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Abstract. In this paper the spatial-temporal dynamics of the members of interacting populations is described by means of nonlinear partial
differential equations. We consider the migration as a diffusion process
influenced by the changing values of the birth rates and the coefficients of
interaction between the populations. The general model is reduced to analytically tractable partial differential equations (PDE) with polynomial
nonlinearity up to third order for the particular case of one population and
one spatial dimension. We obtain an analytical solution which describes
nonlinear kink and solitary waves in the population dynamics by applying
the modified method of simplest equation to the described model.
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1. Introduction
The dynamics of many systems in biological, natural and social sciences
is nonlinear [1]–[5]. Nonlinear travelling waves can propagate through the corresponding system if the nonlinearity compensates for the dispersion. The
dynamics of interacting populations is strongly nonlinear and the movement of
humans or animals can lead to solitary migration waves. The solitary waves
are very popular and frequently obtained in various areas of natural sciences
[6]. Many authors have obtained exact solitary wave solutions which describe
solitons, foldons, etc. in various equations such as Boussinesq equation [7],
Korteveg-de Vries equation [8], sine-Gordon or sh- Gordon equations [9]–[13].
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Below, we will concentrate our attention on the analytical investigation of onedimensional migration waves caused by members of one population. For the
purpose, a modified method of simplest equation proposed in the papers [14,
15] will be applied.
2. A modified method of simplest equation
Let us briefly describe the modified method of simplest equation [14,
15], which is a powerful tool for obtaining exact and approximate solutions
of nonlinear PDEs. We have to solve a partial differential equation and let
by means of an appropriate ansatz this equation be reduced to a nonlinear
ordinary differential equation, cited below:


dF d2 F
,
, . . . = 0.
(1)
P F (ξ),
dξ dξ 2
For a large class of equations from the kind (1) exact solution can be
constructed as finite series:
(2)

F (ξ) =

ν1
X

Pµ [Φ(ξ)]µ ,

µ=−υ

where v > 0, µ > 0, Pµ are parameters and Φ(ξ) is a solution of some ordinary differential equation referred to as the simplest equation. The simplest
equation is of lesser order than (1) and we know the general solution of the
simplest equation or we know at least exact analytical particular solution(s)
of the simplest equation. The modified method of simplest equation can be
applied to equations of the kind:

 ω1
∂ ω3 F
∂ F ∂ ω2 F
= G(F ),
(3)
E
,
,
∂xω1 ∂tω2 ∂xω4 ∂tω5
where ω3 = ω4 +ω5 . In the paper [14], the application of the modified method of
simplest equation is based on the following steps: 1) By means of an appropriate
ansatz (for an example the travelling-wave ansatz) the solved class of nonlinear
PDE of kind (3) is reduced to a class of nonlinear ODEs of the kind (1); 2) The
finite-series solution (2) is substituted in (1) and as a result a polynomial of
Φ(ξ) is obtained. Value (2) is a solution of (3), if all coefficients of the obtained
polynomial of Φ(ξ) are equal to 0; 3) by means of a balance equation one ensures
that there are at least two terms in the coefficient of the highest power of Φ(ξ).
The balance equation gives a relationship between the parameters of the solved
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class of equations and the parameters of the solution; 4) The application of the
balance equation and the equalizing the coefficients of the polynomial of Φ(ξ)
to 0 leads to a system of nonlinear relationships among the parameters of the
solution and the parameters of the solved class of the equation; 5) each solution
of the obtained system of nonlinear algebraic equations leads to a solution a
nonlinear PDE from the investigated class of nonlinear PDEs.
3. Application of the modified method of the simplest equation
to the dynamical model of interacting population
A. Formulation of the problem
We consider a two-dimensional plane populated by members of n populations. We will investigate the density ρi of the i-th population. We assume
that that the members of the i-th population can move through the borders of
a small area under consideration. Then we can define the density Ii of the current of this movement. Within the observed area the number of the members
of the i-th population can change by births, deaths or interactions with other
populations. These processes will be summarized mathematically by the function Ri below. In this way, the total change of the number of members from the
i-th population in some large area is a consequence of migration through the
boundaries of the area and the birth, death and interaction processes within
the area. As a mathematical expression this reads:
∂ρi
+ ∇.Ii = Ri , i = 1, 2, . . . , n.
∂t
The function Ri can be taken in the form [16]:
"
n
n
P
P
0
(α0ijk + rik )ρj ρk
(5) Ri = ri ρi 1 −
(α0ij − rij )ρj −
(4)

j=1

j,k=1

−

n
X

j,k,l=1



α0ij rik αijl ρj ρk ρl  ,

where ri is the growth ratio of the i-th population and αij is the interaction
coefficient measuring to what extent the growth of the i-th population is influenced by the j-th population. We assume, that both coefficients are density
dependent and that they depend on the density of the members of the populations in the following manner:
"
#
"
#
n
n
X
X
αijl ρl .
rik ρk , αij = α0ij 1 +
(6)
ri = ri0 1 +
k=1

l=1
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In addition, we assume that Ii has a form similar to the general form
of the linear multi-component diffusion.
(7)

Ii = −

n
X
j=1

Dij ∇ρi .

For the case of one population and one spatial dimension, (4) reduces
to the following model equation:
(8)

∂ρ
− D∆ρ = r 0 ρ[1 − (α0 − r11 )ρ − α0 r11 ρ2 ].
∂t

The fixed points of (8) correspond to stationary densities ρ0 6= 0 and
can be found by solving the equation:
α0 r11 ρ20 + (α0 − r11 )ρ0 − 1 = 0.

(9)

We are interesting in the behaviour of deviation around the basic state
ρ0 , i.e.:
(10)

ρ(x, t) = Q(x, t) + ρ0 .
The substitution of (10) in (8) leads to the following nonlinear equation

for Q:
∂Q
∂2Q
− D 2 = F Q3 + GQ2 + HQ,
∂t
∂x

(11)
where

F = −r 0 α0 r11 ;

(12)

G = r 0 (r11 − α0 − 3ρ0 r11 α0 )

H = r 0 [1 − ρ0 (3α0 r11 ρ0 + 2r11 − 2α0 )].
Below, we will treat (11) as a general form of a model equation, which
for the particular case when F, G and H satisfy the above relationships describes
population density waves.
B. Travelling wave solutions of (11)
We consider the equation (11) and search for solutions of the kind of
travelling waves: Q(x, t) = Q(ξ) = Q(x − vt), where ν is the velocity of the
wave. We have to solve the equation:
(13)

D

dQ
∂2Q
+v
+ F Q3 + CQ2 + HQ = 0.
2
∂ξ
dξ
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We assume that Q(ξ) has the form:
(14)

Q(ξ) =

n
X

ai φi ,

i=0

v
uX
r
dφ u
cj φj ,
=t
dξ
j=0

where ai and cj are parameters that we will determine below. Following the
steps of the modified method of the simplest equation, we substitute (14) in
(13) and obtain an equation that contains powers of φ. Next, we balance the
highest power arising from the second derivative in (13) with the highest power
arising in the term containing Q3 in the same equation. The resulting balance
equation is:
(15)

r = 2n + 2,

n = 2, 3, . . . .

If n = 2 then r = 6. Assuming that c0 = c1 = c3 = c5 = 0, c2 = p2 ,
c4 = 2pq, c6 = q 2 6= 0, we search for a solution of the form:
(16)

Q(ξ) = a0 + a1 φ + a2 φ2 ,

a2 6= 0,

dφ
= pφ + qφ3 .
dξ

Substituting this in (13), we obtain the following system of 7 algebraic
equations
8Dq 2 + F a22 = 0
F a1 a22 + Da1 q 2 = 0
3F a2 a0 + 3F a21 + Ga2 + 2vq + 12Dpq = 0
4Dpq + 6F a0 a2 + F a21 + vq + 2Ga2 = 0

(17)

3F a20 a2 + 3F a0 a21 + 4Dp2 a2 2va2 p+
+Ha2 + 2Ga0 a2 + Ga21 = 0
3F a20 a1 + Dp2 a1 + 2Ga1 + va1 p + H = 0
Ga0 + Ha20 + F a30 = 0.
The system (17) implies that a1 = 0. The solution of (17) is:
√
√
±2q −2F D
G −2F D + vF + 6DpF
√
a2 =
; a0 = −
;
F
3F −2F D

(18)

G2 D + v 2 F + 6D 2 p2 F
;
FD
√
√
2GF 2 Dv − 2 −2F Dv 2 F 2 + G2 3/2 −2F D
p
p=−
12F 2 D(GD + v −2F D)

H=

.
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Fig. 1. Graph of the solution Q(ξ) at α111 = 0; D = 0.1; G = −0.1; r0 = 100;
α0 = 0.02; ρ0 = 50; q = −1000

The expression for the solitary wave depends on the solution of the
differential equation in (16) and it is given by:
(19)

Q(ξ) = a0 + a2

s

p exp[2p(ξ + c)]
,
1 − q exp[2p(ξ + c)]

where a0 , a2 , p are given by (18). Value (19) describes a kink wave (an example
is shown in Fig. 1). This kink can be interpreted as a front of the migration of
the studied population.
4. Conclusions
In this paper, we discuss a nonlinear model of the spatial-temporal dynamics of interacting populations. We consider in more details the particular
case of 1D migration of 1 population. For this case, the model system is reduced
to a single (1 + 1)-dimensional nonlinear PDE for which an exact analytical solution can be obtained. This equation describes the evolution of the density
deviation from the states of stationary spatial density of the population members. Solitary waves can travel through the system if the amplitude of such
a deviation becomes large. In addition, by means of appropriate ansatz, we
obtain an exact particular analytical solution of the model equation. This solution describes nonlinear kink and solitary wave, expressing the spreading of
the population density changes in the space. Our further aim is to generalize
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the same theory for the case of two populations. In this case the phenomenon
of coupled kink waves (travelling with the same velocity) will be observed.
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