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ABSTRACT: This work is developed on the basis of the illustrated main parts

of the kinematic theory (theory of gearing) of the spatial rack drives in Part 1

of this study. The applied theoretical approach to their synthesis, based on the

T. Olivier’s second principle is defined. A study of the geometric nature of

the surface of action (mesh region, respectively) of these class transmissions

is shown. Research software programs for synthesis and visualization of these

transmissions and their specific elements are elaborated, on the basis of the

given algorithms to the synthesis of the elements of high kinematic joints (ac-

tive tooth surfaces), with which the movable links of the studied gear systems

are equipped.

KEY WORDS: Synthesis, mathematical modelling, spatial rack drives, conic

linear helicoids.

1. INTRODUCTION

The science of gear mechanisms operates with the theoretical apparatus of applied

mechanics, which here is oriented to the development of mathematical models, serv-

ing analysis and synthesis of the mentioned mechanisms. In the second half of the

20th century, the accumulated large amount of scientific researches gives impetus to

the development of the science of gears towards the formation of two relatively au-

tonomous scientific branches: theory of gearing and geometry of gearing (geometric

theory of gear mechanisms) [1-3].

The theory of gearing is a theory of high kinematic joints, taking into account the

specifics of their application in gear transmissions. It deals with the common prin-

ciples, to which the motions transformation are subjected by means of three-links
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mechanisms with high kinematic joints in all possible placements of the correspond-

ing axes of rotation transformation and directrix of rectilinear translation. The theory

of gearing offers an apparatus for analytical and computer study of different types of

gearings [4]. In this sense, the obtained basic kinematic-geometric characteristics in

“Part 1. Kinematic analysis and a definition of the basic characteristics” of this study

extend the theoretical knowledge, which is an object of the theory of gearing.

The geometry of gearing is a geometric theory of the specific types of gear mech-

anisms. This branch of the gears science occurs as a result of the constantly changing

demands of industry to the technological and exploitation properties of mechanical

transmissions. Some main tasks of the geometry of gearing are permanently solved,

based on the developed analytical apparatus in theory of gearing [4]:

• Choice of rational form and teeth geometry of different types of gear mecha-

nisms;

• Development and scientific justification of the methodology for defining the

quality characteristics of conjugated and non-conjugated elements of tooth sur-

faces (tooth profiles);

• Creation of a specialized computing apparatus for basic and optimization syn-

thesis of new classes of contemporary gears and etc.

The performed survey of the science of the gearing shows that in the specialized

literature very limited researches on mechanical gear systems, which are designed to

transform rotation into translation motions and vice versa, are presented.

This ascertainment is valid not only for the processes of this type motions trans-

formation, but also for the devices, by which it is realized, and they are known as

rack drives. This fact gaves an impact on the implementation of such mechanisms

in various branches of the technique: robotics, mechatronics, nanotechnology and so

on.

In most known literature sources [5,6], rack gearings are treated as an instrumental

gearing, when cylindrical involute gears (straight teeth or helical) are generated (cut).

Since the object of this study is a rack drive, as a mechanical motions transformer,

here it will be limited to the above comment, relating to the rack instrumental gearing.

The rack mechanical transformers are an object of study by E. Ginzburg, and oth-

ers in [7]. There, the kinematics of these mechanisms, their technological structure,

geometric parameters of rack and cylindrical straight-teeth gear are briefly explained.

An algorithm for geometric synthesis of these transmissions is defined and the tech-

nological restrictions on geometric parameters, while generating the tooth surfaces

of its links, are shown. In the study [7] of M. Watanabe and M. Maki, an analysis and
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manufacturing experiment of rack drive of type Wildhaber-Novikov (WN – helical

rack drive) is elaborated. An analysis of the tooth contact and calculation of Hertz

contact strength is realized.

In this study, a solution of some parts of the mentioned above tasks of the geome-

try of gearing is illustrated. It serves the synthesis of spatial rack drives, by using the

synthesis of the elements of high kinematics joints, realizing motions transformation

of type rotation into translation (R ↔ T ).

2. COMMON CHARACTERISTICS OF THE GEOMETRY OF ACTION SURFACE OF

SPATIAL RACK DRIVE

2.1. PRINCIPLES OF T. OLIVIER – TERMS AND CHARACTERISTICS

For all types of gear mechanisms, including rack drives, solving the problem of their

kinematic synthesis should give a solution to two groups of tasks, concerning: the

geometry and dimensions of the blanks in the gears constituting the movable links of

high kinematic joints; geometry and dimensions of the tooth surfaces, representing

the geometric elements of kinematic joints (gearing).

The solution of the first group tasks is primarily given through the synthesis of the

pitch configurations. It is partly presented in Part 1 of the study.

Later it will be discussed briefly the nature of the second group of tasks. Their

formulation and adequate solution form the well-known in the theory of gearing “task

for the synthesis of conjugate gearing” [9]. Here, it will be defined a simple formu-

lation of the task for synthesis of spatial rack mechanisms, based on the second T.

Olivier’s principle [4]:

• It is given a structure scheme of spatial rack drive, for which one of the movable

link i = 1 is the rotating one and it represents gear with helical or curvilinear

teeth. The second movable link i = 2 realizes rectilinear translation and it is a

rack with inclined (helical) teeth.

• Let us, assume, that one of the movable links, for example i = 1, contains the

preliminary defined active tooth surfaces Σ
(j)
1 (j = 1, 2) of the rotating link

i = 1 for its motion in both directions of rotation. These surfaces have to be

smooth, without interruption and folds.

• The surfaces that are searched are: Σ
(j)
2 , which should belong to the second

movable link i = 2 in such way that they have to form high kinematic joints

(Σ
(j)
1 : Σ

(j)
2 ) with Σ

(j)
1 , i.e. Σ

(j)
1 and Σ

(j)
2 have a constant contact in a line or

a point. At least one high kinematic joint (Σ
(j)
1 : Σ

(j)
2 ) is configured, for this

motions transformation upon a preliminary given law.
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p

Fig. 1. Ordinary helicoids: (a) Cylindrical helicoid Σ1, considered as a locus of ordinary

(cylindrical) helical lines Hcil; (b) Conic helicoid Σ1, treated as a locus of ordinary (conic)

helical lines Hcon.

The described approach to the synthesis is applied in this study. It have to be

noted, that other approaches to the synthesis of spatial rack drives, based on two

main T. Olivier’s principles, are not excluded.

It is known [10], that a helical motion is a complex motion, that consists of a

rotation around fixed axis (axis of helical motion) with angular velocity vector ω̄ and
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rectilinear translation with velocity V̄ , parallel to the same axis. When parameter p of

the helical motion is p = V/ω = constant, [mm/rad], where V and ω are the values

of V̄ and ω̄, it is called ordinary helical motion.

The line, formed from the ordinary helical motion of a point, is called an ordinary

(cylindrical) helical line. It is placed on the straight circular cylinder with an axis

coinciding with the axis of the helical motion, which defines its name.

The surface, generated at this ordinary helical motion of an arbitrary line L is

called an ordinary (cylindrical) helical surface (cylindrical helicoid). This surface

can be considered as a locus of ordinary (cylindrical) helical lines (see Fig. 1a), i.e.

these surfaces are characterized with the same helical parameter p = constant.

It can be shown (as it is performed in Fig. 1b), that the ordinary helical surface

can be treated as a locus of conic helical lines, having a constant axial parameter,

which is different in size from the constant parameter p of the ordinary (cylindrical)

helical surface. In this case, as it will be shown further, the parameter of the helical

surface is:

p = p(ps, pt) = constant ,

where ps is an axial parameter of an arbitrary conic helical line, placed on the cone

with a constant axial angle at the tip δ1 = constant; pt – cross parameter depending

on the angle δ1.

When an ordinary helical surface is a locus of the conic helical lines, which is

characterized with two helical parameters ps and pt, then this surface will be called

ordinary conic helical surface or conic helical surface (conic helicoid). It is neces-

sary to remind, that the axial parameter of the ordinary conic helical line is ps, and

for the conic helicoid – p 6= ps = constant. Further, under ordinary helical surfaces

should be understood not only cylindrical but also conical helicoids.

The object of this study is a spatial rack drive, in which the rotating link is a

gear with helical teeth and a constant axial pitch. Teeth of this type are generated

by helical surfaces with constant helical parameter [1,9,13]. It will be noted that the

axial parameter is the axial displacement of an arbitrary point from this helicoid, at

its helical motions, corresponding to a rotation at an angle equal to 1 rad.

2.2. KINEMATIC ANALYSIS OF THE ACTION SURFACE (MESH REGION) OF

SPATIAL RACK DRIVE

General equation of ordinary helicoid. It is known [1,14], that every helicoid can

be generated by the helical motion of an arbitrary curve. Let, in this case, the curve

is an arbitrary cross section of the ordinary helical surface Σ1, defined in its own

co-ordinate system Sw(Ow, xw, yw, zw) (see Fig. 2) with an equation in polar co-

ordinates

(1) r̄w = rw(ϑw) cosϑw īw + rw(ϑw) sinϑw j̄w ,
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Fig. 2. Scheme of generation of ordinary helicoid Σ1.

where ϑw is an angle parameter of the cross section of the helicoid Σ1; īw, j̄w, k̄w –

unit vectors of the right-handed co-ordinate system Sw(Ow, xw, yw, zw).
Then, in accordance with shown in Fig. 2, the vector equation of the helicoid Σ1

is presented in its co-ordinate system S1(O1, x1, y1, z1):

(2) ρ̄1 = rw(ϑw)cos(ϑw + ζ )̄i1 + rw(ϑw)sin(ϑw + ζ)j̄1 + pζk̄1 ,

where ζ is a second angle parameter of the helicoid Σ1; p – helical parameter of Σ1;

ī1, j̄1, k̄1 – unit vectors of the co-ordinate axes of the co-ordinate system

S1(O1, x1, y1, z1). From the vector equation (2), the equation of the normal n̄1 at

Σ1 in its co-ordinate system is determined, as follows:

(3) n̄1 =
∂ρ̄1
∂ϑw

×
∂ρ̄1
∂ζ

= n1,x1
ī1 + n1,y1 j̄1 + n1,z1 k̄1 ,

where
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=
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∣
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.

It is introduced an angle µw, which the radius vector r̄w of an arbitrary point W of

the cross section of the helicoid Σ1 conclude with the positive direction of the tangent

w to the curve from the crossed section at the same point (see Fig. 2)

(4) µw = arctan
( rw
drw/dϑw

)

.
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Then (3) is of the type:

(5) n1,s1 =
rw

sinµw

[p sin(ϑw + ζ+µw )̄i1− p cos(ϑw + ζ+µw)j̄1+ rw cosµwk̄1] .

After considering the vector equation (2), describing the elements in the matrices,

for determining the scalar expressions of the projections of the normal vector n̄1,s1 in

its co-ordinate system, it can be written

∂x1
∂ϑw

= x1 cotµw − y1 ,
∂x1
∂ζ

= −y1 ,

∂y1
∂ϑw

= y1 cotµw + x1 ,
∂y1
∂ζ

= x1 ,(6)

∂z1
∂ϑw

= 0 ,
∂z1
∂ζ

= p .

After substituting (6) in matrices from (3), it is obtained

n1,x1
= p(y1 cotµw + x1) ;

n1,y1 = −p(x1 cotµw − y1) ;

n1,z1 = r2w cotµw = (x21 + y21) cotµw .

(7)

The following analytical relation between the co-ordinates of an arbitrary point

W from the helicoid Σ1 and the components of its normal vector n̄1 at the same

point (written in the co-ordinate system S1(O1, x1, y1, z1) of Σ1) is obtained, when

the both sides of the equalities of (7) are multiplied with (y1) and (−x1), respectively

and taking into account the third equality [1]:

(8) y1n1,x1
− x1n1,y1 = pn1,z1 .

Generating of the surface of action. It is known, that the mesh surface for all

type of gear mechanisms represents the locus of the instantaneous contact lines of

the conjugated active tooth surfaces of their movable links. Mesh region is that part

of the surface of action, which is located between the surfaces, which limit the tips

of the teeth of the two movable links of the mechanism.

This study is dedicated to the spatial rack drive, which kinematic scheme is illus-

trated in Fig. 3. The following transition matrices are written, when the co-ordinate

system S(O, x, y, z) – fixed to the frame and S1(O1, x1, y1, z1) – fixed to the link

i = 1 (corresponding to the same co-ordinate system S1 from Fig. 2 for the parame-

ter of meshing ϕ1 = 0), are used

(9) MSS1
=

∥

∥

∥

∥

∥

∥

∥

∥

cosϕ1 sinϕ1 0 0
− sinϕ1 cosϕ1 0 0

0 0 1 0
0 0 0 1

∥

∥

∥

∥

∥

∥

∥

∥

, LSS1
=

∥

∥

∥

∥

∥

∥

cosϕ1 sinϕ1 0
− sinϕ1 cosϕ1 0

0 0 1

∥

∥

∥

∥

∥

∥

.
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ometric-kinematic scheme of spatial motions transfor
Fig. 3. Geometric-kinematic scheme of spatial motions transformation of type (R ↔ T ).

The equations of the helicoid Σ1 and the normal vector n̄1 in the fixed space

S(O, x, y, z) have the following type:

ρ̄1,s = rw cos(A)̄i+ rw sin(A)j̄ + p.ζk̄,

n̄1,s =
rw

sinµw

[p sin(B)̄i− p cos(B)j̄ + rw cosµwk̄],

A = ϑw + ζ − ϕ1, B = ϑw + ζ + µw − ϕ1 .

(10)

Analogically to what is shown with the expressions in (6), (7) and (8), from the

vector equations (10), it is obtained

(11) yn1,x − xn1,y = pn1,z .

In the synthesis of gear mechanisms with kinematical conjugated surfaces Σ1 and

Σ2, realizing a preliminary given law of motions transformation, it is essential to
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ensure their permanent contact. The kinematic condition for the existence of such

continuous contact is the basic equation of meshing [1]

(12) n̄1 V̄12 = 0 .

From equation of meshing (12), when taking into account (10) and (11), it is

written [14]

(13) tan∆ =
n1,y

n1,z
=

p+ j21 cos δr
j21 sin δr

= constant .

Equality (13) shows that the normal vector n̄1,s in every point P from the sur-

face of action lies in the plane, parallel to the co-ordinate axis Ox and concluding a

constant angle with the axis Oz.

The expressions (10) and (13) will be used for the evaluation of the geometry

of the mesh surface. Let point P ′ is determined by the parameters ϕ′

1, ϑ′

w, ζ ′, re-

spectively r̄′w = r̄w(ϑ
′

w) and µ′

w = µw(ϑ
′

w). Hence, P ′ is a point from Σ1 and for

its radius-vector ρ̄′1,s, as well for the normal vector n̄′

1,s at the same point, it can be

written

ρ̄′1,s = r′w cos(A′)̄i+ r′w sin(A′)j̄ + pζk̄ ,

n̄′

1,s =
r′w

sinµ′

w

[p sin(B′)̄i− p cos(B′)j̄ + r′w cosµ′

wk̄] ,

A′ = ϑ′

w + ζ ′ − ϕ1 , B′ = ϑ′

w + ζ ′ + µ′

w − ϕ′

1 ,

(14)

and therefore, the condition is satisfied

(15) tan∆ = −
p cos(B′)

r′w cosµ′

w

.

Let link 1 is rotated around axis 1 − 1 at angle ∆ϕ1. It will be shown that the

point P ′′ is from Σ1, which meets the following condition:

ρ̄′′1,s = ρ̄1,s(ϑ
′′

w , ζ ′′, ϕ′′

1) ,

n̄′′

1,s = n̄1,s(ϑ
′′

w, ζ
′′ , µ′′

w, ϕ
′′

1) ,
(16)

and correspondingly ϕ′′

1 = ϕ′

1 +∆ϕ1, ϑ′′

w = ϑ′

w, µ′′

w = µ′

w = µw(ϑ
′

w), r̄
′′

w = r̄′w =
r̄w(ϑ

′

w), ζ
′′ = ζ ′+∆ϕ1, is a point from the action surface. For the radius-vector ρ̄′′1,s

of point P ′′ and the normal vector n̄′′

1,s to Σ1 in point P ′′ it can be written

ρ̄′′1,s = r′w cos(A′′)̄i+ r′w sin(A′′)j̄ + (psζ + ps∆ϕ1)k̄,

n̄′′

1,s =
r′w

sinµ′

w

[p sin(B′′)̄i− p cos(B′′)j̄ + r′w cosµ′

wk̄],

A′′ = ϑ′

w + ζ ′ +∆ϕ1 − ϕ′

1 −∆ϕ1,

B′′ = ϑ′

w + ζ ′ +∆ϕ1 + µ′

w − ϕ′

1 −∆ϕ1.

(17)
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When the first equations of the systems (14) and (17) are compared, it is estab-

lished

(18) x′′ = x′, y′′ = y′, z′′ = z′ + p∆ϕ1 .

In accordance with (13) and (15) it can be written

−
p cos(ϑ′′

w + ζ ′′ + µ′′

w − ϕ′′

1)

r′′w cosµ′′

w

= −
p cos(ϑ′

w + ζ ′ + µ′

w − ϕ′

1)

r′w cosµ′

w

,

i.e.,
n′

1,y

n′

1,z

=
n′′

1,y

n′′

1,z

= tan∆ .

Therefore, P ′′ is a point from mesh surface, i.e. P ′′ is a contact point between Σ1

and Σ2. In accordance with (18), if point P ′(x′, y′, z′) from Σ1, belongs to the action

surface, then all points from the line

(19) x = x′, y = y′, z = w, w ∈ (−∞,+∞) ,

also belong to this surface.

Hence, the mesh surface is a cylindrical surface with generatrices parallel to the

axis Oz. An arbitrary contact line D12, (obtained for an arbitrary ϕ1 = cosntant),
represents a directrix of the surface of action. Analogically it is shown, that the active

tooth surfaces Σ2 of the gear rack are cylindrical surfaces as well [4,14,15].

The characteristics obtained, as a result of the analysis realized here, are results,

which can be treated not only as elements, extending the scientific knowledge of

the theory of gearing, but also as analytical relations involved in the elaboration of

mathematical models. These models serve the apparatus of geometric theory, which

is oriented to the synthesis of rack drives. In other words, these characteristics are on

the border of the two scientific fields – theory and geometry of gearing.

3. SYNTHESIS OF SPATIAL RACK DRIVES, WHICH ROTATING LINK HAS CONIC

LINEAR HELICOIDS

The only case, that will be discussed below is about a rack mechanism with the most

common conic linear helicoid- conic convolute helicoid [4,15]. From this case with

simple substitutions, are obtained the cases, when the rotation link of the rack trans-

mission is equipped with conic Archimedean or involute helicoids correspondingly,

as its active tooth surfaces.

When synthesizing spatial rack mechanisms with linear contact, it is evident the

necessity to control their quality in the whole mesh region. Such approaches to syn-

thesis problems require an adequate mathematical model. The kinematic scheme of
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Fig. 4. Kinematic scheme of spatial rack drive with linear contact between tooth surfaces

Σ1 and Σ2, synthesized using a mesh region (MR): Σi – surface of flank of links (i = 1, 2);
ω̄1 – rotation velocity of link i = 1; V̄2 – velocity of rectilinear translation of link i = 2; AS
– action surface; D12 – contact line; L1 – longitudinal line of Σ1.

such mechanism is shown in Fig. 4. A mathematical model, based on a mesh region

is not a universal one.

The reason is that the specific geometrical and kinematic characteristics of the

mesh region depend on its position in space and the geometric characteristics of the

instrumental surface ΣJ , which generates the flanks Σi (i = 1, 2).

This mathematical model is based on the second Olivier’s principle and the link,

performing rotation and having surfaces Σ1 is chosen as a generating link. Generated

surfaces Σ2 belong to link 2, which realizes rectilinear translation.

The synthesis of spatial rack drives, based on the second Olivier’s principle, in-

volves solving two main tasks:

• Synthesis of the tooth surfaces Σ1 of the rotating movable link, which are iden-

tical to the instrumental surfaces ΣJ . Solving this mathematical problem pro-

vides the technology of manufacture the rotating link of the rack drive.

• Synthesis of the mesh region and definition of the dimensions and location of

the mesh region on the surface of action. This task realizes the generation of

the active tooth surfaces Σ2 of the movable link of the rack mechanisms, which

perform motion translation.
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The synthesis of these types of mechanical transmissions, in accordance with the

second Olivier’s principle, leads to solving two main tasks: synthesis of the active

tooth surfaces of the basic (instrumental) movable link – conic worm and synthesis

of surface of action/mesh region of the studied mechanism. The active tooth surfaces

of the basic link are conic linear helicoids.

3.1. GENERATING ACTIVE TOOTH SURFACES OF THE BASIC MOVABLE LINK

The helicoids and especially the linear helicoids are widely used as active tooth sur-

faces of spatial gears with crossed axes, in both working meshing conditions and

instrumental meshing conditions. Such choice of the active tooth surfaces for these

gears is determined by the technological manufacturing, especially when their syn-

thesis is realized in accordance with the second Oliver’s principle [1,9]. In most

cases, these surfaces are the only alternative, as it is the manufacture of cylindrical

worm gear and Spiroid and Helicon gears.

Figure 5 shows the generation of right-handed conic convolute helicoids Σ
(j)
1

(j = 1, 2), determined by different geometrical characteristics of the helical teeth

(treads) of the particular gear mechanism. The process of helical surfaces generation

Fig. 5. Conic convolute helicoids generation.
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is considered in fixed co-ordinate system Sf (Of , xf , yf , zf ) and it is as follows. The

generatrix Σ(j) does not cross the axis O
(j)
p z

(j)
p , which coincides with the geometric

axis of the gear. Σ(j) and O
(j)
p z

(j)
p conclude an angle 0, 5π < ξ(j) < π. The line L(j)

belongs to plane T (j), which is tangential to the directed circle cylinder C(j). The

generation of the conic convolute helicoid Σ
(j)
1 from the line L(j) is realized by two

generatrix motions: axial helical motion, along the longitudinal axis O
(j)
p z

(j)
p with

parameter p
(j)
s = constant; crossed helical motion in the plane T (j), perpendicular to

the axis O
(j)
p z

(j)
p with parameter p

(j)
t = constant. Here, it should be noted that Σ

(1)
1

is the conic convolute helical surface, that is turned along the positive direction of

the axis O
(1)
p z

(1)
p , and Σ

(2)
1 is the helicoid, turned along the negative direction of the

O
(2)
p z

(2)
p .

The vector equation of the conic convolute helical surface Σ
(1)
1 , in accordance

with Fig. 5, has the form [9,15]

(20) ρ̄
(j)
1 = r̄

(j)
0 + s̄(j) + t̄(j) + ū(j) ,

where ρ̄
(j)
1 is a radius-vector of point N (j), that belongs to the conic convolute heli-

coid Σ
(j)
1 ; r̄

(j)
0 – radius-vector of the directed cylinder C(j); ϑ(j), u(j) – co-ordinates

of the helical surface Σ
(j)
1 ; s(j) = p

(j)
s ϑ(j) – axial motion of the generatrix L(j);

t(j) = p
(j)
t ϑ(j) – crossed displacement (tangential to the directed cylinder C(j)) of

the generatrix line L(j). If (20) is written in co-ordinate system S
(j)
p , then it is ob-

tained

x(j)p = r
(j)
0 cosϑ(j) ± (u(j)sinξ(j) − p

(j)
t ϑ(j)) sinϑ(j) ,

y(j)p = r
(j)
0 sinϑ(j) ∓ (u(j) sin ξ(j) − p

(j)
t ϑ(j)) cosϑ(j) ,

z(j)p = p(j)s ϑ(j) ± u(j) cos ξ(j) .

(21)

For the equation systems (21), the upper signs and j = 1 refer to the Σ
(1)
1 , and the

lower and j = 2 refer to Σ
(2)
1 .

Substituting in (21)

(22) R
(j)
0 = u(j) −

p
(j)
t ϑ(j)

sin ξ(j)
and p(j) = p(j)s ± p

(j)
t cot ξ(j) ,

it is obtained

x(j)p = r
(j)
0 cosϑ(j) ±R

(j)
0 sin ξ(j) sinϑ(j) ,

y(j)p = r
(j)
0 sinϑ(j) ∓R

(j)
0 sin ξ(j) cosϑ(j) ,

z(j)p = p(j)ϑ(j) ±R
(j)
0 cos ξ(j) .

(23)
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Equation (23) represents the conic convolute helical surface Σ
(j)
1 as a cylindrical

one with helical parameter p(j) = constant and co-ordinates ϑ(j) and R
(j)
0 . The point

K(j) is the accounting origin of co-ordinate R
(j)
0 , (K(j) is a point of intersection

of L(j) and the generatrix of the directed cylinder C(j); C(j) and plane T (j) are

contacting in this generatrix L(j)). The point K(j) is considered to be a point from

the directed helical line ρ̄
(j)
0 = ρ̄

(j)
0 (ϑ(j)) on C(j).

3.2. SINGULAR POINTS ON THE CONIC CONVOLUTE HELICOIDS

Here, is presented a study of the conditions, under which in the process of meshing

of the kinematic conjugated surfaces Σ1 and Σ2 of the spatial rack drives, the contact

points are transformed into singular points. The study is based on the theoretical

approach, offered by Prof. F. Litvin [1-3]. According to it, the singular points, in the

most common case, are those points between Σ1 and Σ2, for which the condition “the

relative velocity on one of the contacting surfaces (written in the fixed co-ordinate

systems) is zero” is fulfilled.

Depending on the normal vector n̄i at the common contact point of the meshed

surfaces Σ1 and Σ2 two types of singular points exist:

• Singular points of first order, called ordinary nodes, if n̄i 6= 0̄ and consequently
˙̄nr,i = 0̄ ( ˙̄nr,i is the relative velocity vector of the tip of the normal vector n̄i).

It is possible to exist ordinary contact points (singular point of first order) on the con-

jugated tooth surfaces of spatial drives. These points are tangent points or points of

intersection of the contact lines. Their existence, in the mesh region of spatial gears,

should be limited or completely eliminated, since they increase specific friction, re-

duce lubrication and heat transfer, and as a result, they decrease the loading capacity

of the synthesized gear.

• Singular points of second order, called points of undercutting, when n̄i = 0̄.

Singular points of second order should be eliminated from the mesh region, since

they are points of undercutting for the instrumental meshing, or interferential points

in the cases of working meshing of the conjugated tooth surfaces of the synthesized

drives. The undercutting, as a rule, makes the tooth thinner and the gears strength

becomes worse.

In order to eliminate the “undercutting” from the active tooth surfaces of the gears

and the devices, representing parts of the conic linear helicoids, it is necessary to

define conditions for appearance of the singular points (undercutting points) on them

in the process of their generation. As it has been already shown, the conic linear
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helicoids Σ
(j)
1 (in particular conic convolute helical surface) have the form

ρ̄
(j)
1 = ρ̄

(j)
1 (u(j), ϑ(j)) .

Then, the normal vector n̄
(j)
1 to the Σ

(j)
1 in arbitrary point N (j) is determined by the

equality

(24) n̄
(j)
1 =

∂ρ̄
(j)
1

∂u(j)
×

∂ρ̄
(j)
1

∂ϑ(j)
,

where
∂ρ̄

(j)
1

∂u(j)
and

∂ρ̄
(j)
1

∂ϑ(j)
are vectors at point N

(j)
1 from the conic helical surface Σ

(j)
1 ,

that are tangential to the co-ordinate lines u(j) = constant and ϑ(j) = constant. It is

known [9], that the point N (j) from Σ
(j)
1 is an undercutting point, if for this point the

normal vector n̄
(j)
1 cannot be defined, i.e., if the following condition is fulfilled:

(25) n̄
(j)
1 = 0̄ .

Then from (21), the projections of the normal vector n̄
(j)
1 in the co-ordinate system

S
(j)
p are written of the form

n
(j)
1,xp

= ∓h(j) sin ξ(j) cosϑ(j) − (u(j) sin ξ(j) − p
(j)
t ϑ(j)) cos ξ(j) sinϑ(j) ,

n
(j)
1,yp

= ∓h(j) sin ξ(j) sinϑ(j) + (u(j) sin ξ(j) − p
(j)
t ϑ(j)) cos ξ(j) cosϑ(j) ,

n
(j)
1,zp

= (u(j) sin ξ(j) − p
(j)
t ϑ(j)) sin ξ(j).

(26)

From (26) it is evident, that the condition (25) is never satisfied for the conic

convolute helicoid, since the conic convolute parameter of distribution is [4,12]

(27) h(j) = p(j) + r
(j)
0 cot ξ(j) 6= 0 .

3.3. SYNTHESIS OF THE SURFACE OF ACTION/MESH REGION OF THE CONIC

CONVOLUTE RACK DRIVES

The action surface, considered as a locus of the lines of the tooth contact in the fixed

space, defines conjugate tooth surfaces of the second movable link – gear rack. Three

computer programs are written with analogical (typified) structure and organization

of the calculating process, based on the realized study and on the developed algo-

rithms for synthesis of three types spatial rack drives – cylindrical with cylindrical

linear rotating helicoids, face (with face linear rotating helicoids) and with conic
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Fig. 6. Geometric-kinematic scheme of spatial rack drive, having rotating linear conic heli-

coids.

(with conic linear rotating helicoids). The developed programs illustrate the cases of

the spatial conic, cylindrical and face rack drives synthesis. The study offered here is

consistent with the symbols, shown in Fig. 6.

Conic convolute rack mechanism. The equations (23) of the linear helicoid Σ
(j)
1

are presented as

x(j)p = r
(j)
0 cosϑ(j) ± U (j) sinϑ(j) ,

y(j)p = r
(j)
0 sinϑ(j) ∓ U (j) cosϑ(j) ,

z(j)p = p(j)ϑ(j) ± U (j) cot ξ(j) ,

(28)

where

U (j) = R
(j)
0 sin ξ(j) = u(j) sin ξ(j) − p

(j)
t ϑ(j) , p(j) = p(j)s ± p

(j)
t cot ξ(j) .

The set of equations (28) describes the conic convolute helicoid as a cylindrical

one with helical parameter p(j). The normal vector in an arbitrary point of Σ
(j)
1 is

described by equations system
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n
(j)
1,xp

= ∓h(j) sin ξ(j) cosϑ(j) − U (j) cos ξ(j) sinϑ(j) ,

n
(j)
1,yp

= ∓h(j) sin ξ(j) sinϑ(j) + U (j) cos ξ(j) cosϑ(j) ,

n
(j)
1,zp

= U (j) sin ξ(j) .

(29)

It is known [9,15], that conic helicoids Σ(j) (j = 1, 2) are cylindrical helical

surfaces with constant helical parameter p(j) = p
(j)
s ± p

(j)
t cot ξ(j) = constant.

Hence, for these surfaces is valid the equation of meshing [14]

(30) tan∆ =
n1,y

n1,z
=

p+ j21 cos δr
j21 sin δr

= constant .

Then, the action surface of the conic convolute helicoid is described by using the

equations (28), (29) (written in the fixed co-ordinate system S(O, x, y, z)), and the

analytical type (30) of equation of meshing (see Fig. 7), i.e.,

Fig. 7. Spatial conic convolute mechanism with velocity ratio j21 = 2.29; number of the

teeth z1 = 1: a) conic convolute worm Σ
(1)
1 ⇒ ξ(1) = 98◦, r

(1)
0 = 0.08 mm; u(1) ∈ [0, 10],

ϑ(1) ∈ [0, 5π]; b) Σ
(2)
1 ⇒ ξ(2) = 120◦, r

(2)
0 = 0.94 mm; u(2) ∈ [0, 10], ϑ(2) ∈ [0, 5π];

c) region of mesh MR(1); d) MR(2).
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x(j) = r
(j)
0 cos θ(j) ± U (j) sin θ(j) ,

y(j) = r
(j)
0 sin θ(j) ∓ U (j) cos θ(j) ,

z(j) = p(j)ϑ(j) ± U (j) cot ξ(j) ,

∓h(j) sin ξ(j) sin θ(j) + U (j) cos ξ(j) cos θ(j)

U (j) sin ξ(j)
=

p(j) − j21 cosΣr

j21 sinΣr

,

(31)

where θ(j) = ϑ(j)+ϕ1, U (j) = u(j) sin ξ(j)−p
(j)
t ϑ(j) 6= 0, p(j) = p

(j)
s ±p

(j)
t cot ξ(j),

h(j) = p(j) + r
(j)
0 cot ξ(j). The conjugated with Σ

(j)
1 (j = 1, 2) tooth surfaces Σ

(j)
2

(j = 1, 2) of the tooth rack i = 2 are obtained from the system (31), after writing it

in the co-ordinate system S2(O2, x2, y2, z2), firmly connected with link i = 2:

x
(j)
2 = r

(j)
0 cos θ(j) ± U (j) sin θ(j) ,

y
(j)
2 = r

(j)
0 sin θ(j) ∓ U (j) cos θ(j) + j21ϕ1 sinΣr ,

z
(j)
2 = p(j)ϑ(j) ± U (j) cot ξ(j) + j21ϕ1 cosΣr ,

∓h(j) sin θ(j) + U (j) cot ξ(j) cos θ(j)

U (j)
=

p(j) − j21 cosΣr

j21 sinΣr

.

(32)

m

Fig. 8. Common block-scheme.
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4. COMPUTER PROGRAMS FOR VISUALIZATION OF THE SYNTHESIS OF SPATIAL

RACK DRIVES

Three computer programs with similar (typified) structure and organization of their

calculation process are written, on the basis of this study (which is part of the pre-

sented in [4,15]) and on the basis of the defined algorithms for synthesis of three

types of spatial rack mechanisms – cylindrical (with cylindrical linear and curvilin-

ear rotating helicoids), face (with linear rotating helicoids) and conic ones (with conic

linear rotating helicoids). This product is briefly presented here.

The program has the characteristics of the “directed search” method for synthesis,

but also this program realizes the visual study of the character of the geometry of

active geometric elements Σ
(j)
i (i = 1, 2, j = 1, 2) of the kinematic joints (Σ

(j)
1 :

Σ
(j)
2 ), by which the defined law for transformation of type (R ↔ T ) is realized.

The program is written in MATLAB [17]. It contains description and declaration of

input parameters and equation systems. The basic characteristics of the spatial rack

mechanisms are obtained by solving these systems. The content of the programs is

illustrated in Figs. 8, 9 and 10.

Fig. 9. Calculation block: u(j), ϑ(j) – independent co-ordinates of the linear Σ(j) (j = 1 for

the low-side helicoids, j = 2 for the high-side helicoids).
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Fig. 10. Visualization block: MR(j) (j = 1, 2) – mesh regions of the synthesized rack

mechanism.

The input parameters of the programs are:

• Geometric parameters: shaft angle Σr [grad] (for face rack mechanisms

Σr = 90◦); crossed angle δr [grad]; radius of the pitch circle of the rotat-

ing link – r1 [mm]; an obtuse angle between linear generatrix of the helicoid

and axis of the rotating link ξ(j) [deg]; tooth module m [mm]; axial helical pa-

rameter ps [mm/rad] (for cylindrical rack drive); crossed tangential parameter

pt [mm/rad] (for face rack drive); number of helicoids Σ
(j)
1 of the rotating link

i = 1;

• Kinematic parameters: velocity ratio j12/j21 [mm/rad]/[mm/rad]; parameter

of meshing ϕ1 [deg];

• Identifier for the convolute rack mechanism (cylindrical, face, conic) –

I = 1; for Archimedean rack mechanism (cylindrical, face, conic) – I = 2; for

involute rack mechanism (cylindrical, face, conic) – I = 3;

Diagrammatically, the calculation block of the program is organized in accordance

with Fig. 9 and the visualization block is shown in Fig. 10.

The studied rack drives can be synthesized and visualized by using the described

computer programs and AutoCAD [17]. One specific representative of the studied

mechanical motion transformer is illustrated in Fig. 11.
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. 11.  

 

Fig. 11. Spatial conic rack mechanism.

5. CONCLUSION

The kinematic theory illustrated here, that treats the geometry of gearing of the conic

convolute rack drives, is just a part of the studies, realized by authors in this field.

From this theory, an algorithms, for the synthesis of convolute (presented in this

article), Archimedean and involute conic rack drives, are obtained. Special cases of

the mentioned above rack mechanisms, are the cylindrical and the face ones, when

the rotating link of the drive is a convolute, Archimedean (see Fig. 11) and involute,

cylindrical or face worm, or a worm, whose threads are circle helicoids [4,15]. The

shown algorithms are based on the studies, described in Part 1, which are the forming

elements of the theory of gearing of the treated class spatial transmissions.
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