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ABSTRACT: An analytical solution of Saint-Venant’s torsion for circular bar
with a slit extending in radial direction from the boundary to the axis of bar
is presented. The material of the bar is non-homogeneous, isotropic linearly
elastic. The shear modulus of the bar is a smooth function of the radial coor-
dinate. This type of the material inhomogeneity is called functionally graded
material. The shear modulus as a function of radial coordinate is assumed to
be described by a power law function. For arbitrary value of power law index
the solution in closed form is obtained for the Prandtl’s stress function, shear-
ing stresses, torsion function and torsional rigidity. Results of the presented
analytical method are compared with FEM solution.

KEY WORDS: Saint-Venant torsion, circular bar, functionally graded material,
slit.

1 INTRODUCTION

The object of this paper is to obtain the exact solution of the Saint-Venant’s torsion
for elastic functionally graded bar of circular cross section with radial slit extending
from the boundary inward to the axis of bar. The problem of Saint-Venant torsion
of homogeneous bar with slits with the aid of membrane analogy is formulated by
Nowacki [1–3] and the solutions are deduced from Fedholm integral equations of the
first kind. He gave the expressions of Prandtl’s stress functions [1, 2] and derived
the exact expression the torsional rigidity of homogeneous circular bar with one slit
[3]. The torsion of homogeneous circular bar with one radial slit is also studied
in book written by Arutynyan and Abramyan [4]. Albas developed an exact and
an approximate method for the evaluation of the torsional rigidity of homogeneous
cross section with slit [5]. Book by Arutynyan and Abramyan [4] does not give
the expression of torsion function. Saint-Venant studied the problem of torsion of
a homogeneous sector of circle. He gave the expression of the torsion function for
circular cross section with a complete radial slit [6, 7]. Saint-Venant’s derivation is
based on the solution of a Neumann type boundary value problem concerning with
the torsion function.
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Hematiyan and Estakhrian [15] formulate and approximate-analytical method for
the torsion analysis of thin – to moderately thick – walled functionally graded open
cross sections with uniform thickness. The shear modulus has variation only thick-
ness direction. The open cross section is decomposed into some straight, circu-
larly curved and end segments. The obtained results are verified by FEM compu-
tations [15]. Paper by Arghavan and Hematiyan gives an analytical formulation for
torsional analysis of functionally graded hollow tubes. The thickness of all segments
of the cross section are the same and the shear modulus change as a power func-
tion of the thickness coordinate [13]. Several examples illustrate the accuracy the
presented approximate solution [15]. Paper by Horgan and Chan investigates the ef-
fects of material inhomogeneity on the torsional response of linearly elastic isotropic
bars [12]. The special case of circular bar with shear modulus depending on the radial
coordinate only is examined in detailed [12].

In [14], the author deals with the Saint-Venant torsion of non-homogeneous cylin-
drical bar with arbitrary cross-section. The shear modulus of the non-homogeneous
bar is a given function of the Prandt’ stress function of the considered cylindrical
bar when its material is homogeneous. An integral transformation similar to the
Kirchhoff transformation in non-linear heat conduction is used to get the solution of
torsional problem [14].

Present paper gives the complete solution of Saint-Venant’s torsion of circular bar
with a radial slit for functionally graded materials. Functionally graded materials
(FGMs) are microscopically inhomogeneous composite materials, in which the vol-
ume fraction of two or more materials is varied smoothly and continuously as a func-
tion of position along certain dimension(s) of the body from one point to other [8,9].
The considered material inhomogeneity is described by a power law function of the
radial coordinate. For the arbitrary value of power law index the solution is obtained
in closed form for the Prandtl’s stress function, shearing stresses, torsion function and
torsional rigidity. Results of the presented analytical method are in good agreement
with the FEM solution.

2 FORMULATION OF TORSION OF NON-HOMOGENEOUS CIRCULAR BAR WITH

A RADIAL SLIT

The cross section of the considered non-homogeneous cylindrical bar with a longi-
tudinal slit extending in radial direction from the boundary surface to the axis of bar
is shown in Fig. 1. The material is assumed to be radially nonhomogeneous and
isotropic linearly elastic. The shear modules as a function of radial coordinate is
described by a power law function as

(1) G(r) = g
( r
R

)n
,
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Fig. 1. Radially nonhomogeneous circular cross section with a radial slit.

where R is the radius of the boundary circle of cross section, g is the shear modulus
at r = R and n is a material constant (power law index). The cross section of the
considered bar is denoted by A and its boundary curve is ∂A = ∂A1 ∪ ∂A2 ∪ A3,
where ∂A3 is the curved boundary segment on it r = R and ∂Ai = {(r, ϕ)|0 ≤ r ≤
R, ϕ = ϕi}, (i = 1, 2), here ϕ1 = 0, ϕ2 = 2π as shown in Fig. 1.

In the case of radially nonhomogeneous bar the Prandtl’s formulation of the Saint
Venant torsion yields the next boundary value problem [10, 11]

(2)
∂

∂r

(
r

G(r)

(
∂U

∂r

))
+

∂

∂ϕ

(
1

rG(r)

∂U

∂ϕ

)
= −2r (r, ϕ) ∈ A

(3) U = 0 (r, ϕ) ∈ ∂A .

Knowing the Prandtl’s stress function U = U(r, ϕ) the shearing stresses are ob-
tained as

(4) τrz(r, ϕ) =
ϑ

r

∂U

∂ϕ
τϕz = −ϑ

∂U

∂r
,

where ϑ is the rate of twist. The applied torque T can be computed from the following
equation

(5) T = ϑS .

Here, S is the torsional rigidity of the non-homogeneous cross section according to
the Saint-Venant’s theory of uniform torsion [4, 10, 11]. The value of S is obtained
as [10, 11]

(6) S = 2

∫
A

U dA .
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The displacement field in the cylindrical coordinate systemOrϕz is as follows (Fig. 1)

(7) u = uer + veϕ + wez ,

where er, eϕ and ez are the unit vectors of the cylindrical coordinate system used
(Fig. 1) and

(8) u = 0 v = ϑrz w = ϑω(rϕ) .

The torsion (warping) function ω = ω(r, ϕ) is a solution of the following system of
differential equations

(9)
∂ω

∂r
=

1

rG(r)

∂U

∂r

∂ω

∂ϕ
= − r

G(r)

∂U

∂r
+ r2 .

3 COMPUTATIONS OF THE PRANDTL STRESS- AND TORSION FUNCTIONS

The solution of the boundary-value problem formulated by Eqs. (2) and (3) is looked
for as

(10) Un(r, ϕ) =
∞∑
k=1

Fnk(r) sinλkϕ (r, ϕ) ∈ A ∪ ∂A .

The lower index indicates that the shear modulus as a function of radial coordinate is
given by Eq. (1), and

(11) λk =
2k − 1

2
(k = 1, 2, . . . ) .

It is very easy to show that Un = Un(r, ϕ) satisfies the homogeneous boundary
condition on the boundary segment ∂A1 ∪ ∂A2. Substitution of Eq. (10) into Eq. (2)
gives

(12)
d2Fnk
dr2

+
1− n
r

dFnk
dr
−
λ2k
r2
Fnk = −αk

g

Rn
rn ,

where

(13) αk =
8

(2k − 1)π
(k = 1, 2, . . . ) .

To obtain Eq. (12) it was used the next Fourier series representation for f(ϕ) = 2
(0 < ϕ < 2π)

(14) f(ϕ) =
∞∑
k=0

αk sinλkϕ .
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The solution of differential equation (12) which is bounded at r = 0 is

(15) Fnk(r) = Ankr
pnk − αkgr

n+2

(2n+ 4− λ2k)Rn
,

where

(16) pnk =
n

2
+

√(n
2

)2
+ λ2k (k = 1, 2, . . . ) .

From the boundary condition

(17) Un(R,ϕ) = 0 0 < ϕ < 2π ,

it follows that

(18) Ank =
αkg

2n+ 4− λ2k
R2−pnk (k = 1, 2, . . . ) .

Combination of Eqs. (14) and (18) with Eq. (10) leads to the results

(19) Un(r, ϕ) =

∞∑
k=1

αkg

2n+ 4− λ2k

[
R2
( r
R

)pnk

−
( r
R

)n
r2
]
sinλkϕ .

The determination of the torsion function ωn = ωn(r, ϕ) is based on the solution of
system of differential equations (9). Assuming that ωn(0, 0) = 0 and starting from
the following equation (see Fig. 2)

(20) ωn(r, ϕ) =

∫
OQ

(
∂ω

∂r
dr +

∂ωn
∂ϕ

dϕ

)
+

∫
Q̂O

(
∂ω

∂r
dr +

∂ωn
∂ϕ

dϕ

)
,

s

y

ϕ = π2

ϕ = 0O
x

P(r, ϕ)

t

t
Q(r, 0)

t

Fig. 2. Determination of torsion function.
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where the line integrals in (20) are taken over the line segment OQ and circular
segment Q̂P (Fig. 2) and inserting the expressions of partial derivatives of ωn =
ωn(r, ϕ) in terms of Un = Un(r, ϕ) which are given by Eq. (9) we get

(21) ωn(r, ϕ) = ωn1(r, ϕ) + ωn2(r, ϕ) ,

(22) ωn1(r, ϕ) =
∞∑
k=1

[
Ank
g

rpnk

pnk − n

(
R

r

)n
− λkαkr

2

4n+ 8− 2λ2k
−

Ank
g

pnk
λk

rpnk

(
R

r

)n
+

αk(n+ 2)r2

(2n+ 4− λ2k)λk

]
,

(23) ωn2(r, ϕ) =
∞∑
k=1

[
Ankpnk
gλk

(
R

r

)n
rpnk − αk(n+ 2)r2

(2n+ 4− λ2k)

]
cosλkϕ− r2ϕ .

4 FORMULAE OF SHEARING STRESSES AND TORSION RIGIDITY

Application of formulae (4) gives the next results for the shearing stresses

(24) τnrz(r, ϕ) = ϑ

∞∑
k=1

αkλkg

2n+ 4− λ2k

[
R2

r

( r
R

)pnk

−
( r
R

)n
r

]
cosλkϕ ,

(25) τnϕz(r, ϕ) = −ϑ
∞∑
k=1

αkg

2n+ 4− λ2k

[
Rpnk

( r
R

)pnk−1

− (n+ 2)
( r
R

)n
r
]
sinλkϕ .

Substitution the expression of Prandtl’s stress function into formula (6) yields the
next result for the torsional rigidity Sn

(26) Sn = 32gR4
∞∑
k=1

αk(pkn − n− 2) cos2 πk

(2k − 1)(pkn + 2)(4k2 − 4k − 8n− 15)(n+ 4)
.

Equation (26) shows that the presented results are valid for n 6= −4. Let sn be
defined as

(27) sn =
Sn

32gR4
.
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Fig. 3. The graph of sn as a function of n for −6 < n < 1.

The graph of sn as a function of n (Fig. 3) is supported that Sn cannot be evaluated
for n = −4 by the formula (26).

In the next torsional rigidity will be given in terms of torsion function. The shear
stress vector τ z is defined as

(28) τ z = τrzer + τϕzeϕ = ϑG(r)(∇ω + ez × r) r = rer ,

where∇ is the Hamilton differential operator (del operator)

(29) ∇ =
∂

∂r
er +

1

r

∂

∂ϕ
eϕ .

In Eq. (28) the cross between two vectors denotes their vectorial product.
The equilibrium equation and stress boundary condition for Saint-Venant torsion

can be formulated as

(30) ∇ · τ z = 0 (r, z) ∈ A n · τ z = 0 (r, z) ∈ ∂A ,

where the dot denotes the scalar product of two vectors and n is the unit normal
vector to the boundary curve ∂A (Fig. 1). Eq. (30) in detailed form is as follows

(31) ∇ · (G(r) [∇ω + ez × r]) = 0 (r, z) ∈ A ,

(32) n · (∇ω + ez × r) = 0 (r, z) ∈ ∂A .
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The torsional rigidity in terms of ω = ω(r, ϕ) can be computed from the next formula

(33) S=
T

ϑ
=ez ·

∫
A

G(r)R×(∇ω+ez×r)dA=

∫
A

G(r)(ez×r)·(∇ω+ez×r)dA

=

∫
A

G(r)(ez × r) · ∇ωdA+

∫
A

G(r)(ez × r) · (ez × r)dA

=

∫
A

G(r)(ez × r) · ∇ωdA+

∫
A

G(r)r2dA .

From Eqs. (31) and (32) it follows that

(34)
∫
A

ω∇ · [G(r)(∇ω + ez × r)] dA =

∫
∂A

ωn ·G(r)(∇ω + ez × r)ds

−
∫
A

G(r)|∇ω|2dA−
∫
A

G(r)∇ω · (ez × r)dA = 0 ,

that is

(35)
∫
A

G(r)∇ω · ez × rdA = −
∫
A

G(r)|∇ω|2dA .

Substituting Eq. (35) into Eq. (33) we got

(36) S =

∫
A

Gr2dA−
∫
A

G(r)|∇ω|2dA .

Simple computation gives the next results

(37)
∫
A

∇ω ·(G(r)ez×r)dA=

∫
A

∇·(ωG(r)ez×r)dA−
∫
A

ω∇·(G(r)eϕ)dA

= −
∫
∂A

ω(G(r)(n× ez)) · rds = −
∫
∂A

ωG(r)t · rds .

In Eq. (37) t is the tangential unit vector to the boundary curve ∂A, s is an arc-length
defined on ∂A (Fig. 2).

Previously, we use the equation

(38) ∇ · (G(r)eϕ) =
∂G

∂r
er · eϕ −

G(r)

r
eϕ · er = 0 .
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The combination of Eq. (33) with Eq. (37) gives

(39) S =

∫
A

G(r)r2dA−
∫
∂A

ωrG(r)t · erds .

Here, we note formula (39) is a new formula of the torsional rigidity for radially
nonhomogeneous cylindrical bar with radial slit. Application of formula (39) to the
case of power law radial inhomogeneity leads to the next result

(40) Sn =

∫
A

g
( r
R

)n
dA−

R∫
0

g
( r
R

)n
r (ω(r, 0)− ω(r, 2π)) dr .

From the formulae of shearing stresses it follows that the shearing stresses have sin-
gularity at the tip of slit (r = 0) for −4 < n < 0.75 A detailed computation gives
the next results

(41) τrzn(r, ϕ) =
16ϑgR

(8n+ 15)π

[( r
R

)0.5(n+√n2−1−2)
]
cos

ϕ

2
+ regular terms ,

(42) τϕzn(r, ϕ) = −
−8ϑgR

(2n+ 15
4 )π

[( r
R

)0.5(n+√n2+1−2)
]
sin

ϕ

2
+ regular terms .
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Fig. 4. Singularity of radial shearing stresses.
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Let

(43) trzn(r) =

(
r
R

)0.5(n+√n2+1−2)

(4n+ 7.5)π
tϕzn(r) =

(
r
R

)0.5(n+√n2+1−2)

(2n+ 7.5)π
.

The singularity of stress field is illustrated in Fig. 4 and Fig. 5 some different value
of power index.

5 EXAMPLES

The following numerical data are used in the example

R = 0.06m g = 0.8× 1010 Pa ϑ = 10−2 1/m n = 2 .

The plots of stress function as a function of r at ϕ = π
2 are presented in Fig. 6 for

the different values of power index n. The graphs of stress function as a function of
ϕ at r = R

2 are shown in Fig. 7 for different values of power index n. The torsional
rigidity as a function of power index n is given by in Fig. 8. The torsion function as
a function of r at ϕ = π

2 for different values of power index n is shown in Fig. 9.
Fig. 10 illustrates the graphs of torsion function as a function of ϕ at r = R

2 for
α = −1, 0, 1, 2. The contour lines of stress function for n = 2 is presented in
Fig. 11. Fig. 12 shows the contour lines of torsion function for n = 2. Fig. 17
shows the surface of torsion function for n = 2 as a function of r and ϕ in the three-
dimensional space. Fig. 18 illustrates the surface of Prandtl’s stress function as a
function of r and ϕ in the three-dimensional space for n = 2.
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Fig. 6. Plots of stress function as a function of r at ϕ = π/2.
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Fig. 11. The contour lines of Prandtl’s stress function for n = 2.
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Fig. 12. The contour lines of the torsion function for n = 2.

The shearing stresses τxz(r, π2 ) and τxz(r, 2π) as a function of r in comparison
with FEM (Abaqus) solution are shown in Fig. 13.

The graphs of shear stresses τyz for ϕ = π
2 and ϕ = 2π are presented in Fig. 14

in comparison with FEM (Abaqus) solution. Fig. 15 shows the graphs of torsion
function for ϕ = π

6 and ϕ = π
2 obtained from formula (22) of the present paper and

FEM solution.
Illustration of torsion function on axis ϕ = 0 (0 ≤ x ≤ R) and on axis ϕ = 2π

(0 ≤ x ≤ R) comparison with FEM (Abaqus) solution are presented in Fig. 16.
Application of formula (26) gives the next result for torsional rigidity

(44) S = 23 237.56Nm2

and from the formula (40) it follows that

(45) S = 23 237.56Nm2 .

By the aid of formula (40) we can get the torsional rigidity from the numerical results
of FEM computations, in the present case

(46) S = 23 506.05Nm2 .
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Fig. 17. The graph of torsion function for n = 2.

Fig. 18. The graph of Prandtl’s stress function for n = 2.

6 CONCLUSIONS

An analytical solution of Saint-Venant torsion for nonhomogeneous circular with a
slit extending in radial direction to the axis of bar is presented. The nonhomogeneity
of the isotropic, linearly elastic bar is described by a power law function of radial
coordinate. Solutions in chosen form of the radial nonhomogeneity are given for
Prandtl’s stress function, torsion function, shearing stresses and torsional rigidity.
Paper also deals with the analysis of dependence of Prandtl’s stress function, torsion
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function and torsional rigidity as function of power law index of shear modulus. Re-
sults are obtained by the presented analytical method are in good agreement with the
FEM (Abaqus) solutions.
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