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ABSTRACT: The three-dimensional flow of a viscous incompressible fluid in a
cylindrical duct with two serial diaphragms is studied by the numerical solution
of the non-stationary Navier–Stokes equations. The solution algorithm is based
on the finite volume method using second-order accurate in both space and time
difference schemes. It is shown that under certain conditions a sequential se-
ries of ring vortices is formed in the shear layer between the diaphragms. This
causes self-oscillations of the pressure field in the neighbourhood of the sec-
ond diaphragm orifice, as well as pressure fluctuations in the whole medium
between the baffles. The flow structure has an azimuthal asymmetry that in-
fluences local features of the flow, but practically does not affect its integral
characteristics.

KEY WORDS: 3-D flow, DNS, duct with baffles, vortical structures, self-
sustained oscillations.

1 INTRODUCTION

Liquid (or gaseous) flows in irregular ducts are widely encountered in technical or
scientific devices, as well as in nature: blood vessels, bronchial trees, gas distribution
systems, corrugated pipes, solid propellant rocket motors etc. The structure of such
flows is non-stationary due to the complex geometry of these systems. Under certain
conditions this leads to self-sustained oscillations of the medium and, in consequence,
the appearance of sound [1].

The emergence of a tone sound when a jet flows into a circular hole in a plate
(hole-tone) was first observed by Sondhauss [2]. Then Rayleigh, based on his ob-
servations, proposed a feedback mechanism, according to which the jet cannot pass
freely through the hole and, as a result, creates perturbations that are further trans-
mitted upstream and give rise to new perturbations (Rayleigh bird-call) [3]. Later,
Chanaud and Powell conducted a thorough study of the hole-tone phenomenon and
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found that acoustic oscillations are associated with the periodic formation of vortex
rings and their interaction with the plate [4]. Since then, intensive experimental stud-
ies of flows in ducts with baffles or cavities have been conducted (for example, [5–8]).

With the development of computer technology at the end of the 20th century, nu-
merical simulations of such systems have become widespread. In the case of low
Mach numbers, hybrid methods are preferred, according to which the general prob-
lem is decomposed into acoustic and hydrodynamic parts that are solved separately.
This approach is used because the values of the fields and the lengths scales of these
two problems vary considerably [9]. As a result, the corresponding methods differ in
accuracy and requirements to computer resources.

For numerical simulations of flows in irregular ducts, two-dimensional vortex
methods are initially used [10,11]. Today, the techniques of direct numerical simula-
tion (DNS) and large eddy simulation (LES) are also actively used [12–15]. Due to
advances in computer technology, it is also possible to numerically solve such prob-
lems in a three-dimensional formulation. For example, a three-dimensional incom-
pressible discrete vortex method was used for studying the hole-tone phenomenon
in [16]. In [17] the finite difference lattice Boltzmann method (FDLBM) was used
for numerical analysis of the flow in the main steam stop valve (MSV) in thermal or
nuclear power plants. In [18] the hole-tone phenomenon was studied by solving the
unsteady three-dimensional fully compressible Navier–Stokes equations.

The aim of this work was to investigate the properties of the three-dimensional
fluid flow in a cylindrical duct with two serial diaphragms. The solution was carried
out by the DNS technique and was based on the main theses outlined in [19]. The
proposed algorithm has previously been used to solve various problems of hydrody-
namic acoustics and showed good agreement with experimental data and numerical
results of other authors [20–22].

2 PROBLEM FORMULATION

Consider the fluid flow in a semi-infinite cylindrical duct with two serial diaphragms.
The diaphragms are identical and axisymmetric. In the longitudinal section of the
duct depicted in Fig. 1, the diaphragms have semicircle contours near the holes. It
was assumed that the surfaces of the duct and the baffles are immobile and absolutely
rigid. The fluid flow with the density ρ enters the computational region with the
uniform velocity V1 through the left boundary (x = 0) and leaves it through the right
boundary (x = L). The flow rate is considerably lower than the speed of sound in
the medium c.

For calculations, the values of the geometric parameters of the diaphragms and
the cavity between them were chosen such as in the experiments performed in [5]:
D2 = 6.35 mm, D1/D2 = D3/D2 = 8.16, L2/D2 = 1, L3/D2 = 6. The length
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of the area upstream of the first diaphragm was set to L1/D2 ≈ 7.87, and the total
length of the computational region was taken to be L/D2 ≈ 63.12. The kinematic
viscosity of the medium ν = 1.5× 10−5 m2/s corresponds to the viscosity of the air
at the temperature of 20◦C. The speed of sound in the medium is c = 343 m/s.

It is known that the sources of sound generated by the flow are small compared
with the length of the sound wave [5]. Therefore, the following hypotheses were
accepted: the power of the acoustic oscillations excited by the flow is much less than
the power of the stream itself and the generated sound does not affect the character
of the flow. Due to this, the problem was solved within the framework of the model
of a viscous incompressible fluid.

The main parameter of the problem is the Reynolds number, which can be defined
as Re = V2D2/ν, where V2 is the flow rate averaged over the diaphragm orifice. In
this case, the scale of the length is the diameter of the aperture D2, the velocity scale
is the speed V2, the time scale is specified as D2/V2, and the pressure scale is defined
as the double dynamic pressure ρV 2

2 .
Within the framework of the accepted model, the process is described by the sys-

tem of the non-stationary Navier–Stokes equations, which in dimensionless quantities
in a vector form can be written as

∂U

∂t
+ (U · ∇) U =

1

Re
∆U−∇p ,(1)

∇ ·U = 0 ,(2)

where p is the pressure scalar field, and U is the velocity vector field.
The following boundary conditions for the velocity were set: a uniform flow at

the entry to the computational region, the condition of sticking on the solid surfaces
Σ and the “soft” boundary condition corresponding to the equality of the normal
velocity gradient to zero at the exit from the computational region

(3) U
∣∣∣
x=0

= (V1, 0, 0), U
∣∣∣
Σ

= 0,
∂U

∂x

∣∣∣
x=L

= 0 .
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The research was conducted for four input speed values V1 ∈ {0.08; 0.1; 0.12;
0.14} m/s, which corresponds to the Reynolds numbers Re ∈ {2255; 2819; 3383;
3946}. Thus, the Mach number, which can be defined as M = V2/c, did not exceed
the value of M ≈ 0.027.

For pressure, the condition of equality of its normal gradient to zero was set on the
entire boundary of the computational region, except the exit from the region, where
the constant pressure equal to zero was chosen

(4)
∂p

∂x

∣∣∣
x=0

= 0,
∂p

∂n

∣∣∣
Σ

= 0, p
∣∣∣
x=L

= 0 .

At the initial moment for the first calculation, the medium was motionless:

(5) U(t = 0) = 0, p(t = 0) = 0 .

In the following calculations, under the initial conditions, the pressure and veloc-
ity fields obtained in the previous calculation, corresponding to the formed motion
after the end of the transient processes were set:

(6) U(t = 0) = Upre , p(t = 0) = ppre .

3 NUMERICAL ALGORITHM

The solution of the set problem was carried out numerically using the finite volume
method. In the calculations, the toolbox libraries with OpenFOAM public code were
used. The computational grid was generated with a help of a freely supplied finite-
element mesh generator equipped with the GMSH public code. A non-orthogonal
block structured grid with concentration of nodes near the diaphragms and in their
orifices was used. Figures 2 (a) and (b) show the discretization of the solid surfaces
in the area of the diaphragms and the computational grid in the neighbourhood of
the second aperture in half the longitudinal section of the duct, respectively. The
number of control volumes in the radial direction of the diaphragm orifice is 35 with
the smallest step of 8 · 10−5m near the surface; the number of control volumes in
the azimuthal direction is 72 with the step of 5◦; and the total number of cells is
approximately N ≈ 2.7× 106.

To find the integrals over the control volumes, the generalized Gauss procedure
was used. The normal velocity gradients on the surfaces of the control volumes
required for the determination of the diffusion terms by the Gauss theorem were
computed according to the velocity values in the centroids of the adjacent volumes by
using a second-order scheme. In the non-orthogonal sections of the grid, an iteration
procedure of correction of the errors caused by the non-orthogonality of the grid was
applied [23].
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Fig. 2: Computational region: (a) solid surfaces in the area of the diaphragms; (b)
half the longitudinal section in the neighbourhood of the second aperture.

For the interpolation of the convective terms, the TVD (total-variation diminish-
ing) form of a central-difference scheme for a vector field with a Sweby-type flux-
limiter was used:

(7) UF = (UF )UD + Ψ
[
(UF )CD − (UF )UD

]
,

where (UF )UD is the velocity value on the face of the control volume calculated
according to the first-order upwind difference scheme, (UF )CD is the velocity value
on the cell face calculated according to the second-order central difference scheme.
Ψ is a non-linear flux-limiter defined as a function of the ratio of velocity gradients at
the faces between the control volume and its neighbours upstream and downstream

Ψ (q) = max

(
min

(
2

k
q, 1

)
, 0

)
,(8)

q = 2
(UM −UK) (UN −UM)

(UN −UM)2 − 1 ,(9)

where K, M, N are the three centroids sequentially arranged in the direction of the
flow [24]. In this paper, the coefficient k = 1 is chosen, which corresponds to the
best stability of the calculation.

An implicit three-point asymmetric second-order scheme with backward differ-
ences was chosen as the scheme of the time derivative discretization. For the com-
bined evaluation of the velocity and pressure fields, the PISO (pressure implicit split
operator) procedure was used [25]. For the solution of the constructed system of lin-
earized algebraic equations, PCG and PBiCG (preconditioned (bi-)conjugate gradi-
ent) iterative solvers were used for symmetric and asymmetric matrices, respectively.
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As a preconditioner, DIC (diagonal-based incomplete Cholesky preconditioner) and
DILU (diagonal-based incomplete LU preconditioner based on a simplified incom-
plete LU factorization) were chosen for the symmetric and asymmetric matrices, re-
spectively [26]. A more detailed description of the applied numerical procedure can
be found in [19]. HPC computing resources was provided by the supercomputer
SCIT of Institute of Cybernetics NAS of Ukraine [27].

In order to control the accuracy of the calculations, the velocity field was numer-
ically integrated over the cross sections of the apertures S1 (x = L1 + L2/2) and S2

(x = L1 + 3L2/2 + L3). This controls the condition of medium incompressibility,
which can be represented in the form

(10)

∣∣∣∣∣∣∣
4
∫
Si

Uxds− πD2
1V1

πD2
1V1

∣∣∣∣∣∣∣ < δ, i = 1, 2 .

For the results presented in this paper, the relative error δ did not exceed the value
of 8× 10−3.

In order to identify vortex structures in the three-dimensional flow, the Q-method
was used in this paper. According to this method a vortex is defined as a region in
which the second invariant Q of the tensor∇U is positive

(11) Q =
1

2

(
(tr (∇U))2 − tr

(
(∇U)2

))
=

1

2

(
‖Ω‖2 − ‖S‖2

)
> 0 .

Here S and Ω are the symmetric and the antisymmetric parts of the tensor ∇U,
respectively; ‖Ω‖ and ‖S‖ are the norms of these tensors: ‖Ω‖2 = tr

(
Ω ·ΩT

)
,

‖S‖2 = tr
(
S · ST

)
[28]. The first member of the right-hand side of (11) is responsi-

ble for the rotation of an elementary volume, and the second term is responsible for
its stretching/compression. Thus, in addition to the local rotation in the region, the
Q-method also requires that the rotation dominate the stretching.

4 RESULTS AND ANALYSIS

Two-dimensional model of an axisymmetric flow in the considered duct was investi-
gated in [29]. It was shown that in the range of Reynolds numbersRe ∈ [2678; 4228]
the fluid flow in the region between the diaphragms was non-stationary and was char-
acterized by the presence of an unstable shear layer. The ring vortices formed in the
shear layer impinged on the second diaphragm, and caused oscillations of the veloc-
ity and pressure fields near the aperture. These oscillations were quasiperiodic and
made it possible to estimate the frequency of the excited sound.

Consider now the results obtained within the model of a three-dimensional flow.
Figure 3 shows iso-surfaces of the invariantQ of the tensor∇U for the four values of
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the Reynolds number. The iso-surfaces are coloured in the accordance with the mag-
nitude of the dimensional flow velocity U∗. At Re = 2255, ring vortices are formed
downstream of the second diaphragm, which convect downstream and collapse at a
certain distance from the diaphragm (Fig. 3 (a)). These vortices are almost axisym-
metric. However, vortices do not occur in the region between the diaphragms. That
is, the shear layer becomes stationary after the completion of the transient processes.
Therefore, the tone sound generated by the interaction of the vortices with the solid
surface of the diaphragm is not excited.

With the increase of the Reynolds number to Re = 2819, the ring vortices are
formed in the shear layer when approaching the second diaphragm. Figure 3 (b)
clearly shows that they are asymmetric. Tilt from the duct axis and azimuthal defor-
mation of the vortices are observed. These vortices impinge on the second diaphragm
and cause quasiperiodic oscillations of the velocity and pressure fields in the vicin-
ity of its orifice. In addition, there is a simultaneous fluctuation of the pressure of
the whole medium between the diaphragms. The periods of these oscillations coin-
cide and have the value of T ≈ 1.83 × 10−3 s in this case, which matches with the
oscillation period obtained for the axisymmetric model TS ≈ 1.83 × 10−3 s [29].
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Fig. 3: Iso-surfaces of the second invariant Q of the velocity gradient tensor∇U: (a)
Re = 2255, Q = 0.016; (b)Re = 2819, Q = 0.025; (c)Re = 3383, Q = 0.054; (d)
Re = 3946, Q = 0.117.
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Consequently, in spite of the difference between the local features of the axisym-
metric and the three-dimensional flows, the integral characteristics of the medium
self-oscillations coincide.

Figures 3 (c) and 3 (d) show the iso-surfacesQ in the neighbourhood of the second
aperture. With the increase of the Reynolds number to Re = 3383, the flow structure
remains similar to the previous case. Figure 3 (c) clearly shows as after the collision
of vortices with the diaphragm, their parts spread radially into the cavity. In this
case, the oscillation period is T ≈ 1.53 × 10−3 s, which is also consistent with the
period obtained for the axisymmetric model TS ≈ 1.52 × 10−3 s. At Re = 3946,
the flow in the region between the diaphragms is turbulent. The formation of ring
vortices in the shear layer is preserved, but they begin to collapse as they approach
the second diaphragm (Fig. 3 (d)). As a result, the formation of the ring vortices in
the shear layer loses its periodicity. In this case, the acoustic oscillations take a noise
character. Quasiperiodic oscillations were still observed at this flow velocity in the
case of the axisymmetric model. This result is natural because the three-dimensional
flow is less stable than the axisymmetric flow.

Figure 4 shows dimensional pressure fields p∗ in the longitudinal section of the
duct in the vicinity of the second aperture for four time moments t̃ during a one period
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Fig. 4: Pressure fields p∗ in the longitudinal section of the duct in the vicinity of the
second aperture at Re = 3383: (a) t̃ = 0; (b) t̃ = T/4; (c) t̃ = T/2; (d) t̃ = 3T/4.
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of oscillations T at Re = 3383. The regions of low pressure upstream from the
second diaphragm correspond to the ring vortices. Between the vortices the regions
of high pressure are observed. Figure 4 (a) shows the moment of the minimum total
pressure in the cavity at the beginning of the oscillation period at t̃ = 0. Hence,
when the vortex impinges on the diaphragm surface, the total pressure in the cavity is
reduced. After the destruction of the vortex, when its part passes through the aperture,
the pressure begins to increase (Fig. 4 (b)). When the next vortex approaches the
diaphragm, a high pressure zone is established between the vortex and the diaphragm,
resulting in an increase in the total pressure in the cavity. Figure 4 (c) shows the
moment of the maximum total pressure at t̃ = T/2. When the vortex convects closer
to the diaphragm, the high pressure zone decreases gradually and the total pressure
falls (Fig. 4 (d)).

The obtained results are in good agreement with experimental researches and nu-
merical simulations of other authors. In particular, an asymmetry of the flow in a
hole-tone system with the absolute geometric axial symmetry was observed in [18].
The azimuthal deformation and slight tilting of ring vortices in the shear layer were
noticed. However, the authors noted that the asymmetry was much less apparent
in the pressure fluctuation fields, and therefore they neglected the effects of inhomo-
geneity in the azimuthal direction. At the same time, it was shown that the magnitude
of the asymmetry depends on the geometric parameters of the system and develops
with the increase in the flow velocity [7].

It should be noted that, the acoustic feedback, which may arise due to the exci-
tation of standing acoustic waves in the duct both downstream and upstream of the
diaphragms, is not investigated in this work. It is known that such a resonance can
determine the characteristics of self-sustained oscillations [6, 12]. In this regard, the
obtained self-oscillation frequency at Re = 3383 is higher than the sound frequency
fexp ≈ 540 Hz in the experiment [5]. At the same time, at Re = 2819, the frequen-
cies of the oscillations are much closer to each other (fexp ≈ 525 Hz).

5 CONCLUSIONS

Numerical simulation of the three-dimensional flow of viscous incompressible fluid
in a cylindrical duct with two diaphragms was carried out. The solution was based
on the finite volume method using second-order accurate in both space and time
difference schemes. For the interpolation of the convective terms, the TVD form of a
central-difference scheme with a flux-limiter was used. The combined calculation of
the velocity and pressure fields was carried out using the PISO procedure.

An analysis of the properties of the flow in the region between the diaphragms
was carried out, depending on the flow velocity. It was shown that under certain
conditions a series of ring vortices is formed in the shear layer that cause quasiperi-
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odic oscillations of the pressure field in the vicinity of the second aperture. These
oscillations may serve as a source of sound in the duct. It was also shown that the
three-dimensional flow is essentially asymmetric, despite the axisymmetry of the ge-
ometry of the system, as well as the boundary and initial conditions. However, the
integral characteristics, such as the frequency of the formation of ring vortices in the
shear layer and their impinging on the surface of the second diaphragm, as well as the
fluctuation of the total pressure in the medium between the diaphragms, practically
coincide with the model of an axisymmetric flow.

The results are in good agreement with the results of other authors. Calculated val-
ues of the velocity and pressure fields give an opportunity to estimate the frequency
of excited acoustic oscillations and can be used to study the acoustic field.
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