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ABSTRACT: The aim of this study is to develop an efficient numerical tech-

nique using the non-hypersingular, traction boundary integral equation method

(BIEM) for solving wave propagation problems in an anisotropic, viscoelastic

plane with cracks. The methodology can be extended from the macro-scale

with certain modifications to the nano-scale. Furthermore, the proposed ap-

proach can be applied to any type of anisotropic material insofar as the BIEM

formulation is based on the fundamental solution of the governing wave equa-

tion derived for the case of general anisotropy. The following examples are

solved: (i) a straight crack in a viscoelastic orthotropic plane, and (ii) a blunt

nano-crack inside a material of the same type. The mathematical modelling

effort starts from linear fracture mechanics, and adds the fractional derivative

concept for viscoelastic wave propagation, plus the surface elasticity model of

M. E. Gurtin and A. I. Murdoch, which leads to nonclassical boundary condi-

tions at the nano-scale. Conditions of plane strain are assumed to hold. Follow-

ing verification of the numerical scheme through comparison studies, further

numerical simulations serve to investigate the dependence of the stress inten-

sity factor (SIF) and of the stress concentration factor (SCF) that develop in

a cracked inhomogeneous plane on (i) the degree of anisotropy, (ii) the pres-

ence of viscoelasticity, (iii) the size effect with the associated surface elasticity

phenomena, and (iv) finally the type of the dynamic disturbance propagating

through the bulk material.
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1 INTRODUCTION

In order to accurately describe wave propagation in materials, attenuation and dis-

persion phenomena should be taken into account. Viscoelasticity is considered as the

basic material model for describing these phenomena when studying elastic waves in

different types of materials, both man-made (rubbers, polymers, composites) and nat-

ural (soil, rocks, biological tissues). In this respect, fractional derivatives comprise a

family of advanced viscoelastic models that have been successfully introduced to de-

scribe the dynamic behaviour of complex dissipative systems in geophysics, biology,

chemistry, material science, etc.

There are two basic viscoelastic formulations, see [2], first proposed by [3] and

much later on by [4] for stress-strain constitutive laws that take into account wave

dispersion and attenuation. The first one uses an integral equation of the heredi-

tary type with relaxation or creep functions as the kernel functions. The second one

expresses the stress-strain constitutive relations as differential equations. Linear vis-

coelastic models have been presented in detail by [5] and [6]. The first dynamic

viscoelastic boundary element method (BEM) formulations and corresponding solu-

tions appeared in the frequency domain [7] and in the Laplace domain [8] by using

the elastic-viscoelastic correspondence principle. The complex moduli concept un-

derlying the correspondence principle was later extended to fractional viscoelasticity

by allowing fractional powers of the frequency (or the Laplace transform parame-

ter), see [9–12]. In general, formulations using fractional derivatives proposed so

far fall into two main groups: the Riemann-Liouville and Grunwald-Letnikov deriva-

tives [13] and the Caputo derivatives [14]. The time fractional derivative is easiest to

define in the frequency domain due to the property of the Fourier transform F of the

n-th order derivative: F
(dnu(t)

dtn

)

= (iω)nU(ω), where U(ω) is the Fourier trans-

form of a differentiable function u(t) in time and ω is the frequency. The fractional

derivative of arbitrary order α, Reα > 0 can be understood as a generalization of the

conventional derivative with integer n replaced by a real number α. Thus, a differen-

tial equation is defined as fractional if it involves an operator that can be considered

to be between the (k − 1)-th and k-th order differential operator, for positive integer

k. Such fractional-order equations appear in a surprising number of real world mod-

els. One of these is the fractional Zener model, i.e. the fractional alternative to the

standard linear solid, proposed by [15] and discussed in detail in [16].

Next, the wave equation can be generalized within the theory of fractional calcu-

lus by replacing second-order derivatives (space and/or time) with the fractional. The

space-time fractional Zener wave equation represents a generalization of the classi-

cal elastodynamic equation, which is obtained as a system comprising the equation

of motion, the time-fractional Zener constitutive law and the space-fractional strain
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measure, see [17]. More specifically, the fractional Kelvin-Voigt wave equation is

one of the oldest fractional wave equations in use [18], while the fractional Zener

model can be considered as its extension. We refer to [19] for a review on the frac-

tional models in dynamic viscoelasticity and to [20] for a systematic analysis of the

thermodynamical restrictions on the numerical values of the parameters used in these

models. Many authors among them [17,21,22] discussed the efficiency of the fractal

derivative models to describe creep and stress relaxation in viscoelastic materials.

Most of the results available today study the influence of viscoelasticity on the

scattered elastic wave far-field, while are few studies on the sensitivity of the stress

intensity factors developing near the crack-tips for fractured viscoelastic materials

described by different fractional constitutive laws. The applicability of the fractional

derivative models for solution of dynamic problems in the frame of the linear frac-

ture mechanics is discussed in [23, 24]. It is well known that the presence of cracks

modifies traveling elastic wave fields because of diffraction, and also causes localized

stress concentration phenomena. Due to this fact, numerical modeling of wave mo-

tion in a cracked continuum requires hybrid-type methodologies that combine elas-

todynamics with fracture mechanics. Since analytical solutions for dynamic crack

problems can be obtained for simple cases only, numerical methods have to be ap-

plied to solve meaningful boundary value problems (BVP). Among the computational

methods used, the BIEM has become popular for a set of reasons discussed in detail

in the literature [8, 25, 26]. A recent review of BIEM modeling of wave propagation

phenomena in elastic solids with cracks at the macro-level can be found in [27].

With the rapid development of nano-mechanical systems, size-dependent phe-

nomena in the scattered wave fields, as well as local stress concentration fields in

nano-structures with defects (e.g., cavities, inclusions and cracks) have attracted con-

siderable attention. The manifestation of surface energy of the nano-level is caused

by the fact that the bonds of the surface atoms are relaxed, which lead to formation

of surface residual stress. Such specific behavior is termed the surface stress effect

and a rational mechanical model was introduced by [1,28,29]. In the aforementioned

model, the interfaces between the nano-inhomogeneity and the matrix are regarded

as thin material surfaces which possess their own mechanical properties and surface

tension. For objects with sizes greater than 100nm, the surface-to-volume ratio is

negligible and the effective material properties are governed by classical bulk elastic

strain energy through a fourth-order elastic stiffness tensor. A short review of re-

sults limited to 2D problems for materials with cavities, inclusions and cracks at the

nano-scale, under both static and dynamic loads follows. In terms of semi-analytical

methods for this class of problems, we briefly mention here the wave function ex-

pansion and the complex variable methods used to study (i) nano-holes under static

anti-plane [30], static in-plane [31–34], dynamic anti-plane [35] and dynamic in-
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plane [36–40] loads and conditions; (ii) nano-inclusions under static anti-plane [30],

static in-plane [41,42], dynamic anti-plane [35,39,43] and dynamic in-plane, [44,45]

loads and conditions; (iii) nano-cracks under static anti-plane [30, 46] and static in-

plane [47, 48] loads and conditions.

Moving on to fully numerical solutions, recent developments in this field can

be grouped as follows: (i) nano-holes under in-plane static [49–51] and in-plane

dynamic [52–54] loads and conditions; (ii) nano-inclusions under in-plane static [50,

51] and in-plane dynamic loads [52, 53]; (iii) wave scattering problems by in-plane

nano-cracks [55]; iv) as far as nanomechanics is concerned, one must mention the

finite element method (FEM) results for in-plane blunt nano-cracks under static loads,

as discussed in [56–59].

The conclusions that can now be drawn are as follows: (i) To date, there is a lack

of results for surface elasticity effects on the stress fields that develop near crack-tips.

(ii) At a macroscopic scale, the crack front profile is considered to be infinitely sharp

and the corresponding elastic and elasto-plastic, near-field zones are well understood

in the classical fracture mechanics literature. However, in reality the crack-tips are

not ideally sharp but blunt with a curvature radius in the order of microns or nanome-

ters. Experiments and simulations by atomic models [60] have shown that the stresses

obtained via the atomic models are in a good agreement with the predictions of linear

fracture mechanics, except in a very small vicinity around the crack-tip, where the

effect of surface elastic energy should be accounted for. (iii) Furthermore, there is

paucity of results for in-plane nano-cracks in elastic isotropic/anisotropic continua

under dynamic loads, except for some recent work by [55] for a blunt crack in an

anisotropic plane under incident time-harmonic P- and SV- wave. (iv) Finally, no

results are available for either macro- or nano- cracks in viscoelastic anisotropic con-

tinua where viscous effects are represented by the Zener type model using fractal

derivatives in the constitutive law for the case of dynamic loads.

The above observations serve as motivation to examine time harmonic, in-plane

wave propagation in a cracked viscoelastic and orthotropic plane, so as to evaluate

stress concentration fields near cracks at both macro- and nano- scales. Briefly, the

paper is organized as follows: Section 2 gives the in-plane elastodynamic problem

formulation for a finite crack at both the macro- and the nano-scales in a viscoelas-

tic medium described by the Zener model with fractional derivatives in time. The

medium is an orthotropic plane under incident, time-harmonic plane waves. The

problem is then reformulated in Section 3 using boundary integral equations (BIE).

In addition, the fundamental solution for the governing fractional viscoelastic wave

equation is also presented in Section 3. Next, a series of parametric studies, includ-

ing those necessary for the verification of the methodology, is presented in Section 4.

This is finally followed by some conclusions in Section 5.
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2 PROBLEM STATEMENT

Consider a homogeneous viscoelastic and orthotropic plane x3 = 0 in a Cartesian

coordinate system Ox1x2x3. Either a single finite line crack Γ = Γ+ ∪ Γ− with

length |Γ| = 2c, (see Fig. 1a) or a nano-crack, in domain G with boundary S, (see

Fig. 1b) and perimeter |S| = 2[2(c − d) + πd] are embedded in the plane, which

swept by P- or SV-time-harmonic waves with frequency ω and incident angle ϕ with

respect to the Ox1 axis. The nano-crack is considered as a blunt crack with boundary

S = S+ ∪ S− ∪ Sl ∪ Sr, where S+ and S− are the upper and lower flat part of

the blunt crack, while the crack tips are represented as semicircles Sl, Sr of radius d
with values falling in the interval 10−7 m÷10−10 m. In the case of plane strain, the

(a)

c c

(b)

c

d

Fig. 1. Finite crack in a viscoelastic orthotropic plane under incident time-harmonic waves:

a) macro-crack as an open segment; b) blunt nano-crack.

displacement components are ui(x, ω), i = 1, 2, the stress components are σij(x, ω),
the strain components are εij(x, ω) and the tractions are ti(x, ω) = σij(x, ω)nj .

Here, nj are the components of the outward pointing unit normal vector to either

the crack line Γ or the boundary S, while the observer point is x = (x1, x2). In

what follows, we define the BVP in the frequency domain in terms of the governing

equations and their corresponding boundary conditions.

2.1 CONSTITUTIVE LAW AND STRAIN-DISPLACEMENT RELATIONS

The constitutive law employed used here is the Zener viscoelastic model with frac-

tional time derivatives of order α in the frequency domain, see [61]

(1) (1 + a(iω)α)σij(x, ω) = Cijkl(1 + b(iω)α)εkl(x, ω).

In the above, Cijkl is a positive definite, elastic anisotropic stiffness tensor with the

following symmetry properties Cijkl = Cjikl = Cijlk = Cklij , i, j, k, l = 1, 2. Also,

a ≥ 0, b ≥ 0, α ∈ [0, 1] are the model coefficients.

If α = 0 or a = b, then the Zener model (1) degenerates to Hooke‘s law for

anisotropic materials, while if α = 1, a 6= b, we have the classical Zener model,
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i.e. the rheological model for the standard linear solid. The derivative order denoted

by α has no physical meaning, e.g., it simply acts as an interpolate between two

ascending order derivatives. For instance, parameter α in a single degree-of freedom

representation of nonlinear base isolation systems interpolates between the zero and

the first order time derivatives appearing in the equation of motion, see [62]. A best-fit

(or optimal) value for α can only be estimated by recourse to experimantally obtained

date.

When we consider an orthotropic plane, the independent material constants are

four, namely c11, c12, c22, c66, when the coordinate axis Ox2 and the principal axis

of the material symmetry coincide. Here cpq are obtained from Cijkl following the

rule (11) → 1, (12) = (21) → 6, (22) → 2 and for orthportopic case additionally

c16 = c26 = 0. The orthotropic in-plane case is transformed into an isotropic one if

the additional relations hold: c11 = c22 = λ+ 2µ and c12 = λ, c66 = µ, with λ and

µ the Lamé constants.

Under the assumption of small deformations, the strain-displacement relation for

in-plane wave motion is

(2) εkl(x, ω) =
1

2
(uk,l(x, ω) + ul,k(x, ω)),

where comma subscripts denote partial differentiation with respect to the spatial co-

ordinates and the summation convention over repeated indices is implied.

2.2 DYNAMIC EQUILIBRIUM EQUATION AND BOUNDARY VALUE PROBLEM

For a time-harmonic response, the equations of motion attain the form

(3) σij,j(x, ω) + ρω̃2ui(x, ω) = 0,

where ω̃2 = 1+a(iω)α

1+b(iω)α ω
2 is square of the damped frequency and ρ is the material

density.

In the case of an orthotropic material under plane strain conditions, substitution

of the Zener viscoelastic model in wave equation (3), yields the following form in

terms of the displacement components:

c11u1,11(x, ω) + c66u1,22(x, ω) + (c12 + c66)u2,12(x, ω) + ρω̃2u1(x, ω) = 0,

(c12 + c66)u1,12(x, ω) + c66u2,11(x, ω) + c22u2,22(x, ω) + ρω̃2u2(x, ω) = 0.
(4)

The total wave field in either the R2\Γ or the R2\G domain is a superposition

of the incident wave field and the wave field scattered by the crack Γ or S, i.e.,

ui(x, ω) = uini (x, ω)+usci (x, ω) and ti(x, ω) = tini (x, ω)+ tsci (x, ω) on Γ. In order
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to complete the BVP at the macro-scale, we add the boundary condition directly

along crack line Γ

(5) ti(x, ω) = 0, i.e. tsci (x, ω) = −tini (x, ω), x ∈ Γ.

At the nano-scale along the surface S of the blunt nano-crack, we have the non-

classical boundary condition proposed by [1] that takes into consideration a jump in

the stresses as one moves from the bulk material (matrix M ) to the crack surface

due to the presence of surface stress σS
ij along S, see Fig. 1b. We now have that

σS
ij = τ0δij +

∂E
∂εSij

, where E is the deformation-dependent surface energy density, εSij

is the strain tensor at surface S, δij is the Kronecker delta symbol, and finally τ0 is the

residual surface tension under unstrained conditions along the undeformed surface,

which induces an additional static deformation. The residual surface tension τ0 is

usually ignored in dynamic analysis, because its static nature does not influence on

the dynamic response of the solid under consideration. It is assumed that the surface

layer S has zero thickness, but is otherwise elastic and isotropic with surface Lamé

constants λS and µS whose numerical values are nowadays available in the literature.

Additionally, it is assumed that the interface S is a coherent, perfectly bonded layer,

where the strain εSll in the tangential direction is equal to the tangential strain in the

bulk matrix, i.e., εSll = εMll . In this case, the condition εSll =
un
̺

+
∂ul
∂l

is satisfied,

see [1], where ̺ is the curvature radius of the boundary S.

More specifically, the following conditions for the stresses are satisfied along the

tangential and normal directions of S, i.e., the local coordinate system of normal n
and tangential l vector components along the interface S, see [53, 55]:

(6)

∣

∣

∣

∣

∣

∣

∣

∣

σM
nl = −∂σS

ll

∂l
, on S ,

σM
nn =

σS
ll

̺
, on S ,

where σS
ll = (λS + 2µS)εSll .

The boundary condition (6) can be written with respect to the tractions developed

along S, see [50, 52] as follows:

(7)

(

tM1
tM2

)

= TS

(

u1
u2

)

on S,

where TS = T1 +
∂

∂l
T2 +

∂2

∂l2
T3 and
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T1 =
1

̺2
N

(

−αS 0
−αS̺,l 0

)

N ′ , N =

(

n1 −n2

n2 n1

)

,

T2 = N

(

0 −βS

βS 0

)

N ′ , T3 = N

(

0 0
0 α

)

N ′ .

In the above αS = λS + 2µS , βS =
1

̺
αS , ni = −nM

i , and
∂

∂l
,
∂2

∂l2
are the first

and second tangential derivatives, with traction tMk = σM
kjnj . Note that when λS =

µS = 0, the boundary condition (7) degenerates to the classical boundary condition

(5) describing the traction free surface of a macro-crack.

In sum, the BVP comprises the wave equation (4), with either the boundary con-

dition (5) for a finite line macro-crack, see Fig. 1a, or the boundary condition (7) for

a finite blunt nano-crack, see Fig. 1b, plus Sommerfeld‘s radiation condition for the

scattered wave field at infinity.

3 BIEM FORMULATION

There are three main components to a BIEM formulation in elastodynamics: the

incident wave load on the crack boundary; the displacement and traction fundamental

solution pair of the governing equation in the viscoelastic plane; and the integro-

differential equation along the crack boundary.

3.1 INCIDENT WAVE

In order to solve the BVP formulated in Section 2, the incident wave displacement

field at an observer point x, at a fixed frequency ω and direction of propagation

η = (η1, η2), η1 = cosϕ, η2 = sinϕ in the elastic anisotropic plane must be known.

Proceeding as in [26], we obtain for the incident displacement wave field the follow-

ing expression:

(8) uini (x, ω) = pji (η)e
−ikj(x,ω)〈x,η〉,

where 〈, 〉 denotes the scalar product in R2. Next, the complex wave numbers are

denoted as kj(x, ω) = ω̃
√

ρ
ϑj(η)

, Re(ω̃) > 0; ϑj(η) > 0, ϑ1(η)ϑ2(η) and pj(η) =

(p1j (η), p
2
j (η)) respectively are the eigenvalues and eigenvectors of the matrix

(

c11η
2
1 + c66η

2
2 + 2c16η1η2 c16η

2
1 + c26η

2
2 + (c12 + c66)η1η2

c16η
2
1 + c26η

2
2 + (c12 + c66)η1η2 c66η

2
1 + c22η

2
2 + 2c26η1η2

)

.

In (8), index j = 1 stands for a P- and j = 2 is for SV-incident waves.
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Note that for the isotropic case ϑ1 = λ + 2µ, ϑ2 = µ and that ϑj and pj do

not depend on the wave propagation direction η. The tractions produced by the in-

cident wave along the crack line Γ or crack boundary S are obtained as tini (x, ω) =
σin
ij (x, ω)ni, with n = (n1, n2) the outward normal vector to Γ+ or S and the consti-

tutive law between σin
ij (x, ω) and εinij (x, ω) was given in (1).

3.2 FUNDAMENTAL SOLUTION

The fundamental solution of the partial differential equation (3) is a matrix-valued

function u∗ij(x, ξ, ω) satisfying the system of equations

Cijklu
∗
km,lj + ρω̃2u∗im = −δimδ(x, ξ).

This fundamental solution has been derived following [26], by using the Radon trans-

form for the case of general anisotropic continua. The difference here is that the real

parameter ω is now replaced with its complex form ω̃, in which case we have to use

the properties of cosine and sine functions with complex arguments.

3.3 INTEGRO-DIFFERENTIAL EQUATIONS

The formulation (3), (5) for the macro-crack and its extended version (3), (7) for the

blunt nano-crack, plus Sommerfeld’s radiation condition for both BVP cases, are now

reformulated as an equivalent integro-differential equation along the crack line Γ and

the interface S, respectively. Traction BIE are derived following [25, 26] based on

the two-state conservation integral of elastodynamics.

3.3.1 THE MACRO-CRACK

At the macroscopic level, we have the following formulation:

(9) tini (x, ω) = Cijklnj(x)

∫

Γ+

[(

σ∗
pηk(x, ξ, ω)∆uscp,η(ξ, ω)

− ρω2u∗pk(x, ξ, ω)∆uscp

)

δλl − σ∗
mλk(x, ξ, ω)∆uscm,l(ξ, ω)

]

nλ(ξ)dξ, x ∈ Γ,

where u∗ij is a displacement fundamental solution and σ∗
ijk = Cijmlu

∗
mk,l is the cor-

responding stress.

The above traction BIE (10) is a frequency-dependent, non-hypersingular equa-

tion with respect to the unknown crack opening displacement (COD) of the scattered

wave field defined as ∆usci = usci |Γ+ − usci |Γ− , i = 1, 2. For numerical solution of

this integro-differential equation is applied a numerical scheme developed in [25] and

based on the discretization and collocation procedure discussed in Section 4. All sin-

gular integrals after discretization of the BIE (10) converge in the Cauchy principal-

value (CPV) sense, if a priori smoothness requirements are fulfilled, see [26].
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Once solution for the COD along the crack Γ is recovered, the solution for dis-

placements and stresses at any point x ∈ R2\Γ can be obtained by the respective use

of the following integral representation formulae

uscj (x, ω) = −
∫

Γ+

σ∗
kij(x, ξ, ω)∆usck (ξ, ω)ni(ξ), x /∈ Γ ,

σsc
pq(x, ω) = −Cpqkl

∫

Γ+

σ∗
ijk,l(x, ξ, ω)∆usci (ξ, ω)nj(ξ), x /∈ Γ ,

Finally, the total wave field is obtained by the superposition formulae discussed in

Section 2.2.

Next, the computation of SIFs is based on the well-known traction formulae, see

[63]. Consider, for example, a crack along the segment with local coordinates for

the end points as (−c, 0) and (c, 0) in the plane x3 = 0, see Fig. 1a. The SIFs are

computed from fractions at the crack-tips as

KI = lim
x1→±c

t2(x1, 0)
√

2π(x1 ∓ c); KII = lim
x1→±c

t1(x1, 0)
√

2π(x1 ∓ c) .

The normalized dynamic SIFs are given as K∗
I = |KI/σ

√
πc|, K∗

II = |KII/σ
√
πc|,

where σ = ω
√
ρc22.

3.3.2 THE BLUNT NANO-CRACK

The integro-differential equation with respect to the scattered wave displacements

along the interface S, together with the non-classical boundary conditions and Som-

merfeld‘s radiation condition at infinity, which comprises the BVP in the case of

blunt nano-crack, is as follows:

(10) cij(t
in
j (x, ω)− tMj (x, ω)) = Cijklnj(x)

∫

S

[(

σ∗
pηk(x, ξ, ω)u

sc
p,η(ξ, ω)

− ρω2u∗pk(x, ξ, ω)u
sc
p

)

δλl − σ∗
mλk(x, ξ, ω)u

sc
m,l(ξ, ω)

]

nλ(ξ)dξ, x ∈ S.

where uMi = usci + uini , tini + tsci = tMi , and cij is a jump term depending on the

local geometry at the source point x.

Following standard discretization and collocation procedures with respect to Eq.

(16) and satisfaction of the non-classical boundary conditions (7), the resulting so-

lution now takes into consideration the effects of surface elasticity via the Gurtin–

Murdoch model. As in the case of the macro-crack, once the numerical solution to

BIE (16) is recovered for a fixed frequency ω, the displacements and tractions pro-

duced by the scattered wave field added to the incident field, yields the total wave
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field in the viscoelastic anisotropic plane. Then, the normalized SCF F ∗
I = |FI |,

F ∗
II = |FII | on S at the point (c, 0) is evaluating using the formulae

FI((x1, 0), ω) =
σ22((x1, 0), ω)

σin
22((x1, 0), ω)

√

2π(x1 − c), x1 > c,

FII((x1, 0), ω) =
σ12((x1, 0), ω)

σin
22((x1, 0), ω)

√

2π(x1 − c), x1 > c.

(11)

In [64, 65] and [66] is shown that asymptotic fields in the blunt-crack problems

exhibit square root singularity even in the case of extremely narrow blunt cracks.

Many authors conclude that the asymptotic behavior near the nano-crack-tip is still

unknown and needs to be further investigated [59, 67]. In the paper by [68] is shown

that the Gurtin-Murdoch theory as applied to fracture reduces the crack-tip singular-

ity from the square-root singularity to a logarithmic singularity. A large number of

studies have been conducted over time based on the linear fracture mechanics con-

cept, both experimentally and theoretically for a wide range of specimen sizes, from

meters to micrometers. The problem for fracture of nano-materials is still under de-

velopment and there is no clear answer about the stress singularity at the nano-crack

tips. In [57] is investigated the influences of surface energy on the stress distribu-

tions near a blunt crack tip for Mode I and Mode III cracks by using a local analysis

method and they calculate stress concentration factor by using the formulae given by

Eq. (18). In our work we would like to illustrate the sensitivity of the stress concen-

tration field to mutual play of surface elasticity effect, anisotropy and viscoelasticity

assuming that the principles of linear fracture mechanics still hold.

4 NUMERICAL IMPLEMENTATION AND PARAMETRIC STUDIES

The numerical scheme for solution of both BVPs presented above by the integro-

differential equations (10) over line Γ for a macro-crack (Fig. 1a) and (16) over in-

terface S for a blunt nano-crack (Fig. 1b) is implemented by application of standard

collocation and discretization procedures. The non-hypersingular traction BIEs are

collocated on one side of the line crack boundary using displacement jumps COD

as unknowns in the case of a macro-crack. In the case of the blunt nano-crack, the

nodal collocation is along both sides of the interface surface. The displacements and

tractions are approximated with parabolic shape functions which satisfy Hölder con-

tinuity, at least at the collocation points, while the COD shows an asymptotic-type

O(
√
r) behaviour near the crack tips. Quarter-point boundary elements (BE) are im-

plemented in the case of the macro-crack. The disadvantage of the standard quadratic

BE approximation regarding the smoothness at all irregular points is overcome by the

shifted point method, see [26]. Following discretization, the resulting integrals are
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at least CPV integrals. More specifically, at first the regular integrals are computed

employing standard Gaussian quadrature for one-dimensional integrals and a Monte

Carlo integration scheme for two-dimensional integrals. Next, all integrals with sin-

gular kernels are solved analytically in a small neighbourhood around the field point,

using the approximation of the fundamental solutions for a small arguments. After

discretization of the non-hypersingular traction BIEs, an algebraic system of equa-

tions with respect to the unknowns is obtained and solved by matrix inversion. To

this end, software codes based on the Mathematica 6.0 software package have been

programmed to implement the above described procedure.

To classify the types of problems under consideration, the macro-crack Γ is a

segment (−c, c) along the Ox1 axis and c = 5 × 10−3 m, where the first and fifth

elements modeling this crack are quarter-point crack-tip BE with a length of 0.15c.
For the blunt nano-crack S with c = 5 × 10−9 m and corresponding length |S| =
2.04281 × 10−8 m, we use 10 ordinary BE distributed as eight along S− ∪ S+ and

two on the semi-circle Sl, Sr with radius d = 0.0375c.
The resulting SIF are normalized by the static value modes K∗

I and K∗
II and are

evaluated for the normalized frequency Ω = cω
√

ρ/c22. The material density of the

bulk medium containing either the macro-crack or the nano-crack is ρ = 2.4×103 kg.

In addition, we consider an orthotropic material with material parameter values, see

[69], given as a ratio of γ, i.e., cij = αijγ with γ = 6.6495 GPa. More specifically,

the material constants used in the numerical examples, with α16 = α26 = 0 in all

cases, are as follows:

a) an isotropic material (labeled type 1) with α11 = 1, α12 = 1/3, α22 = 1,

α66 = 1/3;

b) an orthotropic material (labeled type 2) with α11 = 1, α12 = 1/3, α22 = 1,

α66 = 1/6;

c) an orthotropic material (labeled type 3) with α11 = 1, α12 = 1/30, α22 = 1,

α66 = 1/3.

The first set of numerical results generated by the BIEM formulation for these two

simple configurations of a single crack at the macro-level and then at the nano-level

are now given. At first, Fig. 2 shows the frequency behaviour of the normalized SIF

K∗
I near the line macro-crack Γ under a normally-incident time-harmonic P-wave

propagating in an orthotropic viscoelastic plane. The material is described by the

Zener constitutive law with the model constant α = 0.5 which is a value in between

a zero order derivative and a first order one. The following values of the coefficients

a and b are used: a = b = 1, as this case corresponds to the pure elastic material
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Fig. 2. Normalized SIF K∗

I
versus non-dimensional frequency Ω for a macro-crack under

normal incident P-wave propagating in viscoelastic plane of Zener type with α = 0.5 and

different values for constants a and b: (a) isotropic material of type 1; (b) orthotropic material

of type 2; (c) orthotropic material of type 3.
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without viscosity; a = 1, b = 2; a = 2, b = 1 and a = 1, b = 10. Fig. 2a is for

comparing the linear elastic with the viscoelastic isotropic material of type 1, while

Figs. 2b and 2c are for the elastic and viscoelastic orthotropic materials of type 2 and

type 3, respectively. In Fig. 2, the results for the purely elastic material (a = b = 1)

are gauged for accuracy by comparison with analytical solutions obtained by [69].

Thus, case a = b = 1 in Fig. 2 establishes the accuracy of our BIEM numerical

scheme as applied to solution of in-plane wave problems involving cracks. Next, we

focus on viscoelastic anisotropic materials (Zener model) with a macro-crack. To

the author‘s best knowledge, there are no results available in the open literature for

a crack in an anisotropic viscoelastic material described by the Zener model. It is

well known that the presence of anisotropy distorts the stress field that develops in

the bulk material as compared to the isotropic reference case, and this depends on the

incoming wave‘s incidence angle. Also, as the frequency increases, the normalized

stress intensity factor first oscillates upwards and then starts to drop rather rapidly in

value as compared to the static case of K∗
I = 1. What is interesting to observe is

the superimposed effect of material viscosity. We see that there are combinations of

the two viscoelastic parameters (a, b) for which the shift of the stress intensity curve

is to the right (1, 2) and to the left (2, 1) of the reference undamped curve, and this

varies with the amount of anisotropy. What is more unusual is that in one viscoelastic

case (1, 10) the stress intensity factor is nearly constant with frequency, especially for

the isotropic bulk material. This type of behavior obviously has consequences in the

design or in the performance of components that are expected to crack under service

loads.

Next we explore the question of incident elastic wave angle on the stress intensity

factors. Fig. 3, 4 plot the normalized SIFs K∗
I and K∗

II versus normalized frequency

Ω for a macro-crack under time-harmonic incident P- and SV- wave correspondingly,

propagating in viscoelastic isotropic plane of the Zener type with α = 0.5 and differ-

ent values of coefficients a and b in the fractional Zener model. More specifically, all

of Figs. 2 – 4 clearly show the sensitivity of the dynamic SIFs to the wave type (P- or

SV- wave), to the wave propagation direction, to the presence of anisotropy, and more

important, to the presence of viscoelasticity. Focusing on Figs. 3 and 4, we observe

the importance of the wave incidence angle on the K∗
I and K∗

II factors (the latter

being smaller in numerical value than the former and exhibiting less oscillations with

increasing frequency) for the isotropic material. In the absence of viscous behavior,

these results are well known. However, as viscosity is allowed to develop, the pattern

previously observed emerges: There are (a, b) viscoelastic parameter combinations

for which the stress intensity factor frequency curve shifts to the right (1, 2) and to the

left (2, 1) of the reference elastic curve. However when this parameter combination

is (1, 10), the stress intensity curves are nearly constant with frequency. This type of
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Fig. 3. Normalized SIFs versus non-dimensional frequency Ω at the right crack-tip of a line

macro-crack subjected to incident P-wave with incident angle ϕ = π/3 in a viscoelastic

isotropic plane of Zener type with α = 0.5 and different values for a and b: (a) K∗

I
; (b) K∗

II
.

response is consistent in all cases plotted above, be it P- or SV- incident waves. To

summarize, increasing the coefficient a value with respect to coefficient b, the maxi-

mum values of the SIFs move to lower frequencies, while the opposite effect, namely

increasing coefficient b values with respect to coefficient a, shifts the maximum val-

ues of the SIFs to the higher frequency range. This is to be expected, since a simple

explanation is that coefficient a is related to the stress tensor, i.e., produces a stiffness

effect, while coefficient b is related to the strain tensor,i.e., adds flexibility. Finally, a

large b coefficient value is reminiscent of the Maxwell fluid.

Next, we move to the nano-scale, where it is known that surface effects become

quite pronounced along the crack edges. In the numerical results now produced
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Fig. 4. Normalized SIFs versus non-dimensional frequency Ω at the right crack-tip of a line

macro-crack subjected to incident SV-wave with incident angle ϕ = π/3 in a viscoelastic

isotropic plane of Zener type with α = 0.5 and different values for a and b: (a) K∗

I
; (b) K∗

II
.

for the blunt nano-crack, a dimensionless surface parameter defined as s = αS

2µdds

is introduced, where αS = 6.091 N/m, µ = γ/3 = 2.2165 × 1010 N/m2 with

ds = 0.73, 18,∞. Note that the case s = 0 corresponds to the blunt crack without

surface effects and the results degenerate to those for the macro-crack. The values

of αS are taken from the literature and are usually determined by either atomic sim-

ulation techniques or experiments. In our case, these values fall within the interval

(−10, 10) N/m, see [70].
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Fig. 5. Normalized SCF F ∗

I
for blunt nano-crack for different values of the surface elasticity

parameter s versus non-dimensional frequency Ω for a normally incident P-wave in isotropic

material of type 1 with the following constants of the Zener viscoelastic model: α = 0.5 and

(a) a = b = 1, i.e., pure elastic material; (b) a = 5, b = 1; (c) a = 1, b = 5.
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Continuing with Fig. 5, we plot the normalized SCF defined by (18) for a blunt

nano-crack for three values of the surface elasticity parameter s = 0; s = 0.04, s =
1, versus normalized frequency Ω. The input is a time-harmonic incident P-wave

propagating in the following bulk material configurations:

a) elastic isotropic continua, see Fig. 5a;

b) viscoelastic isotropic continua described by Zener model with model constants

given as a = 5; b = 1, α = 0.5, see Fig. 5b;

c) viscoelastic isotropic continua described by Zener model with model constants

given as a = 1; b = 5, α = 0.5, see Fig. 5c.

As previously mentioned, the case s = 0 corresponds to the macro-crack, because

the surface elasticity effect is neglected. Thus, the results in Fig. 5a for s = 0 are

the same as those in Fig. 2 for the isotropic elastic material, i.e., Zener model with

constants a = b = 1. This serves as a check on the BIEM implementation at the

nano-scale. As parameter s increases, the values of the stress intensity factor for the

incident P-wave starts to drop across the entire frequency range. In fact, at s = 1,

F ∗
I attains only 20% of its value had surface effects been absent. This behavior is

consistent as the bulk material becomes viscoelastic. More specifically, the (a, b)
combination of (5, 1) indicates a stiffer (Kelvin solid) type of model, while the com-

bination (1, 5) points towards a Maxwell fluid. Thus, F ∗
I is more oscillatory with

frequency in the former case, as compared to the elastic case, while in the latter case,

F ∗
I is nearly flat indicating small dependence on the incoming wave frequency.

In Fig. 6 we now show results pertaining to the normalized SCF for a blunt nano-

crack with the same values as before for the surface elasticity parameter (s = 0; s =
0.04, s = 1) versus normalized frequency Ω for a plane time-harmonic P-wave propa-

gating in an orthotropic bulk material of type 3. More specifically, Fig. 6a is for pure

elastic case, while Fig. 6b is for viscoelastic orthotropic continua described by the

Zener model with sets of constants (a = 5, b = 1) and derivative order α = 0.5. Also

Fig. 6c is again for the viscoelastic Zener model with constants (a = 1, b = 5) and

derivative order α = 0.5. As before, results in Fig. 6a for s = 0 fully degenerate to

the results in Fig. 2c for a = b = 1 at the macro-level. The close agreement between

results in Fig. 5a and Fig. 6a for s = 0 with those obtained by [69] demonstrates the

high accuracy and convergence of BIEM solutions in the prescribed frequency inter-

vals. Next, by comparing Fig. 5 and 6, it is possible to ascertain the influence of bulk

material anisotropy on the stress concentration factor F ∗
I for an incident P-wave. It is

seen that there are somewhat more fluctuations occur in the F ∗
I frequency response

as compared to the isotropic material case, but these seem to be relatively minor.
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Fig. 6. Normalized SCF F ∗

I
for blunt nano-crack for different values of the surface elas-

ticity parameter s versus non-dimensional frequency Ω for a normally incident P-wave in

orthotropic material of type 3 with the following constants of the Zener viscoelastic model:

α = 0.5 and (a) a = b = 1, i.e., pure elastic material; (b) a = 5, b = 1; (c) a = 1, b = 5.
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Fig. 7. Normalized SIF K∗

I
and SCF F ∗

I
versus non-dimensional frequency Ω for a normal in-

cident P-wave with the following constants of the Zener viscoelastic model: a = 0.0002, b =
0.02 for isotropic material of type 1 and values of α = 0, 0.2, 0.4 for: (a) macro-crack; (b)

blunt nano-crack with s = 0.04.

Thus, compared to the influence of surface and viscous effects on F ∗
I , the influence

of anisotrotpy is rather minor.

Finally, we move to examine the difference between the normalized SIF K∗
I for a

macro-crack and the SCF F ∗
I for a blunt nano-crack as a function of the surface pa-

rameters versus normalized frequency Ω in Figs. 7a, b, respectively. This comparison

is for a normally incident P-wave propagating in an isotropic viscoelastic plane with

fixed Zener model parameters a = 0.0002 and b = 0.02. Three different curves are

shown for three different values of the derivative order α in the Zener model. It can

be seen that the stress concentration quantities are extremely sensitive to parameter

α and its influence become stronger at higher frequencies. At first, the stress inten-
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sity response of the crack is consistent as one moves from the macro- to the nano-

scale. For α = 0, we have the most oscillatory response. As this parameter increases,

the viscoelasticity effect becomes more prominent and the response starts to dampen

out. In fact, when the viscoelastic material is described by α = 0.4, the K∗
I is almost

insensitive to the frequency variation. However, at the nano-scale, surface effects

further reduce the stress intensity at the crack tip, with values in the range of 80% of

what is observed at the macro-scale.

In closing, this brief parametric study clearly demonstrates the sensitivity of the

dynamic stress concentration fields in a bulk material containing a single, stationary

crack to the following key factors in terms of ascending importance: (i) type and

characteristics of the dynamic load; (ii) material anisotropy; (iii) the manifestation of

viscoelasticity and (iv) size effect and surface elasticity phenomena.

5 CONCLUSIONS

This work focuses on the time-harmonic analysis of a viscoelastic, orthotropic plane

containing a crack at either the macro- or at the nano-scale. The analysis is carried

out using a non-hypersingular, traction BIE formulation with a frequency-dependent

fundamental solution of the underlying wave equation for the time-fractional Zener

viscoelastic medium, as obtained by the Radon transform. As the fundamental solu-

tion of the governing wave equation is derived for a case of general anisotropy, the

proposed numerical scheme can be extended beyond orthotropic materials used in the

numerical examples to other types of anisotropic materials. For a nano-crack is in-

troduced the surface elasticity model of [1], with the interface regarded as an elastic,

isotropic and infinitesimally thin membrane. The membrane itself adheres to the sur-

face of an opening without slippage and with elastic properties different from those of

the surrounding bulk material. The BIE formulation is implemented numerically by

discretizing the crack boundary using standard nodal collocation. Furthermore, the

formulation is verified through comparisons with results obtained by other methods.

Next, numerical simulations show that the stress concentration field developing near

a crack in a bulk material under plane strain conditions is strongly influenced by the

presence of viscoelasticity, the specific type of material anisotropy, the propagating

elastic wave characteristics, the size of the crack, plus the wave-crack interaction.

These results find application in the fields of computational fracture mechanics, non-

destructive testing evaluation, as well as in the reliability analysis of structural ele-

ments and components. Also, the strong influence of the size effect when looking at

nano-cracks can significantly alter the overall effective dynamic fracture behaviour of

nano-composites. Thus, we observe that viscoelastic anisotropic materials contain-

ing nano-cracks behave quite differently from what is observed at the macro-scale.

More specifically, the strain energy can be dramatically altered by surface effects,
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and hence the local and macroscopic properties of the material change, a fact that

must be taken into account in nano-technology applications.
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