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ABSTRACT: The processes of non-isothermal moisture transfer of single-
component chemical solutions in the porous environment containing thin semi-
permeable clay inclusions have been considered. The conjugation conditions
for the functions of humidity, salt concentration and temperature have been
modified. The modification has been based on taking into account the de-
pendences of the parameters of the porous medium on the physico-chemical
processes and osmotic flows.
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1 INTRODUCTION

When designing and constructing waste storage facilities in their soil bases anti-
filtering artificial inclusions are created. The task of these anti-filtering screens is
to prevent or minimize the spread of pollution on the environment. Some types of
clays are used as natural materials for such inclusions. Such clays possess properties
of semi-permeable membranes and they have characteristic osmotic properties.

Under the conditions of the mathematical description of the moisture transfer
in soil areas with thin semi-permeable inclusions, one of the important tasks is the
derivation of conjugation conditions. The conjugation conditions [1,2] are the part of
the boundary value problem in non-homogeneous domains, by which the constructed
mathematical model is described. Their presence is mandatory in terms of the cor-
rectness of such tasks.

In the works [3–5] such conditions for the problems of moisture transfer are de-
signed. However, the characteristics of the inclusion material were considered con-
stant and not dependent on the concentration of salt solutions and temperature. It is
well known that the properties of liquid clay permeability depend considerably on

∗Corresponding author e-mail: p.m.martyniuk@nuwm.edu.ua

https://doi.org/10.7546/JTAM.49.19.01.03
mailto:p.m.martyniuk@nuwm.edu.ua


The Conditions of Conjugation in the Tasks of Moisture Transfer on ... 29

these factors. Therefore, our goal is to deduce such conjugation conditions for the
problem of moisture transfer when the characteristics of the medium depend on the
characteristics of the physical and chemical processes in these environments.

At present in research literature, there is considerable progress on the study of
semipermeable properties of clay inclusions, both for complete and incomplete satu-
ration.

In the works [6, 7] a special kind of bentonite, which is used in waste geobarriers
to limit the leakage of harmful substances to the environment has been considered.
As shown earlier by the authors of the article - saturated bentonite can display the
properties of semipermeable membranes, thereby increasing the productivity of the
barrier. However, as shown in the above articles, the effect of the bentonite mem-
brane on the transport of contaminated substances is more significant for unsaturated
conditions. This fact confirms again the relevance of the modification of conjugation
conditions precisely for the tasks of moist transfer.

In the work [8] the behavior of membranes from bentonite soil compositions used
for walls of waste disposal facilities has been studied. Two semi-permeable models,
namely, natural clay and a mixture of pure sand with 5% of the mass fraction of
pure bentonite, which exhibit the properties of semipermeable membranes have been
considered. It has been shown that the chemical-osmotic efficiency for natural clay
varies from 0.018 to 0.024, whereas for a sand-bentonite mixture, this value ranges
from 0.118 to 0.166. It has been established that the use of sand-bentonite mixture
will reduce the transfer of contaminants by 10% in comparison with the case when
materials with properties of semi-permeable membranes are not used at all.

In Ref. [9] geomembranes and geosynthetic clay layers used as part of complex
waste management systems have been considered. The results of experiments of spa-
tial and temporal distribution of moisture in these systems in isothermal conditions
have been presented.

In Ref. [10] the phenomenon of ultrafiltration, which is characteristic for envi-
ronments with semi-permeable and osmotic properties has been investigated. One-
dimensional transfer of NaCl solution through clay membrane layers with the use of
new data about geological properties of membranes has been considered. New effects
of ultrafiltration have been investigated.

In the work [11] a new system of equations that describes the transfer of ions
and water through a porous medium in the case of incomplete saturation has been
presented. The case of reverse osmosis and the value of the diffusion coefficient
have been analyzed in detail for the case of saturated and partially saturated porous
materials.

The work [12] focuses on the diffusion of potassium chloride (KCl) through a
bentonite-polymer composite that acts as a semipermeable membrane. The negative
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influence of chemicals on the productivity of bentonite hydrobarriers has been inves-
tigated. It has been established that the diffusion coefficient for chlorine (Cl−) and
potassium (K+) is correlated with the coefficients of membrane efficiency.

In the work [13] clay layers that can display the properties of semipermeable
membranes have been considered.

In the work [14] the macroscopic description of osmotic phenomena in clay soils
has been given. Theoretical descriptions of two potential mechanisms for changing
the volume of porous medium – consolidation and osmotic filtration consolidation
have been presented. Osmotic consolidation occurs due to changes in electrostatic
stresses between clay particles. Osmotic filtration consolidation occurs due to os-
motic outflow of fluid from clay, as a result of osmotic gradients. The results of lab-
oratory studies on two clay soils under the influence of concentrated NaCl solutions
have been used to illustrate that osmotic consolidation is the dominant mechanism of
volume change in clay soils.

As mentioned before, when constructing mathematical models of geomorphic
processes in environments with inclusions, the corresponding boundary value prob-
lems must be correct. Therefore, they (models) must be supplemented by conjugation
conditions for unknown functions on such inclusions. In [15] a mathematical model
of the motion of a fluid based on the Navier–Stokes equations in a region that is
separated by a semipermeable membrane has been formulated. At the point of the
existing membrane (x = 0) for the concentration of dissolved salts, the following
conjugation conditions have been proposed:

−Dc
dc−

dx
(0) + σuc−(0) = 0 ,

−Dc
dc+

dx
(0) + uc+(0) = u(1− σ)c−(0) ,

where σ ∈ [0; 1] coefficient that reflects the degree of membrane’s ideality (the mem-
brane is perfectly perfect if σ = 1). Here Dc is the diffusion coefficient, u – the
velocity of the fluid.

In articles [16] and [17] parabolic equations that describe the process of heat trans-
fer in an area with a thin, weakly permeable inclusion with conjugation conditions
such as “concentrated own source” have been considered. A new formulation of such
problems in which the main parabolic equation changes to the system of differential
equations of the first order with coefficients from the classes of generalized func-
tions has been offered. The theorems of existence and uniqueness of the generalized
solution have been proved.

The systemic problems of mathematical modeling of geomagnetic processes in
heterogeneous media have been studied in [3–5]. In particular, the condition of con-
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jugation for the heads in the filtration problem is derived from the assumption that
the heads h linearly varies from h− to h+ along the normal n to the cross section of
the thin inclusion γ with the thickness l. That is

h(ξ, t) =
h+ − h−

l
ξ + h−,

∂h

∂ξ
=
h+ − h−

l
, 0 ≤ ξ ≤ l .

Here h+ and h− are the values of the pressure on inclusion under ξ = l and ξ = 0,
correspondingly. The coordinate system Oξ is tied to normal before inclusion. Then
the boundary condition of conjugation of non-ideal contact has the form [3–5]

(u,n)±
∣∣
γ
= −k0 ·

dh

dξ
,

or

(1) (u,n)±|γ = −k0
l
[h] .

In condition (1) k0 is a value of filtration coefficient of a thin inclusion.

2 NONLINEAR DEPENDENCE OF THE COEFFICIENT OF SOIL MOISTURE

DIFFUSION ON PHYSICAL AND CHEMICAL FACTORS AND

PROBLEM STATEMENT

One of the defining parameters included in the moisture transfer equation is the coef-
ficient of soil moisture diffusion. It nonlinearly depends on the degree of saturation
s = (θ − θmin)/(θmax − θmin), concentration c chemical substances in the porous
liquid and temperature T . Here θ = Vm/V is the volumetric moisture; Vm – the
volume of porous liquid in the distinguished volume V of soil; θmin – the residual
(minimal) humidity (or quantity of liquid) which is left in soil after full drainage;
θmax – the maximum humidity value. In the case of two component porous environ-
ment (gas component is abscent) θmax = n, where n is the soil porosity. Therefore,
it is just 0 ≤ θmin ≤ θ ≤ θmax = n. For determination of nonlinear functions
D(θ, c, T ) the following empirical dependencies can be used:

1. The model of R.H. Brooks and A.T. Corey [18]:

D (θ, c, T ) = D0s
2+ 1

λ , D0 = −
K0(c, T )ψb

λ (θmax − θmin)
,

where K0(c, T ) is the filtration coefficient, which depends nonlinearly on c and T
[19]; λ – the characteristic parameter of soil pores’ size distribution; ψb – the air
pressure in soil.
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2. The model of Mualem–Van Genuchten [18]:

D (θ, c, T ) = D0

[
1−

(
1− s

r
λ

)λ
r
]2(

1− s
r
λ

) 1
r
−1

s
1
λ
+ 1

2

,

where r is an empirical parameter. There are also other dependencies for diffusion
coefficient of soil moisture, some of them are presented in [20].

H. Gao and M. Shao made the conclusions [21] that saturated hydraulic con-
ductivity ks significantly increased linearly with increasing temperature from 6◦C to
36◦C. The ks value for lou soil at 36◦C was 2.2 times grater than at 6◦C and 2.35
times greater for sandy loess.

The permeability of mixtures of basalt soil and bentonite has been investigated
in [22]. There were used salt solutions of NaCl and CaCl2 at five concentrations.
For example the hydraulic conductivity of 100(the basalt soil): 20 (bentonite) mix-
ture was increased from 2.5 × 10−8 cm/s to 2.3 × 10−7 cm/s while NaCl solutions
concentration was increased from 0 mol/L to 1 mol/L.

The three different inorganic salt solutions have been investigated in [23]: sodium
chloride (NaCl), calcium cloride (CaCl2) and Magnesium Chloride (MgCl2). There
were used distilled water and salt solutions at four concentrations varying between
0.01 and 2 N. The authors concluded that the hydraulic conductivity of soil samples
increased by using salt solutions.

At present, studies of the influence of such dependencies of the moisture diffu-
sion coefficient for the thin inclusion of these factors on the processes of moisture
distribution. We put in perspective establishing the degree of such influence, as a
target of research. To achieve this goal, we consider the problem in several stages.
The first stage, which defines the purpose of this article, is the modification of con-
jugation conditions for semipermeable inclusions, taking into account such nonlinear
dependencies.

It should be noted that in this article gas component of a porous medium is ne-
glected. We suppose that changes of soil temperature are within the range of 0◦C to
90◦C.

3 MODIFIED CONJUGATION CONDITION FOR MOISTURE

First, we consider conjugation conditions for humidity θ. We assume (due to the
subtlety of inclusion) that the processes of moisture transfer in the cross section of
this inclusion are stationary (or, at least, quasi-stationary). Thus, for inclusion let’s
consider the following problem of moisture transfer

d

dξ
(−Dθ(θ, c, T )

dθ

dξ
+ Fosm) = 0, 0 < ξ < l ,(2)
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θ(0) = θ−, θ(l) = θ+ .(3)

Here c is the concentration of one component chemical porous liquid, T – the temper-
ature (determined functions are either known or they are obtained from solutions of
relevant boundary problems of heat-salt transfer); Dθ(θ, c, T ) – the coefficient of soil
moisture diffusion, which depends on moisture, salt concentration and temperature;
Fosm – the function of osmotic effects on the flow of moisture and can be defined
as [19]

Fosm = kc
dc

dξ
+ kT

dT

dξ
,

where kc, kT are the coefficients of chemical and thermal osmosis, respectively.
From the problem (2), (3) we have

θ(ξ) =
θ+ − θ−∫ l

0

dx

Dθ (θ, c, T )

∫ ξ

0

dx

Dθ (θ, c, T )

−

∫ l

0

Fosm

Dθ (θ, c, T )
dx∫ l

0

dx

Dθ (θ, c, T )

∫ ξ

0

dx

Dθ (θ, c, T )

+

∫ ξ

0

Fosm

Dθ (θ, c, T )
dx+ θ− .

It is easy to verify that function θ(ξ) satisfies equation (2) and conditions (3). Then
we get

(4)
dθ

dξ
=

θ+ − θ−

Dθ (θ, c, T )

∫ l

0

dx

Dθ (θ, c, T )

−

∫ l

0

Fosm

Dθ (θ, c, T )

Dθ (θ, c, T )

∫ l

0

dx

Dθ (θ, c, T )

+
Fosm

Dθ (θ, c, T )
.

According to [4], we will formulate the conjugation condition on the basis of the
law of preserving the flow of fluid through the cross-sectional area of the inclusion
surface along the normal in the time unit. Since the flow

u = −Dθ (θ, c, T )
dθ

dξ
+ Fosm
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and
u = u+ = u− ,

then

(5) (u,n)±
∣∣
γ
= −Dθ (θ, c, T )

dθ

dξ
+ Fosm.

From (4) we have

(6) −Dθ (θ, c, T )
dθ

dξ
+ Fosm = − [θ]∫ l

0

dx

Dθ (θ, c, T )

+

∫ l

0

Fosm

Dθ (θ, c, T )
dx∫ l

0

dx

Dθ (θ, c, T )

.

Here [θ] = θ+ − θ− denotes the leap of moisture on inclusion. From (6) and (5) we
have the final formula of the modified condition of the conjugation of the non ideal
contact for the moisture on the inclusion, the coefficient of soil moisture diffusion
which depends on the physico-chemical factors and takes into account osmosis

(7) (u,n)±
∣∣
γ
= − [θ]∫ l

0

dx

Dθ (θ, c, T )

+

∫ l

0

Fosm

Dθ (θ, c, T )
dx∫ l

0

dx

Dθ (θ, c, T )

.

If Dθ (θ, c, T ) = D0 = const, Fosm ≡ 0, then from condition (7) we get the
classical conjugation condition of non-ideal contact [4].

4 MODIFICATION OF CONJUGATION CONDITIONS FOR SALT CONCENTRATION

AND TEMPERATURE

For inclusion let’s consider the following problem of heat transfer

− d

dξ
(λ (θ)

dT

dξ
) = 0 , 0 < ξ < l ,(8)

T (0) = T− , T (l) = T+ .(9)

Here λ (θ) is the coefficient of thermal conductivity of moist porous environment
[24].

From the problem (8), (9) we have

T (ξ) =
T+ − T−∫ l

0

dx

λ (θ)

∫ ξ

0

dx

λ (θ)
+ T−
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and

(10)
dT

dξ
=

T+ − T−

λ (θ)
∫ l
0

dx

λ (θ)

.

We will formulate the conjugation condition on the basis of the law of preserving
the flow of heat through the cross-sectional area of the inclusion surface along the
normal in a time unit. Since the flow

qT = −λ (θ) dT
dξ

+ ρcρuT ,

then [4]

(qT ,n)
±|γ = − [T ]∫ l

0

dx

λ (θ)

+ ρcp(u,n)
±T

+ + T−

2
.

Here ρ, cp stand for the density and the specific heat capacity of porous liquid; [T ] =
T+ − T− is the leap of temperature on inclusion.

Since inclusion has properties of a semipermeable membrane, then for the stream
of dissolved substances we have

(1− σ)qc = q+
c = q−

c .

Parameter σ, 0 ≤ σ ≤ 1, determines semipermeable properties of thin inclusion. If
σ = 1, then thin inclusion is an ideal semipermeable membrane. In the case of σ = 0
inclusion γ does not possess the properties of semipermeable membrane. It is known
that (see Sections 2 and 3.1 in Ref. [10]): “The dimensionless quantity σ will here be
called membrane efficiency, but it also referred to as osmotic efficiency or reflection
coefficient; it characterizes the ability to impede solute transport and depends on both
the porous medium and the pore fluid as discussed below in Section 3.1.” So we get

(qc,n)
±|γ = (1−σ)

(
− [c]∫ l

0

dx

Dc (θ, T )

−

∫ l

0

DT

Dc (θ, T )

dT

dξ
dx∫ l

0

dx

Dc (θ, T )

+(u±,n)
c+ + c−

2

)
.

Here Dc, DT are the coefficients of diffusion and thermo-diffusion, respectively.
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5 SUMMARY AND DIRECTIONS FOR FURTHER RESEARCH

The processes of non-isothermal moisture transfer of single-component chemical so-
lutions in the porous environment containing thin semi-permeable clay inclusions
have been considered. The conjugation conditions on the thin semi-permeable in-
clusion for humidity, salt concentration and temperature have been modified in the
article. The modification is to take into account the dependence of the inclusion
parameters on the physical and chemical factors, as well as the possible available
osmosis. Research of the significance of the impact of such modifications requires
numerical experiments for model problems. It requires the formulation of the cor-
responding boundary value problems, schemes of their numerical solution, program
realization of algorithms and actually the calculations themselves. We have solved
the corresponding moisture transport problem [25] but without taking into account
salt and heat transfer. We are going to find numerical solution of a boundary value
problem for moisture, salt solutions concentration and heat equations and to publish
the results.
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