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ABSTRACT. The method of simplest equation is applied for analysis of
a class of lattices described by differential-difference equations that ad-
mit traveling-wave solutions constructed on the basis of the solution of
the Riccati equation. We denote such lattices as Riccati lattices. We
search for Riccati lattices within two classes of lattices: generalized Lotka—
Volterra lattices and generalized Holling lattices. We show that from the
class of generalized Lotka—Volterra lattices only the Wadati lattice be-
longs to the class of Riccati lattices. Opposite to this many lattices from
the Holling class are Riccati lattices. We construct exact traveling wave
solutions on the basis of the solution of Riccati equation for three mem-
bers of the class of generalized Holling lattices.

KEY WORDS: nonlinear differential-difference equations, method of sim-
plest equation, exact traveling-wave solutions, Lotka—Volterra lattices,
Holling lattices, Wadati lattice, Riccati lattices.

1. Introduction

Nonlinear models are used extensively in the research on complex sys-
tems [1]-[8]. In many cases, the models consist of nonlinear partial differen-
tial equations and it is of great interest to obtain exact analytical solutions
of these nonlinear PDEs. Such solutions are useful as initial conditions in
the process of obtaining of numerical solutions. In addition, the exact so-
lutions describe important classes of waves and processes in the investigated
systems. The researches based on nonlinear PDEs increases steadily and now
they are much applied in the theory of solitons [9]-[11], biology [12], theory
of dynamical systems, chaos theory and ecology [13]-[16], hydrodynamics and
theory of turbulence [17]-[25], in the mathematical social dynamics [26, 27],
etc. The inverse scattering transform and the method of Hirota [28]-[31] are



4 Zlatinka 1. Dimitrova

famous methods for obtaining exact soliton solutions of various NPDEs. In
addition, in the last several years approaches for obtaining exact special solu-
tions of nonlinear PDE have been developed, too [32]-[38]. Exact solutions of
many equations have been obtained by means of these approaches such as for
an example the Kuramoto-Shivasinsky equation [35], [39]-[41], Sine-Gordon
equation [42]-[51], equations, connected to the models of population dynamics
[52]-]62], sinh-Gordon or Poisson-Boltzmann equation [63], Lorenz-like sys-
tems [64], or water waves [65]-[69].

The discussion below will be devoted to the application of the modified
method of simplest equation for obtaining exact and approximate solutions
of nonlinear differential-difference equations. The differential-difference equa-
tions are much used to describe different processes in complex discrete systems
in physics, biology, engineering, etc. We shall discuss below the use of such
equations for description of waves in lattices conected to ecological food chains.
The method of simplest equation has been established by Kudryashov [41, 61],
[70]-[73] on the basis of a procedure analogous to the first step of the test for the
Painleve property [74]. The modified method of simplest equation [35, 38, 62]
is a simpler for use version of this method where the above-mentioned proce-
dure is substituted by the concept for the balance equation. Modified method
of simplest equation is already applied for obtaining exact traveling wave solu-
tions of nonlinear PDEs such as versions of generalized Kuramoto - Sivashin-
sky equation, reaction—diffusion equation, reaction—telegraph equation [35],
[59] generalized Swift—-Hohenberg equation and generalized Rayleigh equation
[38], generalized Fisher equation, generalized Huxley equation [62], generalized
Degasperis—Processi equation and b-equation [75], and to numerous nonlinear
PDEs and ODEs [76].

The organization of the paper is as follows. In Section 2 we define the
class of the discussed lattices — the Riccati lattices. We shall search for Riccati
lattices among the members of two classes of lattices: the class of generalized
Lotka-Volterra lattices and the class of the generalized Holling lattices. Section
3 is devoted to a brief description of the modified method of simplest equation.
In Section 4 the method is applied to the differential-difference equations de-
scribing the generalized Lotka—Volterra lattices. It is shown that from this class
of lattices only the generalized Wadati lattice belongs to the class of Riccati
lattices. Sect. 5 is devoted to obtaining traveling-wave solutions of the differ-
ential - difference equations that describe lattices from the class of generalized
Holling lattices. Several concluding remarks are summarized in Section 6.
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2. Riccati lattices

2.1. Riccati lattices and Riccati equation

We shall denote as Riccati lattices the class of lattices that admit
traveling-wave solutions obtained by the method of simplest equation on the
basis of the use of the Riccati equation as simplest equation. The equation of
Riccati is:

(2.1) ‘fl—f =b? - B2
The solution of (2.1) is
(2.2) B(¢) = btanh[b(€ + &)

Here, the following notes are in order:
[1.] Another form of the Riccati equation is:

d® _ 55 5z
(2.3) T b* — a”d“.
Eq. (2.3) has the solution:
- b -
(2.4 B(€) = = tanhla b (€ + &),

where d2fi>(§)2 < b% and &o is a constant of integration.
The third form of the Riccati equation is:

(2.5) % = W) + BT + ¢,

which has as a solution:

or 0 0(€+ o)
2. () =— — h|————=].
(2:6) &)= ~30 ~ 3q= on [ 2
In Eq. (2.6) 6% = b*? — 4a*c* > 0. One can easily check that when
~ b* " da*c* — b*2
P(E) =€) — oy and in addition a* = —a? as well as b* = aci*
then the equation (2.5) is reduced to the Eq. (2.3) and the solution (2.6)
is reduced to the solution (2.4).

The Riccati equation (2.3) can be further reduced to Eq. (2.1). Let

~ 1 -
(2.7) d=—b; b=ab
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The substitution of Eq. (2.7) in (2.3) leads to Eq. (2.1) and the solution
(2.6) is reduced to the solution (2.2). We shall use Eq. (2.1) below and
its solution (2.2).

[2.] The Riccati equation is one of the many possible simplest equations (for
other possibilities see for an example [76]). Tanh-function and the Riccati
equation are already applied to many lattices described by differential—
difference equations. Tanh-function was used for an example for obtain-
ing exact traveling wave solutions of a nonlinear lattice Klein—Gordon
model [77]. Tanh-function was used also for obtaining of exact traveling-
wave solution of differential-difference equation in [78]. Exact traveling
wave solution are obtained [78] for the Ablowitz—Ladik lattice, several
variants of the non-relativistic and relativistic Toda lattice for Volterra
lattice, for discretized mKdV lattice and for the hybrid (Wadati) lattice.
Solution of the Riccati equation was used for investigation of the Wadati
lattice equation by Xie and Wang [79]. Recently Aslan [80, 81] used the
(G’/G)-method for obtaining exact traveling waves of differential - dif-
ference equations. Kudryashov [82] has shown that the (G’/G)-method
is equavalent to the method of simplest equation for the case when the
equation of Riccati is used as simplest equation.

[3.] The new knowledge this paper adds to the significant amount of research
of differential-difference equations is as follows: First, we show that from
the class of generalized Lotka—Volterra lattices discussed below only the
Wadati lattice belongs also to the class of Riccati lattices. In addition,
we discuss exact traveling wave solutions of the class of Holling lattices
and show that many of these lattices are Riccati lattices.

2.2. Generalized Lotka—Volterra lattices. Holling lattices

Let us consider a chain of species. The number of each kind of species
is My, Ms, . ... Let us assume that the number of n-th species M,, increases by
collision with n + 1-th species and decreases by collision with n — 1-th species.
Then we can write:

dM,
dt

(2.8) = My (M1 — M_1).

Eq. (2.8) is a simple example of a differential-difference equation that models
a Lotka—Volterra lattice. Wadati [83] has discussed the class of lattices:

dM,
dt

which generalizes the Lotka - Volterra latttices of kind Eq. (2.8).

(2'9) = (a + ﬁMn + VMrzz)(Mn+1 - Mn_l),
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We shall discuss below the following two generalizations of the Wadati
and Lotka - Volterra lattices:
(1.) Generalized Lotka—Volterra lattices:

dM,,

(2.10) 7

F(Mn)(Mn-i-l - Mn—l)a

where F'(M,,) is a polynomial of M,, and
(2.) Generalized Holling Lattices:

dM,  F(M,)

(2.11) &t~ G(M,)

(MnJrl - Mnfl)

where F'(M,,) and G(M,,) are polynomials of M,.

As we can see, Eq. (2.10) is a straightforward generalization of the
Wadati lattice equation (2.9). Eq. (2.11) reflects the possibility of Holling
functional responce in population dynamics [84]. We shall denote because of
this the lattices modeled by this equation as generalized Holling lattices.

We shall study below the conditions which ensure that the lattices
described by Egs. (2.10) and (2.11) belong to the class of Riccati lattices
defined above. The basis of our investigation will be the modified method of

simplest equation for obtaining exact and approximate solutions of nonlinear
PDEs.

3. The modified method of simplest equation

Let us have a partial differential equation and let by means of an ap-
propriate ansatz this equation be reduced to the nonlinear ODE:

dF d*F

For large class of equations from the kind (3.1) exact solution can be con-
structed as finite series:

v

(3.2) F) =) aue@),

p=-v

where v > 0, u > 0, p,, are parameters and ®(&) is a solution of some ordinary
differential equation referred to as the simplest equation. The simplest equation
is of lesser order than (3.1) and we know the general solution of the simplest
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equation or we know at least exact analytical particular solution(s) of the
simplest equation [70, 71].

The modified method of simplest equation can be applied to nonlinear
partial differential equations of the kind:

w1 w2 w3
(8F8F 03 F )zG(F),

(3.3) Ozwt’ Otwz 7 OgwaJtws

where w3 = w4 + ws and

ot F
1. denotes the set of derivatives:
Oxvt
o1 F B OF O*F OF3
dxwr  \ Qx’ 0x2’ 9237 )7
w2
2. 4 denotes the set of derivatives:
Otw2
0“2 F B OF 0?F 0f3
otz \ ot o2’ o3
o F
3. ————— denotes the set of derivatives:
OxwaJtws

OBF  (O*F O°F OF?
Oxwidtws — \ 9zot’ 9x20t’ dxot?’ "

4. G(F) can be:
(a) polynomial of F or;
(b) function of F' which can be reduced to polynomial of F' by means
of Taylor series for small values of F.

5. The function E can be an arbitrary sum of products of arbitrary number
of its arguments. Each argument in each product can have arbitrary
power. Each of the products can be multiplied by a function of F' which
can be:

(a) polynomial of F or;
(b) function of F' which can be reduced to polynomial of F' by means
of Taylor series for small values of F.

The modified method of simplest equation for this class of equations
allows us in principle to search for:

1. Exact traveling-wave solutions of (3.3) if G(F') and the multiplication
functions form item 5. above are polynomials;
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2. Approximate traveling-wave solutions for small F' in all other cases.

The application of the modified method of simplest equation is based
on the following steps:

e The solved class of NPDE of kind (3.3) is reduced to a class of nonlinear
ODEs of the kind (3.1) by means of an appropriate ansatz (for an example
the traveling-wave ansatz);

e The finite-series solution (3.2) is substituted in (3.1) and as a result a
polynomial of ®(£) is obtained. Eq. (3.2) is a solution of (3.1) if all
coefficients of the obtained polynomial of ®(£) are equal to 0;

e One ensures by means of a balance equation that there are at least two
terms in the coefficient of the highest power of ®(¢). The balance equa-
tion gives a relationship between the parameters of the solved class of
equations and the parameters of the solution;

e The application of the balance equation and the equalizing the coefficients
of the polynomial of ®(§) to 0 leads to a system of nonlinear relationships
among the parameters of the solution and the parameters of the solved
class of equation;

e Each solution of the obtained system of nonlinear algebraic equations
leads to a solution of a nonlinear PDE from the investigated class of
nonlinear PDEs.

4. The uniqueness of the Wadati lattice

Let us apply the modified method of simplest equation to the lattice
equation (2.10). We are interested in traveling waves and introduce the trav-
eling - wave coordinate &, = ct + d n + &y, where ¢, d and &y are parameters.
After the substitution of the traveling - wave coordinate in Eq. (2.10), we
obtain the lattice equation:

dM,,
d€n

As we are interested in the Riccati lattices we search the traveling - wave
solution of Eq. (4.1) as a sum of powers of the solution of the Riccati equation:

(4.1) ¢ F(M,) My — Myy_1] = 0.

< k d® 2 2
(4'2) Mn(&n) = Z ak[q)(gn)] ; E =b" - [(I)(gn)] .
k=0 "

For the polynomial F'(M,,) we assume:

L

L K
(4.3) F(My) =Y aM,=>" [Z

!
ak‘bk] .
=0 =0 Lk=0
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The substitution of Egs. (4.2), (4.3) in Eq. (4.1) leads to the following equa-

tion:

K
(44) ofp? = *HF D (kb7 a " — kap @)
k:O

L K
= [Z akcbk] { > apb((b+ o®) Kb - 0®)K (bo + @)

1=0 k=0
— (b+0®) (b — o) K (@ bom} 0,

where o = tanh(b d).
Let us now derive the balance equation for Eq. (4.4). The maximum

powers connected to the different groups of terms in Eq. (4.4) are as follows:

K
Term c[b N (kb?ap @ — kap @)
k=0

— 3K + 1,

L [K Lo K
Term Z [Z ak@k] { Z apbt(b+ o®)E* (b — 0®) K (bo + @)k}

=0 Lk=0 k=0
— KL+ 2K,

L TK L K
(45) Term »_ [Z akfbk] { > apd*(b+o®)K(b— o¢) (@ — ba)k}
— KL+ 2K.

Thus we have two possibilities for balance equation:
e Balance between the first and the second term in Eq. (4.5):

(4.6) K+1=KL.
e Balance between the second and the third term in Eq. (4.5):

(4.7) KL+2K =KL +2K.
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1
As K and L must be integers and from Eq. (4.6) L =1+ I the balance (4.6)

is valid only for the case K = 1, L = 2. In all other cases the balance has to
be (4.7).

It is easily to see that the balance equation (4.7) is not acceptable. The
application of this balance equation to Eq. (4.4) leads to terms of the kind

KRB (K —(—)ER k=0,1,...,K
Except for the case K = 0 in all other cases terms arise for which [(—1)% —
(—1)%=*) #£ 0. This fact requires ¢ = 0 which leads to d = 0 which is not
acceptable for the discussed problem. We shall discuss because of this below
the balance equation (4.6).

As we have mentioned above Eq. (4.6) leads to K = 1 and L = 2
which is exactly the case of the generalized Wadati lattice. The application of
the modified method of simplest equation to Eq. (4.4) with K =1 and L =2
leads to the following system of 5 nonlinear algebraic relationships among the
parameters of the equation and the parameters of the solution:

oaico + 2coa?

0]
QJalb[cl + 2coa0)]
a1b[—be(1 + ) + 20(co + crag + c2af — 2c2a3b%)] =
]
]

20a2b%[c1 + 2caa0

o oo oo

(4.8) a1b3[be — 20(co + crag + caal)

One solution of this system is:

(4.9) . o(4coco — c%) c1 O'\/C% — 4epes

2b62 40 = 7£; @ = 2b02 ’

and the corresponding solution of Eq. (4.4) is:

C1

(4'10) Mn(&n) = -5

262

N tanh(bd)+/c3 — dcpes tanh [b (_ (c? — 4coeg) tanh(b d) t

2co 2b62

+dn+fo>].

The solution (4.10) has been obtained by different authors. The interesting
point is that the discussion of the possible balance equations above have shown
the unique position of the Wadati lattice as the only Riccati lattice of the kind
(4.2) from the class of the generalized Lotka—Volterra lattices discussed here.
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5. Holling lattices

To the best of our knowledge, the class of generalized Holling lattice
equations was not discussed up to now. Thus, the obtained below traveling-
wave solutions are new.

Let us now discuss Eq. (2.11) where F'(M,) be the same as in (4.3)
, M, be given by Eq. (4.2). In addition let G(M,,) be:

P
(5.1) G(My) = dyME = Z dy [Z ak‘bk]
p=0 p=0

The substitution of Egs. (4.2), (4.3) and (5.1) in Eq. (2.11) and the switching
to the traveling-wave coordinate leads to the equation:

K
> (kbPar @t — kay, @)
k=0

K p
(5.2) c[p? — 203K [Zd <Zak<1>k>
k=0

p=0

L ! K
> [Z akcbkl X { > apd*((b+ o®) b - 0®) " (bo + @)

=0 k=0

—(b+0®)E(b— o) F (@ — ba)k]} = 0.

Here, we again have two possibilities for balancing equations:

(5.3) KP+K+1=KL,
and
(5.4) KL+2K =KL +2K.

The balance equation (5.4)as in previous section leads to d = 0 which is unac-
ceptable for the discussed problem. We shall work on the basis of the balance
equation (5.3) because of this below. We note that when P = 0 Eq. (5.3)
reduces to the balance equation (4.6) from the previous section. In addition,

1
from Eq. (5.3) we obtain L = P+ 1+ e As L, P and K must be integer then

we must set K = 1 in Eq. (5.3). We shall discuss below the simplest cases
P=1,P=2and P=3.
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5.1. Case P=1, L =3
For this case Eq. (2.11) becomes:
dM,, €0 + M, + CQMTQL + CgMS’
dt do + di M,

The application of the modified method of simplest equation reduces Eq. (5.5)
to the following system of nonlinear algebraic relationships:

(5.5)

(Mn+1 - Mn—l)-

O'CL% [cody + 203a%b] = 0,
oaylco(dy + diag) + 2a3b(cy + 3czag)] = 0,
afb[20(2c2a0 + ¢1 + 3esal) — b(2c3albo — cdy — codi)] = 0,

a1b{c[2(co + crap + c3a3 + caad) — 2b%(coa? + 3czapal)]—
bel(do + dyag) — o%(do + dyag)]y = 0,
a2b3[bedy — 20(2cpa0 + ¢1 + 3czad)] 0,
(5.6) a1b3[be(dy + diag) — 20 (co + crag + czap + caal)] =

One solution of this system is:

_ 0(2c9c3dpdy + c3d? — dejesd? — 3c3d3)

26036[? ’
4 = J\/20203d0d1 + C%d% — 461036@ — 3C§d(2)
2b63d1 ’
cody — c3dy do(Cld% + ngg - Czdodl)
5.7 - _2u &b
( ) a0 263d1 ’ “ d:% ’

and the corresponding traveling-wave is:

(5.8) My(&,) = 2631,d1 {02d1 — c3dp
+ W\/Qqqdodl + c3d? — 4eyesd? — 3c3d3 x
- [ tanh(b d)(2cacsdods ;C flgl% —deresdt ~33dg) N }
1
5.2. Case P=2,L =14
For this case Eq. (2.11) becomes:
(5.9) dMy, co+ci M, + coaM? + c3 M3 + C4M;‘;(Mn+1 M),

dt do + di M, + dQM%
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The application of the modified method of simplest equation reduces Eq. (5.9)
to a system of 7 nonlinear algebraic relationships among the parameters of the
equation and the parameters of the solution. One solution of this nonlinear
algebraic system is:

cqdy — c3dz
@ = ———————
0 2C4d2
o 402d%cid1 — 462d§‘C403 — 3d203c?1d% + dgcg + 4cq c?ldg‘ + QCid:%
Qa =
! 2bC4d2 ngg — 264d1 ’
o
c = - Qeadicidy — deadseyes — 3dyesccd? + died
2bC4dg(03d2 —204d1)|: 252545 2025453 203541 273
e} + 2}d3]
1 313 3 2 5 2. 1244 2. 452
CO = —d%(2c4d1 _ C3d2)2 |:d1d203 + 6301d1d2 - 26302d1d2 — 303C4d1d2
—c;;clcgdg + c;;dgcgdl — 6304d%61d% + 4630264d?d§ + 36363d?d2 + C%C4dg
— B Eead? — 2e0didE — cgd?]
dy = ng%dg — ngld% + Cldg — C4d:%
d2 (ngg — 204d1)
(5.10)
The corresponding traveling-wave is:
(5.11) Mn(6n) = —— cads — esd
. = —<ceydy —c
n\sn 264d2 401 3U2

dead2c2dy — depds — 3dyc3cAd? + d3e3 + dei2dS + 2¢3d3

+ tanh(b d)\/ CoU3Cyd1 — 4C205C4C3 C3d§CjC§c41d1 2C3 + 4ci1cya; + 2 ay
btanh(b d)

2bC4d‘%(03d2 — 204d1)

(4ead3cdy — dcadicycs — 3daescads + dacs

(Mn+1 - Mn—l)-

X tanh [—

tderddd +283d3) t+dn+ &

53.Case P=3,L=5

For this case Eq. (2.11) becomes:

dM, o+ i My + coM2+ csM3 + ey M + ¢ M2
dt - do =+ dan + dQMTQL =+ dgMT?z

(5.12)
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The application of the modified method of simplest equation reduces Eq. (5.12)
to a system of 8 nonlinear algebraic relationships among the parameters of the
equation and the parameters of the solution. One solution of this nonlinear
algebraic system is:

O'(3C%d% — 2c5dadscy — 4d1d36% — d%ci + 463C5d§)
c = N

2bC5d§
csdy — cads
@ = 265d3
. U\/—?)C%d% + 2c5dadsgey + 4d1d3052) + d%c?l — 46305d§

@ = 26056[3 ’

d() _ Codg
ng?)’ — dgcqds — dsdics + d%cs,’

J— Cl
a = dg(c;gd% — dscyqdy — dsdycs + d%C5)’

C1 = —2didicseads — 2c3d3d3ds + cEdady — 2csdidscqd,
+2¢5d3dydies + dadicidy + 2csdadidies + didicE + dydac
—2d%d§C563 — C5d200d§ + d§C4CO,

J— C2
2 = dg(03d§ — dgcqds — dsdics + d%C5)

Cy = c2dj+ cocsds + desdsdydicy — dadscidy — 2c3didies

—3dyd3csesdy + dydicsey — 2csdadsey + ddach — 3c2dsdyds
(5.13) +2c3c5d3ds + 2d3dicEdy — d2dicscacidids.

The corresponding traveling wave is:

(514) Mn(&n) == {C5d2 — C4d3

2C5d3
+ tanh(b d)\/ —3c2d3 + 2esdadses + Adydse? + 3} — descsdd

% tanh [(tanh(b d)(3cgd% - 205d2d3€4 - 4d1d30§ — dgci + 403C5d§)t
265d§

+dn+£o>”.

The differential-difference equations for the corresponding Holling lat-
tices will be reduced to a nonlinear algebraic systems consisting of 9,10, ...
equations the same procedure can be continued for P = 4,5,.... As a result
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of the application of the modified method of simplest equation. Each solution
will lead to a traveling wave constructed on the basis of Riccati equation if we
are able to solve these nonlinear systems.

6. Concluding remarks

Lattices have many applications in mathematics and physics. This is
one of the reason for the importance of the differential-difference equations
that often are used to model wave processes in lattices connected to physical
chemical or biological systems. In this paper we have applied the modified
method of simplest equation for identification of the Riccati lattices among
the classes of the generalized Lotka—Volterra lattices and generalizing Holling
lattices. The analysis of the balance equation arising from the application of
the method of simplest equation has shown that the Wadati lattice is unique in
the class of the generalized Lotka—Volterra lattice as it is the only Riccati lattice
of class (4.2) among the lattices of the generalized Lotka—Volterra class. Many
more Riccati lattices can be found in the class of generalized Holling lattices.
We have obtained exact traveling wave solutions for the simplest three Riccati
lattices that are Holling lattices too.

The identification of the Riccati lattices is important task as the con-
nected to these lattices waves of tanh-kind describe a kind of switching between
the states in the corresponding lattice. The presence of Riccati lattices among
the lattice models used in different scientific areas shows that probably this
kind of switching between the states is a frequently arising phenomenon and
fundamental property of a large class of natural systems. This paper is a first
step from a future research on identifying and studying the properties of the
Riccati lattices.
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