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ABSTRACT: Thermal instability in a horizontal layer of Couple-stress nanofluid
in a porous medium is investigated. Darcy model is used for porous medium.

The model used for nanofluid incorporates the effect of Brownian diffusion

and thermophoresis. The flux of volume fraction of nanoparticle is taken to

be zero on the isothermal boundaries. Normal mode analysis and perturba-

tion method is employed to solve the eigenvalue problem with the Rayleigh

number as eigenvalue. Oscillatory convection cannot occur for the problem.

The effects of Couple-stress parameter, Lewis number, modified diffusivity ra-

tio, concentration Rayleigh number and porosity on stationary convection are

shown both analytically and graphically.

KEY WORDS: Nanofluid, Couple-stress parameter, Darcy model, Brownian
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1. INTRODUCTION

The principle of thermal instability is an important phenomenon that has applications
to different areas, such as geophysics, atmospheric physics, oceanography etc. The
theoretical and experimental studies of thermal instability (Bénard convection) in a
layer of fluid, under varying assumptions of hydrodynamics have been discussed in
detail by Chandrasekhar [1]. The flow through porous medium has been of consid-
erable interest in recent years, particularly in geophysics, soil sciences, ground water
hydrology and astrophysics. However, the flow of a fluid through a homogeneous
and isotropic porous medium is governed by Darcy’s law, which states that the usual
viscous term in the equations of fluid motion is replaced by the resistance term — k—“lq,
where p is viscosity of the fluid, k; is permeability of medium and q is the Darcian
(filter) velocity of the fluid. Lapwood [2] and Wooding [3] considered the stability
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of flow of a fluid through a porous medium, taking into account the Darcy’s law. A
detailed study of convection problems in a porous medium was also given by Ingham
and Pop [4], Vafai and Hadim [5], and Nield and Bejan [6].

The presence of the nanoparticles in the fluid increased the effective thermal con-
ductivity of the fluid and consequently enhanced the heat transfer characteristics.
The term ‘nanofluid” was first coined by Choi [7] and represents a significant class
of heat transfer fluids, obtained by dispersing very small amount of nanoparticles in
common base fluids. Nanoparticles, used in nanofluid are typically made of oxide
ceramics (AloOg3, CuO), metal carbides (SiC) or metals (Al, Cu) and base fluids are
water, oil, bio-fluids, polymer solutions, other common fluids. The characteristic fea-
ture of nanofluid is the thermal conductivity enhancement, a phenomena observed by
Masuda et al. [8]. Philip and Shima [9], Keblinski et al. [10], Wong and Leon [11],
Yu and Xie [12], Taylor et al. [13] reported the developments in the study of heat
transfer, using nanofluid.

Buongiorno [14] studied almost all aspects of the convective transport in nanoflu-
ids and developed a model for nanofluid, incorporating the effects of Brownian diffu-
sion and thermophoresis. Using that model, Nield and Kuznetsov [15-17], Kuznetsov
and Nield [18-20], Yadav et al. [21-22], Chand et al. [23, 24], Chand and Rana [25-
28], Chand [29], Umavathi and Mohite [30] and Rana et al. [31] studied the problems
related to thermal instability in nanofluids. In all the above studies it was assumed
that nanoparticle concentration can be imposed at the boundaries of the fluid. Re-
cently, Nield and Kuznetsov [32], Chand and Rana [33-34], Chand et al. [35], Rana
and Chand [36] pointed out that this type of boundary condition on volume fraction
of nanoparticle is physically not realistic, as it is difficult to control the nanoparticle
volume fraction on the boundaries and suggested the normal flux of volume fraction
of nanoparticle is zero on the boundaries, as an alternative boundary condition, which
is physically more realistic.

The above literature deals with the study of nanofluids as Newtonian nanofluid.
The onset of convection in a horizontal layer of nanofluid as Newtonian nanofluid,
uniformly heated from below (Bénard convection) has been extensively investigated,
but a little attention has been made to study the thermal convection of non-Newtonian
nanofluid. The investigations of such fluids are desirable with the growing impor-
tance of non-Newtonian nanofluids in technology and industries. In the category of
non- Newtonian fluids, Couple-stress fluids have distinct features, such as polar ef-
fects. The theory of Couple-stress fluids has been formulated by Stokes [37]. One of
the applications of Couple-stress fluids is the study of the lubrication mechanisms of
synovial joints. A human joint is a dynamically loaded bearing, which has an artic-
ular cartilage as bearing and a synovial fluid as lubricant. Sharma and Thakur [38],
Sharma and Sharma [39] considered the problem of a Couple-stress fluid, heated
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from below in a porous medium and reported that the Couple-stress parameter post-
poned the onset of stationary convection. Malashetty et al. [40] investigated the
onset of convection in a Couple-stress fluid in a porous medium, using a thermal
non-equilibrium model. Sunil et al. [41] studied global stability for thermal convec-
tion in a Couple-stress fluid and found that the linear and nonlinear stability Rayleigh
number are the same.

Although thermal instability of non-Newtonian nanofluids problems was studied
by Sheu [42], Chand and Rana [43] and Rana et al. [44], by taking different non-
Newtonian as base fluid, but no effort has been put to investigate the thermal insta-
bility of Couple-stress nanofluid. Keeping in view the importance of Couple-stress
nanofluid in a porous medium, an attempt has been made to study the thermal insta-
bility in a horizontal layer of Couple-stress nanofluid in a porous medium for more
realistic boundary conditions.

2. MATHEMATICAL FORMULATION OF THE PROBLEM

We consider an infinite horizontal layer of Couple-stress nanofluid saturated porous
layer, confined between the parallel boundaries z = 0 and z = d, which are main-
tained at constant but different temperature 7y at z = 0 and 77 at z = d (Tp > T1),
as shown in Fig. 1.

Heated from below

Fig. 1. Physical configuration of the problem

A Cartesian co-ordinate system (x,y, z) is chosen, such that z axis is taken at
right angle to the boundaries and gravity g acts along the negative z direction. The
reference scale for temperature and nanoparticle fraction is taken to be 77 and ¢y,
respectively.
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2.1. ASSUMPTIONS

The mathematical equations, describing the physical model are based upon the fol-
lowing assumptions:

i. Thermophysical properties of fluid expect for density in the buoyancy force
(Boussinesq Hypothesis) are constant,

ii. The fluid phase and nanoparticles are in thermal equilibrium state,
iii. Nanoparticles are spherical,

iv. No chemical reactions take place in fluid layer,

v. Size of nanoparticles is small as compared to pore size of the matrix,

vi. Nanoparticles are being suspended in the nanofluid, using either surfactant
or surface charge technology, preventing the agglomeration and deposition of
these on the porous matrix,

vii. Nanofluid is incompressible, Newtonian and laminar flow.

2.2. GOVERNING EQUATIONS

According to the works of Chandrasekhar [1], Nield and Kuznetsov [32] and Sharma
and Thakur [38], the relevant basic equations for Couple-stress nanofluid in a porous
medium under the Oberbeck- Boussinesq approximation are:

() V.-q=0,
1
(2) 0==Vp+ (opp+ (1 —){p0(1— (T —T1))}) g — E(M — 1.V?%)q,
8T o 2 DT
3) (pc)m(a +q~VT> = k¥ T+€(pc)p(DBV<p VT + ?IVToVT),
390 1 2 Dy 2
4 Pyl Ve=D “Ty2r
()at+5qv¢> BVSO+TlV )

where q is the Darcian (filter) velocity, p is the pressure, pg is the density of nanofluid
at lower boundary, p,, is the density of nanoparticle, ¢ is the volume fraction of the
nanoparticle, 7' is the temperature, « is coefficient of the thermal expansion, g is
acceleration due to gravity, k; is medium permeability of fluid, ¢ is the porosity of
porous medium, g is the viscosity and f. is the Couple-stress viscosity, (pc), is the
heat capacity of fluid in porous medium, (pc),, is the heat capacity of nanoparticle,
ky, is the thermal conductivity of the fluid, Dp is the Brownian diffusion coefficient,
D is the thermophoretic diffusion coefficient of the nanoparticle.
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We assume, that the temperature is constant and nanoparticle flux is zero on the
boundaries. Thus, boundary conditions (Chandrasekhar [1] and Nield and Kuznetsov
[32]) are:

B B d¢  DpoT B
®)) w=0, T =T, DB& ﬁ%fo at z=0 and
0 , DroT _

w=0, T=1T), Dp 0 at z =d.

2: VT 9s

Introducing non-dimensional variables, as:

(:U',y',z'): (xa Y, Z)’ q/(u/7 ’U,, w/):q<u7 U7w> d,

d K
LI A (el D
od K 0o AT
C
where Kk = ( ”; is the thermal diffusivity of the fluid, o = ((p P )m is the thermal
pe)f PCp) f

capacity ratio.
Equations (1) — (5) in non-dimensional form, can be written, as:

(6) V.-q=0,

(7) 0=—-Vp—(1-CV?)q—Rmé, +RaTé, — Rnpé.,
oT N NuN
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[Primes (/) have been dropped for simplicity]
Here, the non-dimensional parameters are given, as:

Le = e is the Lewis number,
B
kid(Ty — T
Ra = 200971 (To ) is the Rayleigh-Darcy number,

UK

1— kid
Rm = (Pppo + ol #0)) gk is the basic-density Rayleigh number,

BE

(pp — pP)pogkid
UK

Rn = is the nanoparticle concentration Rayleigh number,
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= ’M—CQ is the Couple-stress parameter,
ud
Dr (To—T
Ny = DrTo=Th) i ihe modified diffusivity ratio,
DpTipg
e (pc 0
Np = M is the modified particle-density increment.

(Pc)f

The dimensionless boundary conditions are:

T
(10) w=0, T=1, 8—gb—FNAa—:Oatz:Oand
0z 0z
w=0, T=0, 8—¢+NA8—T:Oatz:1.
0z 0z

2.3. BASIC SOLUTIONS
The basic state was assumed to be quiescent and is given by:
u=v=w=0, p=p(z), T=T() ¢=uwz).
Equations (6)— (9), using boundary conditions (10) give solution as:
Ty=1-2 @p=¢o+ Naz,

where (g is reference value for nanoparticle volume fraction. The basic solution for
temperature and nanoparticle volume fraction is identical with solution obtained by
Nield and Kuznetsov [32].

2.4. PERTURBATION SOLUTIONS

To study the stability of the system, we superimposed infinitesimal perturbations on
the basic state, which are written in following forms:

D qu,v,w) =0+¢"(u,v,w), T=T,+T", o=wp+¢", p=p+p",

with
Ty =1-z, wb = @0+ Naz.

Using equation (11) in equations (6) — (9) and by neglecting the product of the prime
quantities, we obtain the following equations:
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(12) V-q=0,
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[Double primes (” ) have been dropped for simplicity]
Eliminating pressure term ‘p’ from equation (13), we have:

(16) (1 —CV?)V2w = RaV4T — RnV ¢,

0?02
where V%, = 922 + 8— is the two-dimensional Laplacian operator on the horizontal
plane.

Boundary conditions are:
T
(17) w=0, T=0 —+Ng—=0atz=0,1.
z

3. NORMAL MODE ANALYSIS

Analyzing the disturbances into the normal modes and assuming, that the perturbed
quantities are of the form:

(18) (w, T,p] = [W(z),0(z),2(2)|exp(ikyx + ikyy + nt),

where k, and k, are wave numbers in x and y directions respectively, while n (com-
plex constant) is the growth rate of disturbances.
Using equation (18), equations (16), (14) — (15) become:

(19) (1-C(D? - a?) (D* — a®>)W 4+ a’Ra® — a®Rn® = 0,

N 2N 4N N
(20) W—|—< — i —ntAp ZATBp )@—Bm)_o
Le Le
W Na o o 1 2_ .2y N
—_——— — — —_— — —_— @:
(21) e (D*—a%)© <Le (D* —a”) - 0,

d
where D = T and a = , /k:2 + I<:2 is the dimensionless resultant wave number.

The boundary conditions of the problem, in view of normal mode analysis are:

(22) W=0 ©=0 D®+NsDO=0at z=0,]1.
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4. METHOD OF SOLUTION

The Galerkin weighted residuals method is used to obtain an approximate solution
to the system of equations (19) — (21) with the boundary conditions (22). In this
method, the test functions are the same as the base (trial) functions. Accordingly W,
© and O are taken as:

N N N
(23) W=) AW, 0=) BO, =) G,
p=1 p=1 p=1
where A, B, and C}, are unknown coefficients, p = 1,2,3,..., N and the base

functions W), ©,, and ®,, satisfying the boundary conditions (22). Using expression
for W, © and ® in equations (19) — (21) and multiplying the first equation by W), the
second equation by ©,, third equation by ®,, and then integrating in the limits from
Zero to unity, we obtain a set of 3NV linear homogeneous equations with 3/N unknown
Ap, Bpand Cp;p =1,2,3,..., N. For existing of non trivial solution, the vanishing
of the determinant of coefficients produces the characteristics equation of the system
in term of Rayleigh number Ra.

5. LINEAR STABILITY ANALYSIS

Oscillatory convection is ruled out, because of the absence of the two opposing buoy-
ancy forces, so we consider the case of the stationary convection. For the first
Galerkin approximation, we take N = 1; the appropriate trial function (Nield and
Kuznetsov [32]) satisfying boundary condition (22) is given by:

(24) Wi=01=2(1-2), & =—-Nyuz(l-2).

Substituting trail functions (24) in the system of equations (19) — (21) and using
boundary condition (22), we obtain the eigenvalue equation for stationary convection
(n = 0), as:

(a® +10)” + C (a® +10) (a* + 200> + 120) ( Le

(25) Ra= 1+£) N4Rn.

a2

The minimum value of the Rayleigh number Ra occurs at the critical wave number
a = a., where a. satisfies the equation:

(26) 2C (a§)3 + (300C + 1) (ag)2 — (1200C + 100) = 0.

It is important to note, that the critical wave number a. depends on the couple-
stress parameter C. In the absence of Couple-stress parameter (C = (), minimum
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value of the Rayleigh number Ra, occurs at a = v/10 and is given by:
L
Ra, = 40 — (1 + e) NARn.
€

This is exactly the same result which was obtained by Nield and Kuznetsov [32].
In the absence of both Couple-stress parameter and nanoparticles (C = 0, Rn =
0), critical value of the Rayleigh number is given by:

Ra, = 40,

which is approximately equal to the classical results, obtained by Horton and Rogers
[45] and Lapwood [2].

In order to investigate the effects of the Couple-stress parameter C, Lewis number
Le, modified diffusivity ratio IV 4, nanoparticle concentration, Rayleigh number Rn
and porosity parameter € on stationary convection, we examine the behaviour of

ORa OJRa OR OR OR
B Ca’ 8LZ’ 3 Ni, 8R121l and 8; analytically. From equation (25), we have:
ORa ORa
% > 0, g >0 and
ORa ORa ORa
Ile <0, N4 <0, “Rn < 0.

These inequalities shows that Couple-stress parameter and porosity parameter have
stabilizing effect while Lewis number, modified diffusivity ratio and nanoparticle
concentration Rayleigh number have destabilizing effect on the stationary convec-
tion.

6. RESULT AND DISCUSSION

Thermal instability in a horizontal layer of Couple-stress nanofluid in a porous medium
is investigated for more realistic boundary conditions. Equation (25) expresses the
thermal stationary Rayleigh number Ra, as a function of dimensionless wave num-
ber ‘a’ and Couple-stress parameter C, Lewis number Le, modified diffusivity ratio
N 4, nanoparticle concentration Rayleigh number Rn and porosity parameter €. It is
also noted, that parameter Np does not appear in the equation, thus, instability is
purely phenomenon, due to buoyancy coupled with the conservation of nanoparticle.
It is independent on the contributions of Brownian motion and thermophoresis to the
thermal energy equation. The parameter Np drops out, because of an orthogonal
property of the first order trail functions and their first derivatives.
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Numerical computations are carried out for different values of Couple-stress pa-
rameter C, Lewis number Le, modified diffusivity ratio /N4 and nanoparticle concen-
tration Rayleigh number Rn. As per Nield and Kuznetsov [32], Chand [46], Sharma
and Sharma [39], the parameters considered are in the range of 102 < Ra < 10* (ther-
mal Rayleigh number), 1 < C < 102 (Couple-stress parameter), 102 < Le < 104
(nanofluid Lewis number), 1 < N4 < 10 (modified diffusivity ratio) and 1 < Rn <
10 (nanoparticle concentration Rayleigh number).

Stability curve for Couple-stress parameter C, Lewis number Le, modified diffu-
sivity ratio /N4 and nanoparticle concentration Rayleigh number Rn are depicted in
figures 2-6.

Figure 2 shows the neutral stability curves for different values of the Couple-stress
parameter and fixed values of other parameters. We observe from this figure, that the
minimum value of the Rayleigh number increases with an increase in the value of the
couple-stress parameter C, indicating that the effect of the Couple-stress parameter
is to stabilize the system. This is good agreement of result, obtained by Sharma and
Thakur [38] and Sharma and Sharma [39].

The effect of Lewis number Le on the neutral stability curves for fixed values of
other parameters is shown in Fig. 3. We find, that the minimum value of Rayleigh
number decreases with an increase in the value of Lewis number Le. Thus, Lewis
number has a destabilizing effect on the system. This is the good agreement of the
result, obtained by Chand and Rana [33-34].

Figure 4 displays the effect of the modified diffusivity ratio on the neutral stability
curves, for fixed values of other parameters. This figure indicates that the minimum
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Fig. 2. Neutral stability curves for different value of the Couple-stress parameter.
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Fig. 3. Neutral stability curves for different value of the Lewis number.
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Fig. 4. Neutral stability curves for different value of a nanoparticle concentration Rayleigh
number.

Rayleigh number slightly decreases with an increase in the value of the modified
diffusivity ratio, indicating a destabilizing effect of the modified diffusivity ratio on
fluid layer. This is the good agreement of the result, obtained by Chand and Rana
[33-34].
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Fig. 5. Neutral stability curves for different value of the modified diffusivity ratio.
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Fig. 6. Neutral stability curves for different value of the porosity parameter.

The effect of nanoparticle concentration Rayleigh number Rn on neutral curves,
is shown in Fig. 5 for fixed values of other parameters. It is observed, that Rayleigh
number decreases as the value of nanoparticle concentration Rayleigh number in-
creases, indicating that the nanoparticle concentration Rayleigh number destabilizes
the system. This is good agreement of result obtained by Nield and Kuznetsov [32],
Chand and Rana [33-34].
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Figure 6 shows the neutral stability curves for different values of the porosity
parameter and fixed values of other parameters. We observe from this figure, that the
minimum value of the Rayleigh number increases with an increase in the value of the
porosity parameter, indicating that the effect of the porosity parameter is to stabilize
the system.

7. CONCLUSIONS

Thermal instability of a Couple-stress nanofluid in a porous medium is investigated
theoretically for more realistic boundary conditions. The model used for nanofluid
incorporates the effect of Brownian diffusion and thermophoresis. The flux of vol-
ume fraction of nanoparticle is taken to be zero on the isothermal boundaries. The
eigenvalue problem is solved numerically by using the Galerkin technique with the
Rayleigh number as eigenvalue. The effects of Couple- stress parameter C, Lewis
number Le, modified diffusivity ratio N4, nanoparticle concentration Rayleigh num-
ber Rn and porosity parameter € on stationary convection have been presented both
analytically and graphically.
The main conclusions of present analysis are, as follows:

1. The instability purely phenomenon, due to buoyancy coupled with the con-
servation of nanoparticle and is independent on the contribution of Brownian
motion and thermophoresis.

2. Oscillatory convection cannot occur for the problem.
3. The critical value of the Rayleigh number depends upon the Couple-stress.

4. The couple-stress parameter and porosity parameter have stabilizing effect,
while the Lewis number, modified diffusivity ratio and nanoparticle concen-
tration Rayleigh number have destabilizing effect on stationary convection.
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