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ABSTRACT: The differential equations of motion are derived for different
types of Cosserat—Zhilin systems in the case where Stocks theorem is appli-
cable. There are defined multiplicative groups which represent the measure of
stress as a (well-defined) linear isotropic map of strain tensor or tensor of strain
velocities for classical and polar continua in 2- and 3-dimensional cases.
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1 INTRODUCTION

The goal of Newton was to give an answer to the question whether there
is a simple rule for calculating the total movement of the heavenly bod-
ies of our planetary system at a given state of motion of all the bodies
in a given time? From observations of Tycho Brahe, Kepler deduced
empirical laws of planetary motion but they were demanded an explana-
tion. Today, everyone knows what a great, truly bee, hard work has been
required to establish these laws, on the basis of empirically determined
orbits. But few who imagines the genius of the method by which Kepler
has defined the true orbit, based on the apparent, i.e., of the observed
motions of the Earth. These laws provide a complete description of the
motion of the planets around the Sun: elliptical orbits, equality sectorial
velocity ratio between the semi-major axes and periods of treatment. But
these laws do not satisfy the requirement of a causal explanation. They
were the three logically independent of each other rules deprived of any
internal connection. The third law cannot be quantified unequivocally
transferred to another, other than the Sun, the central body (there is, for
example, no connection between the orbital period of the planet around
the Sun and the orbital period of the satellite around its planet). But the
important thing is that the laws of motion are generally not possible to
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derive from the state of motion at some point in time a different state in
time immediately following the first. In modern terminology, we would
say that they are integral laws and not differential.

Differential law is the sole form of causal explanation, which can fully
meet modern physics. A clear understanding of the differential law is
one of the greatest intellectual achievements of Newton [1].

In this connection, we are about to show the implementation of the axioms on
examples of main types of Cosserat—Zhilin systems and derive their equations of
motion in the case where Stocks theorem is applicable (see! [3]). These equations
are invariants of the generalized Galilean group (see Appendix C and [4]).

2 BODY-POINT

Let the image of a world-line A C A be the curve {z(t) € A;,t € T} in R® x T.
Assume that the points x of z(¢) are pure. Then the corresponding mechanical system
is called body-point>. For body-points, in the case (5, [2]), from relations (3, [2]) and
(6, [2]) follows that:

d = = D I A
PasGe — J0z,Bx Pz _ Vg
(1) dtpxl =1 , <(§$) = { T B] <Mw> , zex(t)CAy, teT

or (see also Appendix B)

d
(pz% + vy) {AIT g] (:Z) = <%§) , xex(t)CT Ay teT.

Remark 1. In physics, if a body has an infinitely small size and a finite mass, it is
called a material point or mass-point. We could put an electron on the role of material
point because its size is extremely small, and it has some mass. However, motion of
electrons can be not only translational, but also rotational. The latter does not meet
the concept of material point (its rotation is not defined). Thus, a priori, we cannot
consider a body with an infinitely small size and a finite mass as a material point.
That is why we hope that the motion of an electron may be described as that of a
body-point with finite mass and charge, i.e. when

0 def Ip, Ag,
T Aqu B 9

where q, is so-called 'charge’ [6]. The free motion of such a mechanical system may
not be uniform and rectilinear.

"Here, we continue to use the numbering of bibliography, sections and relations as given in [2].
>This concept is not the same as in [5] (see also [6]).
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3 POLAR MEDIUM

We shall assume that all points of Ay C A, are continuous and A, has the surface OA,
which is Lyapunov’s simple closed one (see also [6]).
Introduce so-called measure F of mass action, having the values

F(A) = /XAtpml%’(S””’Wm(d:U), A C ]\t, teT.

Let constraints being in a small vicinity of x € A; cause the measure of stress [7]
having the values

Rint(A¢) = /XaAtlpx’Q”’wrnzug(dx), A CAyteT.
Hereinafter po is the restriction of u3 on the surface 0A;, n, is the normal to this

surface; P, and (), are 2nd order tensors.

Definition 1. The mechanical system o = {A; C A, 13y Ve, 00y F, Reat, Rint, YVt €
T} is called polar medium [8].

For the sake of brevity assume that R, = 0.
Lemma 1. Let the tensor-function P, be continuously differentiable in the fit region

A Then [9]

/XAt diV(Ry,xPx)N3(d$) = /XAt (Ry,xdiVPx + Tw)/‘3(dl'), A C ]\t, teT,
where the skew 2nd order tensor R, , is generated by the translation vector ry ;:
Ry, = r;l, T 18 the dual vector to PIT — P, (see Appendix A [2]).

In the case where Stocks theorem is applicable, due to lemmas 1-3 [2], from
relation (6, [2]) follows (see Appendix B [2])

d I A Uz \ Yz . Pz o
oo L ) () = (32) =0 (02) + (2)

where o is the null vector.

Take a point y(¢) in a small vicinity of x(¢) € A; at an instant ¢ € T and define
their radius-vectors 7, and r, and the vector h(t) = r, — r;. Then there is the
following relation:

vy (t) = vy (t) + dvg /drgh(t).
Define the tensor S, (¢) as the solution of the following equation:
S.(t) = dv,/dry,

where its initial data are defined by so-called deformed state of the medium.
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Definition 2. S, and S, are called strain tensor and tensor of strain velocities at the
point x € A\, at the instant t, respectively [4].

Denote the tensor S, or S, as Z,.

Definition 3. The polar medium is called that of Hooke class if the tensors P, and
Q. are linear isotropic maps of Z,, i.e., invariant w.r.t. Galilean group of transfor-
mations (see also Appendix A).

Remark 2. If Z,, = S, the medium is called elastic material, if Z,, = S., the medium
is called viscous fluid [10].

Definition 4. We shall call an isotropic matrix function of entries of Z well-defined
if it is invertible (see also [4]).

The set of invertible linear isotropic matrix functions forms a multiplicative group
(see Appendix B).

Regarding the implementation of polar media —see, e.g., [3,9,11] and Appendix C.

4 MASS-POINT

In what follows, we shall assume that A and B are zero in relation (5, [2]), i.e., we
shall use homogeneous sliders and the measure P having the values

P(As) = /xAtpxl”Ius(dx% Ay C Ayt €T,

Assume that the increment velocity of P is the measure AP having the values
%) AP(A) = /XAtl‘g‘”,ug(dm), A CRuteT,

where the slider [¢* is its density.

Consider a world-line A C A whose image in R? x T generates the curve {z(t) €
A¢, t € T}. Assume that the points x(¢) are pure.

Let f, be the impressed force acting at the point z = z; € Ay with the mass
M = pgpipp. Then the mechanical system o = {z(t) € Ay, fipp, fos Vs P> Eas
Vt € T} is called mass-point.

From relation (6, [2]) follows that:

d
3) (pxa + V:v)vm = fo + &

If v, = 0 and &, = 0, then equation (3) is known as Newton’s Second Law.
If v, # 0 and &, = v,u,, where u, is the velocity of mass gain or loss, then
equation (3) is known as that of Meshchersky [12].

Remark 3. A classical example of mass-points with constraints is the mechanical
system known as pendulum.
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5 RIGID Boby

For the sake of brevity assume that AP and Reqt = 0.
The mechanical system o = {Ay C Ay, u3, pzy F, Rint, Vt € T} is called rigid
body® if

— the sets \; are bounded and closed;

— the constraints applied on its points keep distances between them not changing
with time;

— the internal constraints are ideal [13].

Let us derive its motion equation with using so-called quasi-velocities (Newton—
Euler equation), some parametrizations of rotation matrices and generalized coordi-
nates and velocities (Lagrange equation of II kind).

Newton—Euler equation . At any time instant t* consider the set A;«. Let a Cartesian
frame &, be attached to the set under consideration. It is plain that the frame takes the
same position in all sets A;. In the frame these sets are immobile, coincide one with
another and form the set noted as A, in the frame £,. We shall say that the frame &,
is attached to the rigid body «,. Let v, and wy y, be the translation velocity and the
angular velocity of &, w.r.t. &.

It is plain that the vectors wy ; and vg ; generate the inhomogeneous slider

Vo.p = {wo,ps vo,p + wo,pXTpa, VT € Ap}

known as kinematic. The corresponding twist defines the reduction® ng’p
col{vg,p, wgp} (here we use the fact that the vectors wpj, and vg, can be consid-
ered as bounded at the point O,). This reduction is called vector of quasi-velocities

while its component wf) » 18 known as angular quasi-velocity [4, 14].

Lemma 2. There is the following relation [4]

I —rxP

[eswrp — gp ytwp  gp p,T
P,z 0,p DT Xp Xpy2 | -

Tpx  —(Tpz)

Proof. The relation is true as

Xp D
[V WP I WP = I (WP — PP ) = I —Tp,x 0,p
Xp| Yz TXP 0,p p,x*0,p Xp _( ><p)2 p .

T'px P, Tpx Tpx wo,p

3 A rigid body may comprise continuous and pure points.
“Hereinafter one shall mark coordinate representations in any coordinate frame, e.g., £, with the
help of the superscript *.
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According to the rigid body definition the internal constraints are considered as ideal
and thus [13]
Rint(Ar) = 0.

From relations (6 [2]) and (2) follows that (see Appendix B [2])

d Vg , WT wr.
/ Xa, (Pa g + V)l iz (der) = / X, L8O s (dr)

or
wr P d d P wr P p tw,p
Xap LO,p[px(Qp@% + @@P@ + 0 6p ) +v2Op Vo, 13(dr)
— /XAplfﬂ”"{z’wr’oug(dx) ,

where the matrices Ly, and &), are defined in Appendix A.

As the twist reduction Vg}f’p and the matrices Lg;, and &g}, do not depend on

points z € A, and the matrix @}, is time-invariant, the following statement is true.

Theorem 1. The motion of oy, (w.r:t. &y in the frame &,) is described by the (Newton—
Euler) equation in quasi-velocities [4]

d w wr w, wT
@ Op 5 Vo + QL+ PGLONVop " = FUrr,

where
@g :/XAP@;]?,szM?)(dx% Q{j = XAP@;;),xVxMS(dx)7PW’p :/XAplfz+£I7wT7pM3(d‘r)‘

It is easy to see that the matrices of relation (4) depend on the rotation matrix
(and translation and angular quasi-velocities, too). That is why equation (4) must be
considered along with the Poisson kinematic relation — see below (6).

We may reduce the order of this system by using various parametric representa-
tions of rotation matrices [4].

Remark 4. Systems of consecutively connected rigid bodies are considered in [15].

6 CONTINUUM

Cauchy continuum . We shall assume that all points of A; C /~\t are continuous.
Introduce so-called (homogeneous) measure F of mass action having the values

F(Ay) Z/XAtpzlg””’Wu:s(div), A CAyteT
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on the sets A; with the density g,.
Due to [7] constraints being in a small vicinity of z € A; cause the measure R ;,,;
of contact action or stress having the values [3]

Rint(Ay) :/XOAthw’wrnxﬂz(dl‘), A CAyteT

on the sets A; (here P, is stress tensor).

The mechanical system o« = {A; C As, 13, Ve, pos Fy Reat, Rint, APVt € T},
satisfying to relation (6 [2]) with homogeneous screw measures P(A¢), F, Rexts
Rint and AP, is called Cauchy continuous medium or continuum.

For the sake of brevity assume that AP and R.,: = 0. Then due to the lemma 1
from relation (6, [2]) follows (see Appendix B [2])

d .
(o + Va)Ve = page + div Py, pPl=p,
and thus the stress tensor P, has to be symmetric.

Continuum of Hooke class. As we will further use the divergence of S, and S,
we do not take into account their skew parts in its calculation. Denote the symmetric
tensors 1 (9 + S1) or 3(S, + S,T) as Z,.

Definition 5. The Cauchy continuum is called continuum of Hooke class if the tensor
P, is a linear isotropic map of Z, i.e., invariant w.r.t. Galilean group of transforma-
tions (see also Appendix A).

7 CONCLUSION

We formulated axioms of rational mechanics and examined the question of their im-
plementation on examples of various types of Cosserat—Zhilin systems.

The author would be highly grateful with whoever would bring any element likely
to be able to make progress the development, and thus the comprehension, of the
paper. Any comments, reviews, critiques, or objections are kindly invited to be sent
to the author by e-mail.

APPENDICES
A THE GENERALIZED GALILEAN GROUP

Consider two Cartesian frames & and £, in R? with bases ey and e, respectively.
We shall assume that the former is immobile while the latter can move w.r.t. the
former. Introduce the radius-vectors 7, and r), ; of a point x € R3 w.r.t. the origins
Op and O,, respectively. Define the vector dy ), = r; — 7p 5. The vector v, = 7, is
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the velocity of z w.r.t. Og while the vector vy, = dy ,, is translation velocity of £,
w.r.t. Q.
There exists a unique vector wy ,, such that [16]

Vg = Vop +Wop X Tpz, VT E R3.

We may represent the relation 7, = dop + 7, in the coordinate frame &y as
r) = d?)’p + Co prp,z- With differentiating the above relation we have

0

_,0 - .p _,0 . 0
/Ux - U07p + Co’prpaz - /Uo’p + CO,pCp7OTp’I'

In the coordinate frame &, we have vf = v} » Tt Cp7oC(']7pr£,x. Thus the entries of

the cross-product matrix
xp def .
(5) wOj? = CpoCo,p

define the coordinates of wy p, in &,,.
From (5) follows the Poisson kinematic relation

©6) Cop = Copwoyp-

Introduce the following matrices:

Co, O 0 1 O I O

where [ is the unit matrix, O is the zero one.
Theorem 2. Let H be the set of all sliders. A given inhomogeneous slider | € H
70 — 2
l’LU’I" — L’lél}’;lw’f' y4 ,

lwr,O Jwr

where and [P are wrench reductions of the slider | computed in the bases eg

and ep, respectively, the matrix Lg, is defined by the following relation [4]:

wr _ ~d P _ N0 [©]
(®) O0,p — CO,pDO,p - DOJJCO,p

and belongs to the multiplicative group LV such that

Xp x0
(9) Lwr. _ Lwr wr lpwr wr wr o __ wO,p O wr __ wO, O
0,p = F0,p™0,p — F0,p~0,pr F0,p ™ | XP Xp| - Z0,p X0 ;%0
Yop  “op 0,p 0,p
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Proof. Relation (8) follows directly from the slider definition.

Consider the case where Lg”; = C(G)?ngp. Then from (7) follows:

wr. __ D NP ] D-
0p — CO DO,p + CO DO,p

7p 7p
_ @ NP P @® S P- V4 ® S Y4
- (C‘J,pDQpr,OCp,O + CO,pDQprDCp,U)CO,pDO,p
_ P, P 0. (&) D wr Twr
- (CO,pCO,p + DO,p)CO,pDO,p - F0,p~0,p

In the case where 6{; = ngpcgp, from (7) follows:

wr. __ 10 D 0 .

O0p — DOJ?CO,p + DO,pCO,p
_ no [©] @ D. @ 0 0. @®
- DO,pCO,p(Cp,OCQp + Cp,ODp,ODO,pCQp)
_ wr wnr
- LO,quO,p'

Thus we have relation (9).
Let C), 1, be the rotation matrix of a Cartesian frame &, w.r.t. £,. Then

wr rwr _ D D D PP ® Nk
LO,p pk — COvpCp,ka,pDO,pCp,kDpvk

_ P k k  _ P k _ rwr
= CoxDop Dy = CoxDox = Lok
and
wr,—1 _ @ ryp \—1 _ p \—1~®T
LO,p - (CO,pDO,p) - (DO,p) CO,p
_ NP & _ D 0 _ jwr
- Dp,OCnO - pron,O - Hp,0>

i.e., matrices of the kind L} = Cg?p

The similar statement [P = LB%ltw’O is true for twists where we have the matrix

Dy, form a multiplicative group.

o I o I

tw _

w0 O O PR

belongs to the multiplicative group TL’“” such that L% = W% Li" , W5 = —M’/S‘j;’T
. wr7

and L% — g L o — —aunT

The groups £¥" and L' generate the group £(H, 6) acting in the slider set H
when there is a change of coordinate frames, e.g., from & to &,,.

Definition 6. The group GL(H,6) C L(H, 6) is called generalized Galilean group
if the translation vector dy p is replaced with dg p, + vo pt, the initial translation dy
and the translation velocity vg , of €, w.r.t. £y are constant while the angular velocity
wo,p is constant, too [4].
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B MULTIPLICATIVE GROUPS OF LINEAR ISOTROPIC MAPS

3-dimensional case. Given any 3 x 3-matrix Z, let us define the linear independent
matrices

(11) Ey = (trace 2)I, By = Z, By = Z7.

Aggregates AFE; B (i = 1, 3) are isotropic functions of Z entries if the matrices A and
B are proportional to I with scalar coefficients being invariant w.r.t. Galilean group
of transformations. Hereinafter all scalar coefficients used below will be considered
as invariant w.r.t. this group.

Let us construct the sets of all isotropic functions [17]

P =pol +p1 (trace Z)I+p2Z+p32T, Q=qol +q (traceP)I+ q2 P + Q3PT

where p; and g; are scalar coefficients.

Then
Q=ql+q [3;00 + (3p1 + p2 + p3)trace Z} I
+ g2 [pof + p1(trace 2)I + p2 Z + ngT]
+ q3 {pol + p1(trace Z)1 + paZT + ng]
=(qo + 3poq1 + pogz + pogs)!
+ {(3191 +p2+p3)q1 + p1g2 + (P2g2 + p3g3) Z
+ (p3ge +P26_I3)ZT + plq:g} (trace Z)1
+ 1ol + ri(trace 2)I + roZ + rs 27T
where
0 q0 1 3po Po Po
"l _pl9|, gp= 0 3p1+p2+ps p1 m
T2 q2 0 0 P2 P3
T3 q3 0 0 P3 P2

The set of non-singular matrices of the kind R forms a multiplicative group. That
is why if det R = (3p1 + p2 + p3)(p3 — p3) # O then in the case where Q = Z we
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have
_Tbho
3p1 +p2 + p3
qo0 0 —p1
a| _ pr | 0] _ | (P2 +p3)B3p1 +p2+p3)
Q2 1 P2
a3 0 p3 — p3
—P3
P3 — 13

and the inverse function Z = qoI + ¢y (trace P)I + qo P + q3P”.

Remark 5. Instead (11) we might choose an other set of linear independent matrices,
e.g. B = (trace 2)1, By = 3(Z + Z7), By = 5(Z — Z7).

In the case where the matrix Z is symmetric let us define the linear indepen-
dent matrices Ey = (trace Z)I, E2 = Z and the sets of linear isotropic functions
P =pol +p(trace2) I + rnZ, Q = qol + q1(trace P)I + g2 P. As trace P =
3po + (3p1 + p2)trace Z we have Q@ = (qo + 3poq1 + pog2)I + [(3p1 + p2)q1+
p1g2)(trace Z)I + qo[po I + p1 (trace Z) I + mZ] or Q = rol +ri(trace Z)I +roZ
where

o qo 1 3po Do
m|=R|{qa]|, R=1|0 3p1+p m
T2 q2 0 0 D2

Thus under the condition that det R = (3p; + p2)p2 # 0 for the case where Q = Z
we have

—Po
- 0 3p1 + p2
_ —P1
=R 1 0 _ I
« 1 p2(3p1 + p2)
q2 1

P2
and the inverse function Z = qol + ¢ (trace P)I + g2 P.

2-dimensional case. Since the formulation of the axioms of mechanics can be re-
stated in the two-dimensional space and Lemma 1 can be reformulated with using
Green’s theorem, let us consider the multiplicative group of isotropic maps for 2-
dimensional media.

Given 2 x 2-matrix Z = [CCL 2] let us define the matrices £y = (trace Z)I,

By = (traceIZ)I, Bs = Z, By = 1Z, B5 = Z7, B = ZTI, B, = 127,
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Es = ZI, By = 1ZI and E1y = 1271, where I is the identity 2 x 2 matrix,
7 0 -1
1 0

It is plain that the first 6 matrices F1, Fo, E3, F4, E5 and Eg are linear indepen-
dentand £y = Fy — Fs, BEs = F5 + FEg, B9 = —F1 + E5, 19 = —FE71 + Es.

Aggregates AFE;B are isotropic maps of Z entries if A and B are of the kind
al + BI where « and 3 are scalar coefficients.

Introduce the sets of isotropic functions
P=pol + pol + p1(trace Z)I + py(trace IZ)I + psZ + paZT + psI Z + ps 271,

Q=qol + GoI + q1(trace P)I + go(trace IP)I + 3P + quP" + qsI P + qs P"1.
Then

trace P=2pg + (2p1 + p3 + pa)trace Z + (2p2 + ps — pg)trace 17,
IP=pol — pol +p1(traceZ)f+ pg(tracefZ)f—k 3l Z + palZ
—psZ +psl 271,
trace TP:—Q'pVO — (ps + ps)trace Z + (p3 — pa)trace TZ,
PTT=poI + pol + p1 (trace Z)I~+ pg(tracefZ)f—l— 3 27T + paZ1

+ps 2T — pﬁfo

AsTZT =17 — (trace IZ)1, ZI = (trace IZ)] + ZT1,1ZI = Z" — (trace Z)I,

I1Z7] = Z — (trace Z)1, trace Z = a+d, trace I Z = b—c, traceIZT —(b—e¢),

(traceZ)I =17+ Z71, trace I Z = —trace Z71, trace ZI = traceIZ = b — c,

(traceZI)I = Z7 — Z, (traceIZ)] = ZT — Z = (trace ZI)I, trace IZTT =
trace I Z1 = —trace Z we have

Q =1|2poq1 + (2p1 + p3 + pa)qitrace Z + (2pa + ps — pe)qi (trace TZ)} I

a0l + Gl + | — 202 — (ps + pe)aa(trace Z) + (ps — pa)ga(trace 12)| 1
+ pogs + PogsI + prgs(trace Z)I + pags(trace IZ)I + p3gsZ + pags 2"

+ 3031 Z + peas 2T + poqul — Poqul + praa(trace Z)I + paqa(trace IZ)1
+ paqaZ + p3qaZ” — peal Z — psquZ" T + pogsI — PogsI — pegs(trace Z)I
— pags(trace IZ)I + (ps — ps — p2)asZ + p2gsZ” + (p1 + p3 + pa)as1 Z

+ p1as 27T + pogs + pogsl + peqe(trace Z)I + pyge(trace .TZ)I — pageZ
+ (po+ 15— p6)a6Z T +p1asIZ + (p1 +p3 +pa)ge ZT T
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or

15

Q = (qo + 2poq1 — 2poge + Poq3 + Pogs — Pogs + Poge)

+ (po + Pogs — Poga + Pogs + Poge) !

+ o+ o+ + o+

_l’_

(2p1 + p3 4+ pa)a1 — (p5 + P6)a2 + P13 + P1gs — P6ds +p6Q6} trace Z

(2p2 + ps — pe)q1 + (P3 — P4)g2 + P2g3 + P2gs — Pags +p4%} trace [ Z

P393 + paqa + (P — Ps — P2)q5 — D276
Paq3 + p3qa + p2gs + (P2 + s — P6)qe
P593 — Peqs + (p1 + p3 + Pa)gs + P1Gs

P6q3 — D544 + p1gs + (p1 + p3 + pa)ge

A
7T

1Z

AN

=rol + 7ol + r1(trace Z)I+ro(trace fZ)I+rgZ+T4ZT+T5fZ+T6ZTf

Hence col{rq, 7o, 71, 72,3, 74,74, 75,76 }=R col{qo, qo, q1, 42, 43, 44, 44, g5, g6 } With

OO OO O oo

0 2po
0

0

OO OO oo

0
0
0

2p1 + p3 + pa
2p2 + ps — Pe

—2p0 po
0 Po
(ps +ps) M
P3 — P4 D2
0 D3

0 P4

0 D5

0 D6

Do —Po To

—Do Po Po

n —De DPe

b2 —DP4 P4

Pa P66 — D5 — D2 —D2

p3 D2 D2 +Ps5s — Pe
—P6 P1+Dp3+pa p1

—Ps D1 P1 + Pp3 + pal

Itis plain that det R = —4[(2p1 +p3 +p1)(p3—pa) +(2p2+p5 —pe ) (95 +6)]* (3 +
p4)? + (ps — p)?]. Under the condition that det R # 0 in the case where QQ = Z we

have

q0
q0
q1

q2

10 2po —2po

0 1 0 0

0 0 2p1+p3+ps —(ps+ps)
0 0 2p2+ps—ps P3—pa
q3 b3 P4 P66 —DP5 — P2
q4 | _ |P4 D3 b2

| |ps —pe p1+Dp3+pa
g6 be —Ds5 P

-1

Po Po  —DPo DPol| (a3

Po —Po Po Dol | qa

p1 p1 —P6 DPe6 g5

P2 P2 —P4 P4 g6
—D2 !
D2 + P5 — D6 0
D1 0
D1+ p3+pa 0

)
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and the inverse function
Z=ql+Gl+q (trace P)I + go(trace TP)I + 3P + uPT + ¢sIP + ¢ P"1.

If the matrix Z is symmetric we have the linearly independent matrices F; = trace Z,
FEy =7 and B3 = 17 — Z1. Define the sets of linear isotropic functions

P =pol + pi(trace Z)I + p2Z —i—pg(fZ — ZT),
Q = qol + q1(trace P)I 4+ qo P + qg(fP - PT)
With the help of the following relations
IP = p0f+p1(traceZ)f+p2fZ —p3(Z + TZT),
PI = pol + p(trace Z)I + paZ1 + ps(I1Z1 + Z),
IP — PI = po(IZ — ZI) — 2p3(Z + I ZI)
= po(I1Z — ZI) + 2ps](trace Z)I — 2Z].
we have
Q = ol +a[2po+(2p1 +po)(trace Z)|I +
@2[pol + pi(trace Z2)1 + poZ + p3(1Z — Z1)] +
@3{p2(1Z — Z1) + 2p3|(trace Z)I — 2Z]}
= qol + 2poqi] + poga! + [(2p1 + p2)q1 + p1g2 + 2p3gs](trace Z)I +
(p2g2 — 4p3q3)Z + (p3qe + p2q32(fZ - ~Zf)
= rol +ri(trace 2)] +roZ +r3(1Z — Z1)

and col{rg, 71, 72,73} = R col{qo, q1, q2, q3} where

1 2po po 0
R = 0 2p1+p2 p1 2p3

0 0 P2 —4ps3

0 0 P3 D2

Under the condition that det R = (2p; + p2)(p3 + 4p3) # 0, in the case where
Q = Z there are col{qo, q1, q2,q3} = R~1col{0,0,1,0} and the inverse function

Z = qol + qi(trace P)I + @2 P + qg(TP — PT)

Remark 6. Using these expressions one can enter linear constitutive relations for
continuous momentless and moment 2- and 3-dimensional continua which, in the
case of their invertibility, form multiplicative groups. It is an open question about the
legality of isotropic maps being unwell-defined (see [4]).



Implementation of the Axioms of Cosserat—Zhilin Systems on Examples of... 17

C MULTIPHASE CONTINUUM AS A COSSERAT-ZHILIN SYSTEM

Following to [3] let us consider a multiphase continuum, consisting of » components,
which may occur between m chemical reactions (points forming medium assumed
to be continuous). During the reaction the proportion of one component decreases,
while the other increases. Assume that each particulate consists of n micro-particles
(components), so that at each point in space at any given time there are at once all
n components, each with a density p,(x,t) (& = 1,...,n). Then the total density is
defined as p, = > ., pa-

We assume that the center of mass of each micro-particle does not coincide with
the center of mass of the particulates. This is the reason to introduce the inertia tensor
of particulate components which are recorded, for example in the form of

n 3
(12) Jij = Z Pal Z 2 2 )0ij — 2325
=1 k=1

where 2} — coordinates micro-particles o with respect to particulates, which are as-
sumed to be constant.

Let I, = (305_,(2%)?)'/2 be the length of the radius vector micro-particles a
with respect to partlculates. Then the first invariant of tensor (12) has the form

Denoting by v, (z,t) velocity of each component, determine the rate of velocity of
the particulates as the center of mass of micro-particles

1 n
L3
T a=1
Introduce the continuity equation for each component of the multiphase medium

9pa
ot

where v, = Z’I":l vqrJ1 is called formation of a compound «, the value of v, is
proportional to the stoichiometric ratio, with which the component « is included in
the 7-th chemical reaction; J; — velocity of chemical reactions.

Summing n equations (13), we arrive at the continuity equation for the density of

particulates
n m
Uac ZV&*ZZVOJJL

a=1T1=1

(13) + dlv(poﬂ)a) = Ya >

8
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Using (13), we can write the continuity equation for

dJ, _ n 5 0J, . . 2
o + Jpdivy, = Q;fyala or 5 + div(Jpvg) = 2 Z Yals,-

a=1

Then using Lemma 1 and continuity equations introduced above, from (6, [2]) we
have 6-dimensional differential equation of multiphase continuous medium given in

[3].

Just the same equation is obtained if we introduce

Pz = PzVz, o = Juflz,

i.e., the multiphase system proves to be a Cosserat—Zhilin system of the rather general

type.
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