general 2D plane flow.

The simple shear flow will be assumed to take place in the X7 X3
plane, with a velocity field of the form:

U1 =11 (963) )
(18) Vg = V3 = 0.
The rate of deformation tensor is:
0 Low
2 81‘3
(19a) i=| 0o o o |
1 82}1
-—— 0 0
2 8953
and d? is given by:
1 8’1)1 2
- = 0 0
4 <8£L‘3>
(19b) d* = 0 0 0
0 Lo
4 61‘3
The second invariant Iog is:
1 1 8@1 2
19 Ly=-tr(d) =22 .
0 =@ = (52)
The stress tensor is given by:
1 6’[)1
0 0 ——
2 61‘3
(20) o= —pl — Dol + P, 0 0 0
1 8@1
—— 0 0
2 8903
1 82}1 2
- = 0 0
4 <8.’E3)
+ Py 0 0 0 ,
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from where we obtain the components:

1 801 2
—0y3=—p— Dy + -Py [ —-
011 = 033 P 0+4 2<8x3) ;
(21) o2 = —p — Do,
1 801
013 = 031 5 16353

It is important to notice that, in addition to having shear stresses which

depend on the rate of shear strain a—;}l we find that the normal stresses oy
and o33 depend also on it. This contrib:iltion is often referred to as “dispersive
stresses”.

The expression of the stress components (21) will be used to generalize
the results obtained in simple shear flow rheometers to more general stress
conditions.

The second case which will be considered here is that of a incompress-
ible 2D flow, which we shall assume to take place in the plane X7 X3. The
rate of deformation tensor is now given by:

din 0 dis
(224) d=[ 0 0 0
d31 0 ds3

with di1 + d33 = 0. From here, we obtain:

di, +di; 0 diz(di + ds)
a* = 0 0 0

diz (d11 +dsz) O d3s + di;
(22b)

@ +d3y 0 0

= 0 0 0
0 0 di;+dig
The components of the stress tensor are given now by:

(23)

din 0 dis iy +dis 0 0

o= —pl —®g + P 0 0 0 + Oy 0 0 0 ,

ds1 0 dss 0 0 d3;+di
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from where we obtain:

o1 =—p— P+ Prdiy + Py (d3) +di),

o33 = —p — Po + P1dss + Pa (d35 + dis)
= —p— Pg— P1dy1 + P2 (d}; + dis)

o2 = —p — Py,

o13 = 031 = P1dy3,

o132 = 093 = 0.

Again, we find (i) a shear stress depending only on d;3, and (ii) disper-
sive stress terms which depend on @, (d%; + d3;) .

3.2. Bagnold fluids

Bagnold [1, 2] proposed a model valid for simple shear conditions which
explained the behaviour observed in his rheometer. The tests were conducted
at constant volume, and he identified two different flow regimes, which he de-
noted as “macro-viscous” and “inertial”, depending on whether fluid viscosity
or grain inertia dominated. The transition was characterized by a value of the
non dimensional number Np in the range 40-450. The Bagnold number Np is
defined as:

)\1/2p62 (%)
(25) Np = 3
I

where c is the diameter of the spheres, p is their density, and A is the linear

)

concentration.
Bagnold proposed the following expressions for shear and normal stresses
in the inertia regime:

vy \

— s o222 [ UL

013 = a;sin q;pA“c ,
Ors

(26)

a 2
033 = p + a; cos aip)\2c2 (ﬂ> ,
8903

where a; = 0.042, tan a; = 0.4. The equations are valid for A > 12.
Equations (26) show a dependence of the normal stress o33 on the

. U1 . . . .
rate of shear deformation ——. This component is referred to as “dispersive
3



Modelling of Fluidized Geomaterials. . . 119

pressure”, and it can be observed under isochoric conditions. Should the test
have been run under constant pressure conditions, we would have observed a
dilation or increase of void ratio.

If we compare expressions (26) to equation (20), we can identify:

1 vy \ 2 ovr \ 2
o33 = —p— Py + —Dy <71> = —p — a; cos aip)\ch (a—ac;> ,

1 v turb . 22 vy ?
01320312—@1—2013 + a; sina;pAc” | — R
3 6%‘3

from where it follows:

(I)O = 07
. 2 2 [ Ou1 . 2 2 1
27 P, = 2a;sinq;pA\“c” | =— | = 4a;sina;pA“c” (Iap)?
P s p
Oy = —4a; cos a; pA2c?.

In above, we have used the value of Isp for simple shear flows given in
(19¢).

From here, we can derive the general rheological model or the Bagnold
fluid model:

(28) o=-—-pl+ {4ai sin o pA2c? (IQD)%} dev (d) — {4a; cos a;pA*c®} d?.

Again, it is important to remark that Bagnold model has been obtained
for a granular fluid under constant volume conditions, and special care should
be taken when generalizing it to different situation.

4. Depth integrated Rheological Models

4.1. Introduction

Fast landslides, avalanches and debris flows are complex 3D phenom-
ena which can be described by alternative models with different accuracy. In
the more general situation, the equations of balance of linear momentum for
all components of the mixture include the partial stresses, which have to be
specified from the flow kinematics. In the preceding Section we have presented
several rheological models which allow determination of the stress tensor once
the rate of deformation tensor is known.

This approach is complex and expensive in computer time. As an
alternative, we have introduced the depth integrated models, where velocities
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and stresses are integrated along the vertical axis. The equations are cast in
terms of depth of flow and averaged velocities and stresses, and include the

M. Pastor, J. A. Fernandez Merodo, B. Haddad et al.

surface forces on the surface and the bottom.

We shall recall here for completeness the depth integrated balance of
momentum equations which describe the different alternative mathematical

models available to describe fast landslides.

(29a)

ot

The basic equation is:

- o , o . _ Al LA B| B
(hvl-)—f—(l—ka)a?j(hij):bih+87j(hoij)+‘]\] |t + NPt

or the alternative form of it

(29b)

(30)

o, 0 1 9
— (ht;) + a—x] (hvzvj - §pb3h 5”)

ot
ol (hv;5;) + 2 (ha};) + bih + |[NA| ¢ + |[NP| P
856]' v 856]' (% v i i

It is important to notice:
(i) The forces at the basal surface t2, which depend on the stresses.
(ii) The correction factor « defined from:

z+h
k ok — —
/ V; U} dzr3 = av;vj,
z

where v is related to the depth average velocity by:

vi(21, 22, 23) = Ui(21, 2) + v (T1, 22, 23).

(iii) The depth integrated stress tensors &;; and &;; which has been

obtained using the decomposition:

(31a)

where

* *
oy = —p oij + 0y,

p* = pbs(Z + h — x3).

After averaging along depth, we arrive at:

(31b)

_ _ g
Oij = —Poij + 0y
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with

1
p = —pbsh
p 2P37

z+h
—x *
z

The original 3D equations have been greatly simplified as the resulting model

(31c)

is 2D, but the problem now is how to determine the correction factor o defined
in (30), the basal forces per unit area t2 and the depth integrated stresses
(31b) without having information of the 3D flow structure, which has been lost
in the averaging process.

A possible solution which is widely used consists of assuming that the
flow at a given point and time, with known depth and depth averaged velocities
has the same vertical structure as a uniform, steady state flow. In the case
of fast landslides this model is often referred to as the infinite landslide, as
it is assumed to have constant depth and move at constant velocity along a
constant slope.

In addition to provide depth integrated stresses and basal friction, the
infinite landslide model can be used in order to (i) determine the conditions
at which a landslide is triggered, and (ii) provide a first estimate of paths and
velocities.

The next subsection presents the infinite landslide model and the method
to obtain basal friction and depth averaged stresses.

4.2. The Infinite Landslide model

In what follows, we shall assume that our infinite landslide takes place
along a plane with constant slope. We shall use the notation introduced in Fig.
7, where the main variables which will be used in the analysis are depicted.

In the figure, we have considered a column of material of unit length and
depth h. The flow structure is that of a simple shear flow. As the acceleration
along x axis is zero, we can write the equilibrium of the whole column as:

(32) pghsinf = 7,

where p is the mixture density, g the gravity acceleration, 6 the slope and 75
is the bottom friction. By considering the equilibrium of a part of the column
extending from the surface to a depth (h — z), we can obtain the shear stress
as a function of z:

(33) 7 =pg(h—2z)sinf =71p (1—%).
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z
pghsin@
h 1
—_— 9 —_— rB
X Ts

— t=pg(h—2z)sind

Fig. 7. Infinite landslide

Therefore, the shear stress varies linearly from zero at the surface to a maxi-
mum at the bottom given by equation (32). This shear stress can be related
to the rate of shear strain using the models described in the preceding Section.
The ordinary differential equation can be integrated to obtain the velocity
profile, from which we can determine the depth averaged velocity. Finally, the
shear stress at the bottom will be derived eliminating the slope angle. We
shall apply this method to the rheological models described in the preceding
Section.

Once we have obtained the velocity v(£) where £ = %, we can write

the velocity as a function of the average velocity:

(34a) v(&) =T f(£),

where f(£) is a function which depends on the rheological model. From here,
we have: v(§) = v+ v*(§) and

(34b) vi(§) = (f(§) - 1)

To obtain « from (30), we use the above equation for the components of ve-
locity:
v =0 (f() -1, vy=0;(f(§—1),
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from where we arrive at:

f ehh vivides 1 9
(35) R I GER
VU5 0
Therefore, the correction factor a can be obtained from the information pro-
vided by the infinite landslide model.

Finally, we shall analyze the depth averaged stresses. Our purpose is
to relate them to a depth integrated rate of deformation tensor. The starting
point is the general rheological law (17).

If we average both sides of equation (17) along depth, the averaged
magnitudes will not satisfy the averaged equation, unless the equation is linear,
which only take place if @y and ®9 are zero and ®4 is constant, i.e.

& # —pl + ®ol + P1dev (d) + Pod”.
If the conditions for linear relation in (17) are satisfied, we can write:
& = —pl + ®1dev (d).

To obtain the averaged components of the rate of deformation tensor d;;, we
shall first consider the case 7,7 = 1,2, thus:

B 1 Z+h ov; Z+h v
36 dij = — “d Ldxs | .
(36) 7 2h </Z Ox; m3+/Z Ox; x3>

1
In the case of the simple shear flow or infinite landslide the integral 7 / 3
z Ly

Z+h 81)1'

d:Eg

is evaluated as:

from where:

h 0 a$ _a$

The latest we generalize to the general situation as:

VA 6m‘j 3= 890]-’ h

1 /Z+h ov; dipn — 0v; 1 /Z+h 8vjd _ 817]-

E VA 895@ = 895@ '
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From here, substituting the above expressions into (36), we arrive at:

- 1 /0y aﬂj —

The component ds3 is obtained in a straight forwards manner as follows:

10h

= 1 Z+h 81}3 1
B9 dw—y [ Sde =g (wl -l <

Finally, the components d;3 with i = 1,2, can be calculated using the assump-
tion that the flow is that of an infinite landslide:

B 1 Z+h A Z+h 6’[)3
diz = — “d d .
3 h {/Z 6%‘3 3 + /Z 6%‘1 xg}

The second term in the above equality is zero, as vz does not depend on z;,

and we arrive at:
_ 1 Z+h Ov:
(39) dig = —/ Yi d:Cg.

This term is usually evaluated assuming the flow structure is that of an infinite
landslide, which depends on the rheological model being chosen.

4.3. Bagnold Fluids

4.3.1. Introductory remarks

We shall assume that the soil is saturated, has a porosity n and consists
of particles having a density ps.

The components of the stress tensor for a Bagnold fluid were given in
(26)—(28). We shall write them for completeness below:

2
. 2 92 dvy

013 = a;sina;pA\“c” | — |
d:Eg

d 2
033 = p + a; cos aip)\QCQ <ﬂ> ,
dm‘g

where we have assumed compression stresses are positive. In order to simplify
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the notation, we shall write the stresses as:

2
. ov
T = upsingp <&) ;

40 ov\ 2
(40a) oy =P+ (1B COS OB <8—U) ;
z

Oh = O,
where we have introduced the material parameter
(400) B = aipA*c?

and denoted ¢p = «;.

There are some remarks concerning the stress state. First of all, the
model was proposed by Bagnold who performed experiments on grains with
the same density as water, in order to avoid the effects of a variation of vertical
and horizontal stresses due to gravity. When the mixture is at rest, the stress
tensor is hydrostatic, all the components o;; of the total stress tensor being
equal to p. If we consider a granular mixture which is starting to move, this
stress state is not valid unless the soil has liquefied, i.e., the mean effective
confining pressure is zero.

The total vertical stress in the soil phase is given by:

(41) 0u/g(h—2) = (1—=n)ps = py,

where the submerged density of soil particles p/, is

(42@) p; = Ps = Pw;
and
(42b) pa=(1—n)p.

If the soil has liquefied, the increment in pore pressure should be equal to .
The total pore pressure will be:

Pw/g(h—2) = pw+ (1 —n)pl
(43) = pw + (1 - n) (ps - pw)
= p'
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The total pressure acting on the basal surface is obtained by adding the
contributions of solid and fluid phases. Therefore, the pressure term is given
by:

(44) p=glh—2){(1—n) p, +np}.

If we plot the stress path in the (o, 7) plane when the rotation speed
in the rheometer is increasing, we obtain the results shown in Fig. 8. Starting
from the point O, the effective stress state (p’,7) moves along a straight line
with slope ¢p. The Mohr circle lies outside this line, and indeed it is tangent
to a straight line having a slope tan ¢4y, given by:

sin ¢gyn, = tan ¢p.

s

0 >
p
Fig. 8. Stress path in the (o, 7) plane for a Bagnold’s fluid

So far, we have avoided proposing any relation between the residual
angle of friction of the granular material we are considering and the angles
¢p and @gyp. Indeed, the former can be higher. In this case, the stress state
would be outside the Mohr-Coulomb failure surface, which is consistent with
viscoplasticity, where stresses can be outside the yield surface. We should keep
in mind that Bagnold measured stresses once equilibrium has been reached,
and it is possible that stress states of higher intensity exist.

4.3.2. Flow structure and basal friction
The vertical distribution of shear stress was obtained in (33):

(45) 7273(1—9:73(1—5),

where the shear stress is given by (40)

(46) T = ppsing v 2
[27:; B G .



Modelling of Fluidized Geomaterials. . . 127

From the above expressions after integration, and using the boundary condition
v(0) = 0, we derive:

2h Ty 3
A7 L LN {1 (- 2} .
() v= e (- -9
If we denote the maximum velocity, which takes place at the surface, by vp
then:

(48) U:vp{1—(1—§)%}

with

2h T
49 Sl
(49) 73 upsingp

The averaged velocity v is obtained by integrating along the vertical direction
the velocity, and it reads:
3 2h T

50 S o S
(50) YT 5% T 5\ upsineg

From here, it is immediate to obtain the basal friction as:

25 02
o1 = —upsi —.
(51) ™= rppsingp
4.3.3. Momentum correction factor
The correction factor in the depth averaged momentum equation will
be obtained using its definition:

11t
-~ ho? ),

1.9
a (v—0)2hdE = J ; “®

In our case, we have:

by 9. 9
/Ovd§:2—0hvp,

from where the momentum correction factor is derived to be v = 0.25.

4.3.4. Depth averaged stresses
The stress tensor was found to be given by (28):

o= —pl+ {4@1- sin a; pA2c? (IQD)%} dev (d) — {4@1- coS aip)\2c2} d?
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or, with the notation introduced in this subsection:
(52) o= —pl+{4upsindp (Lp)? } dev(d) — {4y cos o} d°.

Please note that according to that, as explained above, p = g (h — 2) (p + np’),
where g (h — z) npl; is the excess pore pressure which is causing liquefaction.
The depth averaged stress tensor will be assumed to be:

1

(53) o= —]3[ + {4/13 singZ)B (I_gd) 2 } dev (J) - {4,LLB COS qu}ﬁ

1

We shall consider first the linear term {4,u BSingp (I_gd) 2 } dev (CD According

to (37), the components of the averaged rate of deformation tensor can be
obtained from the averaged velocities:

- 1 (0v; = 0v;
dij == | — § ,j=1,2.
J 2<8$]+a$1>’ %] )

In order to evaluate Iy we shall need the components involving the vertical

direction dy3, das and dss.
The latter was proposed to be approximated by (38):

~ 10n
dag = — 2.
BT hot

Concerning di3 , do3 they are approximated as:

- 1 [ Oy

dipa = — —d k=1,2.

k‘3 h 0 axg Z? Y
In the case of the infinite landslide, the above integral is taken easily resulting
in:

- 5 U

54 dps=-—, k=12
(54 o=

Next, we shall obtain the quadratic term — {4up cos ¢} d2. Note that d? is
the average of d? and not the second power of the averaged tensor.

We shall use an auxiliary reference system (x,y, z), where z = x3, x is
horizontal and parallel to the averaged horizontal velocity v, and y orthogonal
to x and z. We shall further assume that the flow structure is that of a simple
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In this reference system, the d2 only has two

shear flow (infinite landslide).
non zero components, d2, = d?_ which are given by:

— 1 (" o\?
2 _ ht
(55) d? h/o <82> dz.

The integral can be easily computed, using (33) and (47):
T=T (1—%) =7(1=¢),

from where:

(56) (a—) - g
0z (B sin ¢p '

Substituting into (55), and integrating, we obtain:

2 = L

* 2upsinép

This expression can be written in a more convenient way taking into account
(51) which relates the basal shear to the averaged velocity. The result is:
—  25%°
o7 ? = ——.
( ) T 8 h2
From where we obtain the contribution of the quadratic term to the stress
tensor as:

25 v
(58) o = gﬁﬂBCOS(ﬁB.

This component has to be changed back to the reference system (x1,z9,3)
and added to components in axes i, j

5 (7).

4.3.5. Generalization
If we use an exponent m different from 2 in Bagnold model that is the

model reads:
) ov\™
T = upsinop <£> ,

ov

(59) m
Oy =P+ ppCosPp (—) ;

0z

Op = 0y.
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In this case we obtain:
(i) The velocity profile is:

(60) v=vp{1-(1-9" },
where
1
m Tb m
1 p—
(61) o m+1h(u3sin¢3>

(ii) The averaged velocity is:

m+1
62 v = .
(62) "Tomt1t
(iii) The bottom friction is:
2m + 1\ pupt™
63 = .
(63) - ( - ) 50

(iv) The momentum correction factor is given by:

m
o= .
3m + 2

(64)

This relation is depicted in Fig. 9. The value of the correction factor
increases with the exponent m, reaching a maximum asymptotic value of 1/3.

(v) The dynamic contribution to the averaged stress along the direction
of the flow is:

1/ 2m+1\" o™
(65) O';li/n = 5 < m > MU B COS ¢Bh—m

5. The Critical State in flowing geomaterials

In Classical Soil Mechanics it is usually assumed that residual condi-
tions —defined as a state where the soil is sheared at constant effective stress—
take place at a line in the 3D space (e,p’, q) referred to as Critical State Line
(CSL) (Parry, [13]).

The projections onto the planes (e,Inp’) and (p/,q) are the straight
lines:

(i)e=T*—=Alnyp/,

(ii) ¢ = Mp'.
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Fig. 9. Momentum correction factor

These lines are depicted in Fig. 10.

We have plotted two undrained paths corresponding to a normally con-
solidated clay (path AB) and a overconsolidated clay (path CB) with equal
initial voids ratio at points A and C. Both paths end at the same point
of the CSL.

€ .
1 g=Mp' e=" —Alnp'
B r._\B
C A
c A
4 Inp'

Fig. 10. Critical state line

We shall consider next experimental observations on constant volume
and constant pressure rheometers. The tests are run at a constant strain rate,
and it is observed that at steady state the pressure and voids ratio depend on
it. Therefore, there is not a unique CSL in dynamics. If volume is kept con-
stant (constant voids ratio), an increase of rate of strain causes an increase in
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Undrained path

Rate of deformation increases

Undrained path

————

Lnp'

Fig. 11. Evolution of Critical State Lines with the rate of deformation

pressure. In constant pressure rheometers, an increase of the rate of deforma-
tion causes an increase of voids ratio. These tests have been sketched in Fig.
11. Concerning the CSL in the (p/,q) plane, Bagnold [1] observed a constant
slope for the range of values of rate of strain considered (dynamic equilibrium
conditions).

Additional experimental effort is still needed to clarify these aspects.

6. Conclusions

This paper has presented constitutive and rheological models which can
be applied to describe the behaviour of fluidized geomaterials both at the ini-
tiation and during the propagation phase. Concerning the former, generalized
plasticity has been shown to provide a framework within which liquefaction and
collapse can be modelled. Once the soil has become a fluid, we propose the
use of rheological models to describe its behaviour. Here we describe in detail
Bagnold’s model, which in our opinion can be applied to liquefied geomaterials.
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