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ABSTRACT: We propose a simple yet effective method based essentially on
analytic continuation to derive analytical solutions for a screw dislocation or a
two-dimensional Eshelby inclusion of arbitrary shape in a three-phase piezo-
electric laminate composed of two semi-infinite piezoelectric media bonded
together via an intermediate piezoelectric layer of finite thickness. The screw
dislocation or the Eshelby inclusion can be located either in the upper semi-
infinite piezoelectric medium or in the intermediate piezoelectric layer. Elegant
expressions for the image force acting on the piezoelectric screw dislocation
are presented and compared with existing results. We also observe some very
interesting properties of the solutions obtained.

KEY WORDS: Three-phase piezoelectric laminate, screw dislocation, Eshelby
inclusion, image force, analytic continuation.

1 INTRODUCTION

The elastic fields corresponding to stresses and strains induced by dislocations in
multilayered structures have been analyzed by many investigators [1-10]. In the
majority of these studies, researchers have utilized the so-called ‘image method’. The
two-dimensional Eshelby’s problem of an inclusion of arbitrary shape in multilayered
structures, however, has rarely been discussed, except for a number of studies on
Eshelby’s inclusion problem in bimaterials which use the Green’s function method
[11, 12] or techniques based on analytic continuation and conformal mapping [13—
17].

In this study, we endeavor to derive the electroelastic field induced by a screw dis-
location or a two-dimensional Eshelby inclusion of arbitrary shape in a three-phase
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hexagonal piezoelectric laminate composed of a piezoelectric layer of finite thickness
bounded by two semi-infinite piezoelectric media. Rather than employ the traditional
image method used by several authors (including those mentioned above), we choose
to base our analysis on the technique of analytic continuation [13, 18] which we find
to be particularly effective in accommodating these types of challenging interaction
problems. We derive explicit solutions which, in the case of the dislocation prob-
lem, can be conveniently interpreted in terms of image dislocations, image electric-
potential-dislocations, image forces and image charges for all three phases of the
laminate. General yet elegant expressions of the image force acting on the piezoelec-
tric screw dislocation are obtained using the extended version of the Peach-Koehler
formula [19,20] and are compared with existing results in the literature [1,21,22].

2  BASIC FORMULATION

In a fixed rectangular coordinate system x; (i = 1,2, 3), the stresses o;;, the strains
€ij, the displacements wu;, the electric displacements D;, the electric fields F; and the
electric potential ¢ satisfy the following equations of equilibrium and constitutive
relations for an anisotropic piezoelectric solid [23,24]:

(1) oij; =0, D;; =0,

(2) 0ij = Cijrier — erij B, Dy = egijeij+ €r B,
1

3) eij = 5 (i +uja) E; = —¢i,

where Cjjx, exi; and €;; are respectively the elastic stiffnesses, piezoelectric con-
stants and dielectric constants.

For the anti-plane shear deformations of a hexagonal piezoelectric material ex-
hibiting 6mm symmetry with its poling direction along the x3-axis, the general solu-
tion is given by

@ ] = gr)

2e39 + 2ie31| 032 +1031| e

where f(z) is a two-dimensional analytic vector function of the complex variable
z = x1 + ire and the real symmetric matrix C is defined by
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Consider the anti-plane shear deformation of a three-phase piezoelectric laminate
composed of two semi-infinite piezoelectric media bonded together through an inter-
mediate piezoelectric layer of finite thickness h. Each piezoelectric phase is hexag-
onal with its poling direction along the z3-axis. Let S, S and S3 denote the upper
semi-infinite medium, the intermediate layer and the lower semi-infinite medium, re-
spectively, all of which are perfectly bonded across two planar interfaces at x5 = 0
and 2 = —h. In what follows, the subscripts 1, 2 and 3 are used to identify the
respective quantities in Sy, So and S3. Here, we assume that a screw dislocation or
a two-dimensional Eshelby inclusion of arbitrary shape can be located either in the
upper semi-infinite piezoelectric medium or in the intermediate piezoelectric layer of
finite thickness.

3 THE GENERAL SOLUTION

The conditions describing continuity of displacement, electric potential, traction and
normal electric displacement across the two perfectly bonded interfaces at o = 0 and
x9 = —h can be expressed in terms of the three analytic vector functions f (z), fa(z)
and f3(z) as follows:

fi (Z) + fl(Z) = Flfz(z) + Flfg(z) ,

(7a)

fi(z) —fi(z) = fa(2) — fa(2), Im{z} =0;
(7b) fo(2) + f2(2) = Tafs(2) + Tafs(2),

fQ(Z) — fg(z) = fg(Z) — fg(Z) s Im {Z} = —h,
where:
(8) ' =C;'Cy, Ty=C;'C;s.

We assume that f3(z) takes the following general form:

9) f3(2) = g(2),

where g(z) is to be determined. It will be seen from the ensuing analysis that a judi-
cious choice of g(z) will be crucial to the successful derivation of the corresponding
solutions.

By enforcing the continuity conditions across the two interfaces in Eqgs. (7a,7b)
and applying the technique of analytic continuation [13, 18], we find the following
expressions for f;(z) and fa(z):

F2+I
2

-1

(10)  fr(2) = 5

g(z) + g(z +2ih),
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i+ +1 I -nH(r,—-1 .
(I’ {4( 2 )g(z)+( ! Z 2 )g(z—21h)

+ (T -T2 +1) (I +D(T2 - 1)
4 4

(1) fi(z) =

g(z) + g(z + 2ih).

We remark that the obtained general solution is thus strikingly simple.

4 THE SCREW DISLOCATION PROBLEM

In this section, we first consider a screw dislocation in the three-phase piezoelectric
laminate. The screw dislocation suffers a jump b3 in anti-plane displacement and a
jump A¢ in electric potential across the slip plane. Meanwhile, it is subjected to a
line force p and a line charge q at its core. The screw dislocation can be located either
at z = id (d > 0) in the upper semi-infinite medium (phase 1) or located at z = —id
(0 < d < h) in the intermediate layer (phase 2).

4.1 DISLOCATION IN THE UPPER SEMI-INFINITE PIEZOELECTRIC MEDIUM
(PHASE 1)

When the piezoelectric screw dislocation is located in the upper semi-infinite piezo-
electric medium (phase 1), a careful examination of Eq. (11) reveals that g(z) should
take the following form:

+o0
(12) g(z) = % > Infz —i(d + 2nh)] AM(Ty + 1)~ 1(Ty + D)} (b —iCy 'f)

n=0

where I is the 2 x 2 identity matrix, and

(13) A=—To+1) N Ty +I) (T —I)(T2 - 1),
~ T 2 T

(14) b=[b; A¢ | , f=[p —q]

Remark 1. By choosing Eq. (12), f;(z) will exhibit the singular behavior

f1(2)

1

o 1In(z —id)(b —iCT'f) + O(1) as z—id
and is analytic elsewhere.

Substituting Eq. (12) into Egs. (9)-(11), we finally obtain the following explicit
expressions for f(z), f2(2) and f3(2):

In(z —id) » . a1 <X .
(15)  fi(z) = ———(b—iC] f)+521n[2+1(d+2nh)]
n=0
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x (T —D)(Ty + AT+ I) (T + I) "1 (b +iC7 'f)
1 X
+5- Z)ln [z 4 i(d + 2h(n 4 1))]
n—

x (T +I)(Ty — ATy + 1) 1Ty + I)71(b +iC ),

+o00
fy(z2) = % > Inf[z — i(d+2nh)|(To+T)A™ (T +1) (T +1) " (b—iCy ')
n=0

1 X ,
+— n;m[z +i(d+ 2h(n+1))]

x (Tg — A" (T + 1)~ 1Ty + D) 71(b +iCy M),

—+00
2 . .
= Infz —i(d + 2nh)] A™(Ty + 1) 1Ty + 1)~ (b —iCy'f).
m

n=0

f3(2) =

The above solution can be conveniently interpreted in terms of image dislocations,
image electric-potential-dislocations, image forces and image charges for all three
phases. By using the extended version of the Peach-Koehler formula [19, 20], an
elegant and concise expression for the image force acting on the piezoelectric screw
dislocation can be finally obtained as:

1 - ~ “ “
(16) F =0, Fy = 4—(chle +fTMC ),
s

where F and F; are respectively the force components along the x; and x4 directions
and the 2 x 2 real matrix M is defined by

(17) M= Zli(r1 ~D(C 4D+ [ +I- (T - DT + D) (T — 1))

400
1
x (Ty—1)) ANy 4+ )N + 1)L
n=1

d+ nh
It can be verified that both C{M and MCl_1 are symmetric.
When h — o0, Eq. (16) becomes:
1
4md
When h — 0, Eq. (16) becomes:

(18) Iy = [lﬁTcl(r1 ~ )T+ D)+ (0 - )Ty + D)7
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1 1e N
(19) Fy=— [chl(I‘lI‘Q (T + 1)1
4rd
+f7(1y Ty — I)(T4 T + 1) 1C M.
Both Egs. (18) and (19) agree with existing results for a piezoelectric screw disloca-
tion interacting with a perfect bimaterial interface [21, 22].
When all three phases are dielectric elastic or non-piezoelectric materials with

their piezoelectric constants set to zero and A¢ = p = ¢ = 0, Eq. (16) will simply
reduce to the classical solution obtained by Chou [1].

4.2 DISLOCATION IN THE INTERMEDIATE PIEZOELECTRIC LAYER
(PHASE 2)

When the piezoelectric screw dislocation is located in the intermediate piezoelectric
layer (phase 2), a careful examination of Eqs. (10) and (11) reveals that g(z) should
take the following form:

1% , . Lt 1s
(20) g(z)zwz_;)ln[z—l(—d—i-th)]A (T2 +1)~1(b —iC;'f)
—+o00

- % > Infz —i(d + 2nh)] AM(Ty + 1)~ (T + I)"}(Ty — I)(b +iCy'F).

n=0

Remark 2. By choosing Eq. (20), f5(z) will exhibit the singular behavior
f2(2) = oL In(z +id)(b —iC5 'f) + O(1) as 2 — —id
whilst f; (2) is analytic everywhere in its domain of definition.

By substituting Eq. (20) into Egs. (9)-(11), we finally obtain the following explicit
expressions for f;(z), fa(z) and f3(z2)

Qla) fi(z) = ln(il;rid)(l“l +I)(b—iC; ')

+00
1 .
+47r;1n[z—|—1(—d+2nh)]
x (T —I)(Ty + DA™y + 1)~ (b +iC; 'f)

+0o0
1 .
-0 ;m [z +i(d + 2nh))
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x (T1—I)(To+D) A" (To+1) "1 (T +1) (T 1) (b—iC5 'f)
+00
1 .
+ Mz;)ln[z+1(—d+2h(n+ 1))]
x (T +1)(Tg — HA™Ty + 1)~ (b +iC; 'f)
1 X
- nzoln [z 4 i(d + 2h(n +1))]

X (T +1)(Ty—T)A™(To+1) " YT, +1) YT, - 1) (b—iC; 'f),
1 = : n -1/ —1p
(210) fo(2) =~ > Iz —i(—d+2nh)] Ty + DA™(Ty + 1)~ (b —iC;'f)
n=0

+o00

- % ;ln [z —i(d + 2nh)]

x (Tg + DA™ (T2 + 1)~ 1(Ty + 1)~ 1Ty — I)(b +iC; 'f)
+o00

+217r7;)1n[z+i(—d+2h(n+l))]

x (Tg — )A™(T2 + 1)"1(b +iC; 'f)
“+o00

- % nzzg)ln [z +i(d + 2h(n +1))]

x (Tg — A" (T2 + 1)~ 1Ty + 1)~ 1Ty — T)(b —iC; '),

+o0
(21c) f3(2) = % D Iz —i(—d+2nh)] A™(Ty + 1)~ (b —iC;'f)
n=0
1<%
— = In[z —i(d + 2nh)]
7T n=0

x AMTy + 1)~y + )71y — I)(b +iC; 'f).

It is again particularly convenient to interpret the above solution in terms of image
dislocations, image electric-potential-dislocations, image forces and image charges
for all the three phases. By using the extended version of the Peach-Koehler formula,
the image force acting on the piezoelectric screw dislocation is then derived as

1 - ~ ~ ~
(22) Fi =0, F, = —(b"CyNb 4 fTNC; '),

:47T



78 Xu Wang, Peter Schiavone

where the 2 x 2 real matrix N is defined by

+oo
1 1 1 —1 —1
- _1 DAY Ty 4T
(23)  N= (T +D)7'(T )+nzlnh_d(F2 A" (T + 1)
+00 1
Iy + DAYy + )" YT + D YTy = 1).
+;nh+d(2+)(2+)(1+)(1 )

It can be verified that both CoIN and NC; ! are symmetric. During the derivation
of Eq. (22), we have used the property that both the two matrices

Co [Ty —DA™(T, —I) ' = (T2 + DA™ (T2 +I)7']  and
(T —DA™ (T — 1) ' — (T2 + DAY T + )71 C;F

are anti-symmetric.

When all three phases are dielectric elastic with their piezoelectric constants set
to zero and A¢ = p = ¢ = 0, Eq. (22) will again simply reduce to the corresponding
classical solution by Chou [1].

5 THE ESHELBY INCLUSION PROBLEM

Here, the three-phase piezoelectric laminate contains a two-dimensional Eshelby in-
clusion of arbitrary shape (simply connected inclusion enclosed by a simple curve
[18]) undergoing uniform anti-plane eigenstrains (£}, €55) and in-plane eigenelec-
tric fields (E}, E3). The elastic, piezoelectric and dielectric constants for the Es-
helby inclusion and its surrounding material are taken to be identical. The Eshelby
inclusion can be located either within the upper semi-infinite medium or within the
intermediate layer.

5.1 AN ESHELBY INCLUSION IN THE UPPER SEMI-INFINITE PIEZOELECTRIC
MEDIUM (PHASE 1)

When the Eshelby inclusion lies in the upper semi-infinite piezoelectric medium, the
continuity conditions across the perfectly bonded interface L between the Eshelby
inclusion and its surrounding material are described by

fi(z) +fi(z
fl(z) — f1 (Z

~—

(24)

(2) + fo(2),
(z2) —fo(z) +2vz — 2vz, zelL,

where fy(z) is the analytic vector function defined inside the Eshelby inclusion de-
noted here by Sp, f1(z) is the analytic vector function defined in the upper half-plane

fo
fo

~—
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outside the inclusion here denoted by S7, and the two-dimensional complex vector v
is defined in terms of the eigenstrains and eigenelectric fields as follows:

gha + 1t
(25) v—[ 23 .13*]
—3(E5 +iE})

Adding the two conditions in Eq. (24), we finally obtain
(26) fi(2) +v[D(z) — P(2)] = fo(z) + vz — VP(2), zelL,

where D(z2) = z, 2 € Land D(z) = P(z) + O(z71), |z| — oo [18]. Itis clear that
the term [D(z) — P(z)] is analytic in the exterior of the Eshelby inclusion includ-
ing at infinity. An explicit expression for [D(z) — P(z)] in the case of an elliptical
inclusion was obtained by Ru [18].

In view of Eq. (26), we can construct the following auxiliary vector function
Q(z):

27) Q(z) = {fl(z) +9[D(z) = P(z)], z€8]

fo(z) + vz —VP(2), z€8)

It is seen that £2(z) is continuous across L and then analytic in S; = S]US) including
the point at infinity. It is sufficient to treat the term —v [D(z) — P(z)] as the singular
(or principal) part of f;(z). As a result, an examination of Eq. (11) reveals that g(z)
should take the following form:

+oo
(28) g(z) = 4> _[D(z — 2inh) — P(z — 2inh)] A*(Ty + ) (T + 1)~ 19,
n=0

Substituting the above into Egs. (9)-(11), we finally obtain the three analytic vector
functions f;(z), f2(z) and f3(z), whose specific expressions are not given here for
reasons of brevity. Furthermore, fy(z) can be obtained from Eq. (27) as follows:

(29) fo(z) =fi(2) + vD(z) — vz.

5.2 AN ESHELBY INCLUSION IN THE INTERMEDIATE PIEZOELECTRIC LAYER
(PHASE 2)

When the Eshelby inclusion is located in the intermediate piezoelectric layer, the
continuity conditions across the perfect interface L between the Eshelby inclusion
and its surrounding material are described by

30) f2(2) + £2(2) = fo(2) + fo(2),
fo(2) — fo(2) = fo(2) — fo(2) + 2vz — 292, z2¢€ L,



80 Xu Wang, Peter Schiavone

where fj(z) is the analytic vector function defined in the Eshelby inclusion denoted
again by Sy and f(z) is the analytic vector function defined in the intermediate
layer outside the inclusion denoted by S5. The complex vector v has been defined in
Eq. (25).

Adding the two conditions in Eq. (30), we finally arrive at:

(31) f2(2) +v[D(z) — P(2)] =fo(2) + vz —VP(z), z€L.

Considering the above equation, we can construct the following auxiliary vector func-
tion ¥(2)
f. v|D(z)— P €S
fo(z) + vz — vP(2), z €8

Itis seen that W(z) is continuous across L and then analytic in So = S5US) including
the point at infinity. It is sufficient to treat the term —v [D(z) — P(z)] as the singular
(or principal) part of f2(z). As a result, an examination of Egs. (10) and (11) reveals
that g(z) should take the following form:

(33) g(z) = —2 Z (z — 2inh) — P(z — 2inh)] A"(Ty + 1) ~'%

+2 Z (z — 2inh) — P(z — 2inh)] A"(T2 + 1) 71Ty + I) 1Ty - D)v

Substituting the above into Egs. (9)-(11), we finally obtain the three analytic vector
functions f1(z), f2(z) and f3(z), the specific expressions of which are again sup-
pressed here for sake of brevity. Furthermore, f(z) can be obtained from Eq. (32) as
follows:

(34) fo(z) = fa(2) + vD(2) — vz.

6 CONCLUSIONS

Using the technique of analytic continuation, analytical solutions have been success-
fully derived for a screw dislocation or a two-dimensional Eshelby inclusion of arbi-
trary shape in any of the phases of a three-phase piezoelectric laminate consisting of
an intermediate piezoelectric layer sandwiched between two semi-infinite piezoelec-
tric media. Our analysis clearly indicates that the crucial step lies in the judicious
choice of the analytic vector function g(z). Finally, we mention here that the ex-
tension of the present method to plane deformations encounters certain difficulties



Eshelby’s Inclusion and Screw Dislocation Problems for a Three-Phase... 81

essentially resulting from the presence of both the complex potential (z) and its
derivative ¢'(2) in the corresponding expressions for displacements and the resultant
force [18]. The derivative of the complex potential will persist despite the definition
of a new complex potential [13] in view of the fact that there are two interfaces (not
one) in the case of a three-phase laminate.
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