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A BSTRACT: The present study concerns the mechanical properties assessment
of porous media with a moderate porosity of a closed-cells type. On the base
of the generalized mixture rule coupled with a size-sensitive variant of MoriTanaka theory the new explicit formulae are obtained. The elastic characteristics and the initial yield stress of a porous composite are calculated by two
models, accounting for pore sizes. In both model variants the matrix is considered as a micropolar centrosymmetric medium. The size effect predicted
depends on the ratio between the mean pore size/ the matrix intrinsic length. It
is stronger if the pores are very small, but always remains limited.
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I NTRODUCTION

Accounting for the influence of sizes on the properties of porous composites is carried out in two different aspects. The first aspect is related to the influence of the
size of porous samples during registration of material characteristics, and the second
one – to the study of the influence of the pores size in the representative volume of
the porous composites and pores size distribution on thermo-mechanical and other
physical properties [1–4].
Essentially, this study is a continuation of the work [5] aimed to develop models
capable to take into account the size effects of the second type. For this purpose, the
phenomenological approach of Generalized Mixture Rule (GMR) [6,7], which is well
established for the description of the elastic moduli of porous materials of different
nature is associated with the size-sensitive version of Mori-Tanaka method [8, 9].
Two homogenization models are obtained and they give vastly different estimates of
the studied moduli. Since the presented models have a clear analytical description,
it is easy to compare them with the models suggested by other authors, for example,
those presented in review articles [10, 11].
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M ODELLING

A closed-cells porous material is considered as a two-phase composite based on a
micropolar centrosymmetric matrix, containing randomly distributed spherical inclusions (pores) with average diameter Di . In this section two size-sensitive homogenization models SSGMR1 and SSGMR2, based on GMR will be presented. After
homogenisation procedures the overall material is supposed to be a classic isotropic
Cauchy one.
2.1

E LASTIC STATE

The following elastic constitutive equations are valid for the matrix [12]:
(1)

σ 0 (ij) = 2Gm ε0 (ij)

σ<ij> = 2κε<ij>

σ(kk) = 3Km ε(kk)

0
m0(ij) = 2βk(ij)

m<ij> = 2γk<ij>

m(kk) = 3N k(kk) .

The stress and strain measures are σij = σ(ij) + σ<ij> ; εij = ε(ij) + ε<ij> , couple
stress and curvature tensor mij = m(ij) + m<ij> ; kij = k(ij) + k<ij> , respectively.
The symbol {...}0 ij is a notation for a tensor deviator; (...) and < ... > in the subscripts denote symmetric and anti-symmetric parts of a tensor. Cauchy and Cosserat
constants of the matrix are related by the following equations [9]:
lm 2 = β/Gm = γ/κ ,

(2)

κ/Gm = γ/β = p .

If p = 1 one gets a simpler variant of the theory, where:
κ = Gm ,

(3)

γ = β = lm 2 Gm ,

N = lm 2 Km ,

lm is an internal length of the matrix and the index m is set for the matrix properties.
The basic idea of the GMR is expressed by the assumption that a particular overall
property Mc of the two-phase porous composite can be presented by the power law
Mc J = (1 − c)Mm J ,

(4)

where J is a model parameter, which depends on matrix, composite microstructure
and on other manufacturing conditions. Usually the parameter J is experimentally
fitted. Our approach presumes this parameter to be linked to the size-sensitive variant
of Mori-Tanaka theory (SSMT) [9] for the bulk and shear moduli, respectively
Km C
,
3(1 − C)
1−
3 + 4Gm /Km
Gm C
= Gm −
,
1 − (1 − C)(bm − b0i )

KSSMT = Km −
(5)
GSSMT

bm =

6(Km + 2Gm )
.
5(3Km + 4Gm )
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The size-sensitive parameter b0i depends on the micropolar properties of the matrix
material and on the pore diameter Di :
b0i =
(6)

6p
Ri (ηi ) ,
5 (p + 1)


Ri (ηi ) = e−ηi ηi−2 + ηi−3 (ηi cosh ηi − sinh ηi ) ,
√
p Di
.
ηi =
(p + 1) lm

In general, 0 ≤ b0i ≤ 2/5.
Following the condition:
(7)

0
Kc 0 (0) = KSSM
T (0),

Gc 0 (0) = G0SSM T (0)

( (...)0 means a derivative with respect to porosity C) one gets for the model variant
SSGMR1:
(8)

αK(SSGMR1) = αK (1) = 3(1 − νm )/{2(1 − 2νm )},
αG(SSGMR1) = αG (1) = 15(1 − νm )/{(7 − 5νm ) + 15(1 − νm )b0i };
Kc(1) = Km (1 − C)αK

(9)

(1)
(1)

αG
G(1)
.
c (Di ) = Gm (1 − C)

The model parameters for the variants SSGMR2 are obtained supposing that:
αG(SSGMR2) = αG (2) = αG (1) .

(10)

On the other hand, if we simplify the classical dependence of Poisson’s ratio on bulk
(2)
(2)
(2)
(2)
and shear moduli νc = νc [Kc , Gc ] through the linear approximation about
porosity up to C → 1 and supposing that αK(SSGMR2) − αG(SSGMR2) > 0, then
(2)

νc (C = 1) = −1 and
(11)

(12)

αG (2) = 15(1 − νm )/{(7 − 5νm ) + 15(1 − νm )b0i },
αK (2) = 3/(1 − 2νm ) + 15(1 − νm )/{(7 − 5νm ) + 15(1 − νm )b0i };
Kc(2) (Di ) = Km (1 − C)αK

(2)

(2)

αG
G(2)
.
c (Di ) = Gm (1 − C)

The dependence of parameters αG (1) , αK (1) and αG (2) , αK (2) on matrix Poisson’s
ratio at different values of b0i are illustrated on Fig. 1: It is interesting to note that
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Fig. 1: Influence of matrix Poisson’s ratio on the exponents for the models SSGMR1
and SSGMR2.
the other two important overall elastic constants – Young’s modulus and Poisson’s
ratio – depend on the difference αK (i) − αG (i) , i = 1, 2, which is for different model
variants, respectively:
αK (1) − αG (1) < 0 , − 1 < νm < νm ∗ ,
αK (1) − αG (1) = 0 , νm = νm ∗ ,
(13)

(14)

αK (1) − αG (1) > 0 , νm ∗ < νm < 1/2 ,
1 − 5b0i
, − 1/3 ≤ νm ∗ ≤ 1/5 ,
νm ∗ =
5(1 − b0i )
3
αK (2) (Di ) − αG (2) (Di ) =
> 0.
1 − 2νm

In Fig. 2 and Fig. 3 the behaviour of the relative overall Young’s modulus according to models SSGMR1 and SSGMR2 at porosity changes is plotted for two matrix
materials. A matrix with Poisson’s ratio νm = 0.14 (like SiC) belongs to the group
of brittle materials, see Fig. 2, whereas a martix from Fig. 3 with Poisson’s ratio
νm = 0.4 (like Pd alloy) usually demonstrates high ductility.
Existing models for homogenization of porous media, describing changes in the
stress-measured main elastic moduli , give more or less similar descending curves
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Fig. 2: Dependence of the relative Young’s modulus on porosity, νm = 0.14. Experimental data on porous SiC [13].

Fig. 3: Dependence of the relative Young’s modulus on porosity, νm = 0.4. Experimental data on porous Pd glass [14].
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Fig. 4: Dependence of Poisson’s ratio on porosity, according to Mori-Tanaka theory,
(SSMT, b0i = 0).

Fig. 5: Dependence of Poisson’s ratio on porosity, according to size-sensitive MoriTanaka theory [9], (SSMT, b0i = 2/5).
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Fig. 6: Dependence of Poisson’s ratio on porosity, according to differential MoriTanaka theory, (SSDMT, b0i = 0).

with increasing porosity, for example see [11, 15]. These curves are determined by
the initial matrix moduli and by zero values at high porosity up to unity. However,
the situation with the prediction of the behaviour of Poisson’s ratio with increasing
porosity, see [16], is still very ambiguous, especially in the absence of sufficiently
experimental data.

Fig. 7: Dependence of Poisson’s ratio on porosity, according to size-sensitive differential Mori-Tanaka theory [17] (SSDMT, b0i = 2/5).
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Fig. 8: Dependence of Poisson’s ratio on porosity, according to the present model
SSGMR1 at b0i = 0.

Fig. 9: Dependence of Poisson’s ratio on porosity, according to the present model
SSGMR1 at b0i = 2/5.
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Fig. 10: Dependence of Poisson’s ratio on porosity, according to the present model
SSGMR2.

To illustrate this variation, predictions of Poisson’s ratio are presented for 6 different theories. Figure 4 shows the change in Poisson’s ratio according to the classical
Mori-Tanaka model, Fig. 5 – according to size-sensitive Mori-Tanaka model (SSMT),
Fig. 6 and Fig. 7 represent differential Mori-Tanaka and differential size-sensitive
Mori-Tanaka model (SSDMT) [17], respectively. Curves obtained from SSGMR1
model are shown in Fig. 8 and Fig. 9. For clarity, only the limiting cases b0i = 0
(no size effect), and b0i = 2/5 (maximal size effect) are demonstrated. Finally the
data linked to SSGMR2 are plotted in Fig. 10. In this variant Poisson’s ratio does
not depend on b0i , see (11). On all cited figures the curves (1)–(6), (7) correspond
to composites with different matrices and have been numbered following decreasing
value of the initial Poisson’s ratio.
2.2

I NITIAL PLASTIC STATE

At the present stage of research, we do not have a goal to derive a model describing
the whole complex process of deformation of porous materials beyond elasticity. We
restrict ourselves to determining the conditions for the onset of inelastic flow of a
composite in terms of macro-stresses.
So, it is accepted that the non-elastic state of the porous composite will occur
when a certain equivalent stress averaged over the matrix volume in the RVE reaches
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the yield strength of the matrix. Next, we follow the deriving procedure for the
plasticity condition presented in [5], but with an accent on the fact that in our case
the matrix is a material of Cosserat type.
Thus, the obtained new plasticity conditions repeat the previously derived equation in form and differ significantly in the values of parameters A and H. The current conditions depend not only on the concentration, but also on the size of spherical
pores. A(i) (Di ) and H(i) (Di ), i = 1, 2 denote the parameters of corresponding yield
condition for SSGMR1 and SSGMR2:
3
Σkk 2
Sij Sij + A2(i)
= H 2(i) σpm 2 ,
2
9

(15)
where

"
A2(i) = 2 "

H 2(i)

Kc (i)
(1 − C) −
Km

#
Gc (i)
#

2
2

Gc (i) Kc (i)
(1 − C) − 32
Km


2 Gm
(1 − C) 1 − 3
2
Km Gc (i)
"
#
=
;
(i)
Gm 2
2 Gc
(1 − C) − 3
Km

;

i = 1, 2.

The conditions (15) are applicable, if νm > 0 . Substituting the uniaxial compression/ tension macro-stress state, relation (15) can be used for prediction of the
corresponding yielding point σ 1 pc(i) :
(16)

3

σ 1 pc(i)
3H(i) (νm , b0i , C)
=q
.
σpm
9 + A(i) 2 (νm , b0i , C)

N UMERICAL S IMULATIONS

In this section some results will be discussed on the view point of the practice applicability of the model variants suggested. As it was shown in section 2 the estimates given by the model SSGMR2 are much lower than those obtained by means
of the model SSGMR1. Therefore, Fig. 11 represents the results for the Young’s
modulus associated only to the model SSGMR1, SSDMT model [17] and some
analytical models of other authors obtained at different times, especially Archie’s
moodel [20], Gibson-Ashby’s model [21], one of Pabst-Gregorova’s variants [15]
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Fig. 11: Dependence of the relative Young’s modulus on porosity, νm = 0.33,
corresponding to SSGMR1, other analytical models and experiments on Alporas
foam [11].
and Phani-Niyogi’s model [22]. The experiments carried out by [23] for one of the
most popular foams based on aluminium - Alporas -are shown also on the same figure. Together with other comparisons (for porous palladium alloy [14], see Fig. 3;
for a porous material based on titanium [18], see Fig. 12 and for a nickel foam [19],
see Fig. 13) these results give reason to argue that the model SSGMR1 is comparable
to other well-known models, and predicts acceptable estimates of elastic properties
over a wide range of porosity.
Regarding Poisson’s ratio for closed cell porous materials, there exist a few experiments published, which cover more or less wide porosity interval. With this background, we chose to illustrate the possibilities of the model SSGRM1 by comparing
our data with experiments on porous uranium oxide (UO2 , νm = 0.32), which show
a downward curve with an increase in porosity [24], see Fig. 14, and comparisons
with experiments on porous sand (SiO2 , νm = 0.159) from [7], where a tendency for
a slight increase of Poisson’s ratio is reported, see Fig. 15.
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Fig. 12: Relative Young’s modulus v/s porosity. Comparison among limiting cases
of SSGMR1 and experiments on Ti-based foam [18].

Fig. 13: Relative Young’s modulus vs. porosity. Comparison among limiting cases
of SSGMR1 and experiments on Ni-based foam [19].
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Fig. 14: Poisson’s ratio vs. porosity, νm = 0.32. Comparison among limiting cases
of SSGMR1 and experiments on porous uranium dioxide [22].

Fig. 15: Poisson’s ratio vs. porosity, νm = 0.159. Comparison among limiting cases
of SSGMR1 and experiments on porous sand (SiO2 ), [6, 7].
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C ONCLUSIONS

The juxtaposition between the theoretical data and the experiments shown on the
figures from Sections 2, 3 confirms the previously noted tendency [15], that it is very
difficult to cover the entire porosity change interval with one model, especially when
varying the properties of the matrix over a wide range.
Based on the foregoing, we assume that SSGMR1 model is more appropriate for
metal-based composites, and SSGMR2 model is more suitable for materials with
lower Poisson’s ratio . It should be noted that about 80% of the experimental data
known to us which has been obtained from a wide variety of porous media fall between the predictions from SSGMR1 and SSGMR2. The correct analytical description of Poissons ratio behaviour for porous composites is still the most challenging
task.
In the case of a two-phase porous composite due to the fact that commonly accepted lower theoretical bounds for the bulk and shear moduli are simply zero, model
SSGMR2 can be used as a kind of a ’lower’ bound for those properties. At the very
least, as far as we know, the estimates associated to the model SSGMR2 are the
lowest of all known in the literature.
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