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ABSTRACT: The developing potential applications of fractional calculus in
science and engineering excites many researchers because it can describe dif-
ferent nonlinear phenomena. In this present work, we have studied another
physical implication of the fractional operator on the spring-mass model. We
derive the fractional equation of motion by considering a fractional action-like
integral via the fractional operator and obtaining a fractionally-modified Euler-
Lagrange equation with fractionalized Lagrangian function. We have shown
that the dissipative effect due to the fractional operators generates an entropy
proportional to the fractional-order v.

KEY WORDS: entropy generation rate, fractional oscillator, fractional deriva-
tive, nonsingular kernel.

1 INTRODUCTION

These past years can be regarded as the golden era of the fractional calculus be-
cause of its tremendous applications and developments in science and engineering.
There are numerous pieces of evidence on the applications of fractional calculus in
real-world systems, fractional derivatives give more advantages compared to classi-
cal integer derivatives because of the convolution of a memory function and a first
derivative, in which, more memory effects are accessible [1-5]. In the application of
fractional calculus in modeling an oscillatory system, literature shows an increasing
report in the past years. In 2001, Anchar et. al [6] investigated the motion of har-
monic oscillator and give a fractional model-based Mittag-Leffler function, together
with the response and damping characteristics [7, 8]. In 2015, Gomez-Aguillar [9]
reported the analytic and numerical solution of a spring-mass-damper system under
fractional differentiation and experimental work on the evaluation of viscous damp-
ing coefficient in fraction underdamped oscillator was conducted by Escalante et.
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al [10]. On the other hand, the entropy generation rate (EGR) was first established
by [11] which aims to analyze the thermodynamic foundation in real engineering de-
signs. EGR has gained attention, especially in a mechanical system since the basic
concept was established from the second law of thermodynamics to analyze how the
system behaves from its ideal state [12]. In 2015, Sunar et. al [13] used the concept
of EGR in analyzing the damped oscillatory system and the result shows that the en-
tropy generated is highly dependent on the damping coefficient.

It is the novel goal of this work to study the dissipative effect of the nonsingular ker-
nel fractional derivative, namely, the Caputo-Fabrizio fractional derivative operator
on the spring-mass system and to study the arising entropy generation rate. We also
aim to discuss that the entropy generation is possible without the damper attached
on the system ( which is physically acceptable since in real-world system), and we
should expect an internal friction-like term that leads on a non-conservative effect.
We believe that the imposed dissipative effect due to the fractional operator implies
the internal friction of a physical system. This is proven when the entropy generation
rate arises on the system. Additionally, the solution of a forced oscillator will also be
investigated.

2 PRELIMINARIES
2.1 CAPUTO-FABRIZIO OPERATOR

In this preliminary, we will present the definition of the imposed fractional derivatives
with the non-singular kernel. The new fractional derivative with nonsingular kernel
can be defined, and it is called Caputo-Fabrizio fractional derivative [14], given by
the definition:

Definition 1. Letf€ H'(a,b), b > a, v € (0, 1], then the Caputo-Fabrizio fractional

derivative is defined as
c) [, v
1 —V/a f'(s)exp —:(t— s) | ds,

where C(v) is the normalization function such that C'(0) = C(1) = 1.

(1) CEDYf(t) =

For more details about the property of this derivative, see [14].
However, Losada and Nieto [18] showed the explicit form of the equation (1) as

@ o =P [ e (<19 ) s

where they also write the fractional integral counterpart of (2), given by the definition
below.
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Definition 2. [18] Let g(t) = ©F DY f(t), then the fractional integral of order v is
given by

2(1 — I/) 2 t / /
(2 - I/)C(I/)g(t) t (2 _ V)C(I/) /a g(t )dt ,

where C(v) is shown to be C(v) = 2/(2 — v).

3 FIvgt) = f(t) =

Note that the classical definition of calculus is recovered if v — 1. For more
details about the Caputo-Fabrizio fractional derivative, we refer to papers [15,18,19].
We continue the rest of this work with the considerations C'(v) = 1 and a = 0.

2.2 ENTROPY RATE GENERATION

The state of any dynamical physical systems in physics and engineering, at either
macroscopic or microscopic scales, can be described by the laws of thermodynam-
ics to serve as an analysis in both quantity and quality of the system [12]. A closed
system’s environment can be defined initially by a state at temperature 7j(K) and
its interactions with other system through the energy exchange and its entropy. The
simple process of a system is defined between its states 1 & 2, where there is an ex-
change of energy and entropy. Additionally, internal energy, heat, and work are also
interchangeable between the interaction of the system with its environment. Hence,
the first and second law of thermodynamics for any closed system are expressed as

2
@) AUz = [ (W +6Q),
1
2 5@
(5) ASl—>2 = Sgen +/1 ? )

where Sgey is the entropy generated from state 1 to state 2, which also an indication
that the system has irreversibility property. In an inherent process, Sge, must always
be positive and for Sgep, = 0, an ideal system is described.

Now, substituting equation (4) onto (5) through 6@ and let the temperature ap-
proaches to the room temperature 7y(K), we get the expression of the generated
entropy

1 2
(6) Sgen = AS1 52 — T + / (OW 4+ AU _,9) .
1
Note that the external energy AU;_,5 is an energy that varies with time. In a complete
mechanical system under consideration, AUj_,2 is entirely comprise by the kinetic
energy (K E) and potential energy (PF) changes. Consider that any type of energy
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exchanges are ignored, such as heat transfer, heat flux and the net work produced,
and done by the system is constant, we can express the entropy generation rate as

. 1 (dKE dPFE
@) Seen =~ (dt * dt> |

Equation (7) is also known as a Guoy-Stodola theorem [11], which is the direct rela-
tionship of the entropy generation rate, the over-all power and the which is a conve-
nient way of analyzing the entropy generated by the system than the temperature.

To understand the energy exchange and the entropy generation rate of the system
model, we need to determine the total energy of the system without any external force
F(t) = 0. The total energy of such mechanical system is given by

®) U(t) = %kxz(t) + %MUQ(t) ,

where the first and second term are the potential energy and kinetic energy of the
system. Plugging equation (6) onto equation (7), the entropy generation rate is given
by

2
9) Seen = M <w2z(t) + ‘;;) o(t).

For a macroscopic mechanical system, the entropy generation rate (9) best describe
the energy dissipation of a damped system. From the work of Sunar et al. [13],
the classical equation of motion for a damped oscillator were considered and the
corresponding entropy generation were discussed. It has been proven that the en-
tropy generation rate of a mechanical system model, such as the damped oscillator, is
highly dependent to the damping coefficient [13,22]. Zero entropy is acquired for an
undamped system [22]. In the subsequent sections, we consider a classical oscilla-
tor in fractional regime using fractional derivative. As mentioned earlier, undamped
oscillator gives zero entropy generation.

In the fractional scheme, entropy generation rate arises from the system, as an
initial hypothesis of this work, due to the dissipative effect of the imposed fractional
derivative operator [24-26].

3 FRACTIONALLY-MODIFIED EULER-LAGRANGE EQUATION

In this section we will present the fractional action-like integral in the framework of
the nonsingular fractional derivative, using the fractional integral (3) counterpart to
formulate the Euler-Lagrange equation. With the help of calculus of variation, we
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will first define a generalized path coordinate ¢(¢) with the variational principle, and
we parametrize the path coordinate as

(10) q(B,t) = q(0,t) + Bn(t),
such that n(t,) = n(ty) = 0, and ¢(0,t) = q(¢).

Proposition 1. If q is an extremizable path, then applying the fractional derivative
operator (2) to the parametrized path coordinate (10), we have

(11) “FDyq(8,t) = “FDyq(0,t) + B ¥ Dyn(t).

We also recall the definition of fundamental theorem of the calculus of variation,
which is very important in the development of this work.

Definition 3. For any arbitrary continuous function 1n(t) up to its second derivative,
and if
tp

(12) G(t)n(t)dr =0,

la
then G(7) must identically vanish in the interval [t tp).

Now, we can formulate the fractional action-like integral in the variational prob-
lem in the subsequent definitions.

Definition 4. Suppose we have a continuous manifold T and let the L be a classical
Lagrangian function L = L(q(t),§(t);t) : ®3¢ — R, d > 1. So, for any smooth
path q : [tq,ty] — T with a fixed boundary condition. We define the fractional action
integral under the nonsingular kernel scheme as:

(13) “FS gl = “FIY (L(q(t),4(): 1))

Definition 5. Let the fractional Lagrangian function be L = L(q(t), *D"q(t);t) :
R34 — R, then we can write the fractional action integral under nonsingular kernel
scheme as with fractional Lagrangian function as

(14) “FSvlq) = “FI” (L(q(t), “F D q(t);1)) .

According to the definitions presented above, it shows that the Lagrangian can
be formulated, classically or fractionally (10-11). The presented definitions (6) and
(7) shows the action-like integrals for the classical and fractionalized Lagrangian
functions, respectively. However, in the case of the classical formulation of the La-
grangian function, the resulting Euler-Lagrange equation is in classical form despite
applying the fractional integral [23]. We present the next theorem for the fractionally-
modified Euler-Lagrange equation.
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Theorem 3.1 (Fractional Euler-Lagrange equation). If q : [ta, tp] — T is the extrem-
izable path coordinate of the fractional action-like integral in the fractional space
with fractional Lagrangian function L, = L,(q(t), ¥ Dq(t);t) : R3¢ — R, then
the Euler-Lagrange equation is fractionalized with the form

3L CF v 8[/ o
a o [ (5] =0

Proof: We can express the fractional action-like integral with fractionalized La-
grangian function as
(16)

F5%q) = (1—-a) (Lala(t), “"Diq(t);t)) +a/0t (Lala(s), “'Dga(s);s)) ds,

using Definition 5. The second term on the right-hand side of (16) can be simplified
using the integral-by-parts method under fractional calculus and it can absorb the
first term since Lo (q(t), “F Dq(t);t) is not explicitly dependent to time and by
applying the variational principle, we can get (16) under Proposition 1. For more
details, please see [23]. ]

The obtained fractionally-modified Euler-Lagrange equation generalizes the clas-
sical form with the fractional formulation of Lagrangian function. As a goal of this
study, we will consider a fractional Lagrangian function of a harmonic oscillator of
the form

1 2 1
(17) Ly =5m( “Fprat))” - Sha?, wherem >0 & k > 0.
The derivation of the fractional equation of motion will be discussed in the next sec-
tion, together with the presentation of the reduction to ordinary differential equation
of the obtained fractional equation of motion and its corresponding entropy genera-
tion rate.

4 RESULTS AND DISCUSSIONS

In previous sections, we presented the fractional Euler-Lagrange equation under the
Caputo-Fabrizio fractional derivative with fractionalized Lagrangian describing a
harmonic oscillator. The established notion of the consequences in utilizing Caputo-
Fabrizio is widely studied in [9,10,25,26], which the kernel imposed leads to a dissi-
pative effect on the system. In this section, we will also study the known dissipative
effect of the fractional derivative with non-singular kernel imposed on a fractional
oscillator and applying Theorem 3.1 and considering the fractional Lagrangian func-
tion (17). We shall discuss the implication of the imposed memory kernel by solving
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the resulting fractional differential equation, that describe fractional oscillator, via re-
duction to ordinary differential equation and using the concept of entropy generation
rate. In addition, the solution of the forced fractional oscillator is also studied. We
present the main result of this work in the subsequent discussion.

4.1 EGR AND SOLUTION OF FRACTIONAL OSCILLATOR

Considering an unforced oscillator, we aim to utilize the presented fractional Euler-
Lagrange equation to study further the fractional oscillator and the arising EGR.
Starting from fractional Lagrangian function (17) and Theorem 3.1, we get the frac-
tional equation of motion

(18) CED2a(t) + wa(t) =0,

where w,, = \/k/m is the natural frequency of the oscillator. Obviously, the classical
model for harmonic oscillator is obtained for v — 1. Now, in order to solve this
differential equation, we use the reduction to ODE method by applying the fractional
integral, twice, in equation (18) to yield the integral equation,

(19) z(t) + w2 CF I e(t) =0,

we can further write (19) as

(20) =(t) +w,21{(1 —v)?2(t)+2v(1 —v) /Ot x(s)ds +v° /Ot ds /Osx(u)du} =0

provided that x(0) is constant and that the integrals exists. Performing a direct appli-
cation of classical derivative, the fractional differential equation (18) can be expressed
as a second order ODE of the form

2w2v(1 —v) | w2v?

1) j&(t)+1+(1_V)2x(t)+1+(1_,/)2

z(t) = 0.

We have reduced the fractional differential equation (18) to (21) where the direct
consequence of the kernel of the derivative is shown in the second term of (21).
Looking at (21), the damping-like term emerges that causes the dissipative effect
on the dynamical system. In the best of our knowledge, this explicit form of the
dissipative effect has not been reported previously on the fractional oscillator. Salti
et al. [20] presented the investigation of a differential equation with order 5 = 1 + v
and they also obtained a second-order ODE, but not similar to our result (21). The
results presented in this work describes a more accurate physical system because of
the illustrated fractional Euler-Lagrange equation, which (18) was drawn.



26  Entropy Generation Rate Arising from Fractional Oscillator Model with ...

Now, since the derived auxiliary equation of motion (21) have the same form with
those in damped oscillation, we present the solution of the form

w2v(l—v)
(22) l’(t) = Xexp (—mt) COS ((U;lt + @ZJ) y
where X is the amplitude and
(23) Wl = \/1 14+ w2)(1—v)2.

1—|—

Clearly, for v — 1, the solution (22) reduces to the classical solution. In this for-
mulation, we can not get the critical and over-damped type of damping. The only
resulting allowed damping from this formulation is underdamping case. To test this,
we present the figure below. For any varied value of the fractional order v,we can
see the dissipative effect and it is noticeable that the oscillation becomes classical
oscillation and lowering the v makes the oscillation more damped.

Next, we present the corresponding entropy generation rate of the system pre-
sented above. From equation (9), the entropy generation rate is written as

(24) S(t) = _T% (w2a(t) + (1)) @ (t).

Substituting equation (21) to (24), we have

. v — U 1/2
25 S(t) = jlfo (Mx(t) + (1—1—(1—1/)2 _ 1) x(t)) i(#).

—_—u=0.75
s 1, = (1,85
v=0.95

—_—r=10

x(t)

() (b)

Fig. 1: Displacement of fractional oscillator under nonsingular fractional derivative
operator.
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Clearly, the entropy generation rate is highly dependent to the fractional order. The
acquired equation (25) is one of the important effect on the dynamical system under
the fractional regime with nonsingular kernel. Simulation were carried out consid-
ering a unit mass and a constant natural frequency w, = 0.73 Hz with an initial
displacement and velocity z(0) = 1, v(0) = 0, respectively. In Figs. (1a) and (1b),
displacement of the fractional oscillator under the nonsingular kernel derivative is
shown.

The validation of the said speculation of the fractional oscillator is shown via
Fig. (2), where we plot the phase diagram of the system. Clearly, the analysis is con-
stant for v — 1, which we can get the classical model. The effect of the fractional
operator on the system allows it to manifest a dissipative behavior, like an external
friction in the case of fractional oscillator. This is actually an already established
notion as one of the advantages of fractional derivative operator. However, its impli-
cations on the dynamical system need more attention, such as the reversibility of the
system. To give further analysis, we present the theory of entropy generation rate of
a mechanical system (25). The dynamic response of the fractional oscillator will be
studied, which arises due to the fractional operator.

=075
— 1> = (.85
v=0.95
— =100
T
06
08 )
1 0.5 o 0.5 1

Fig. 2: Phase diagram of the fractional oscillator model.

The entropy generation rate of the fractional oscillator model system was deter-
mined by carrying out the total energy of the system from its dynamical response
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—

Fig. 3: Entropy rate generation of the fractional oscillator with the given values of v.

under the non-singular fractional derivative. The physical consequence of applying
the fractional derivative operator is manifested by the underdamping-like effect on
the system which generates an entropy. In Fig. (3), we presented the sample simula-
tion of the entropy rate generation of the fractional oscillator. Clearly, the plot shows
an interesting point, where decreasing the fractional order v increases the entropy
generation rate, while for increasing v, the entropy generation rate decreases. Notice
that equation (21) suggests a larger irreversible signature when v decreases, which
supports the mentioned statement in the previous sentence.

4.2 SOLUTION FOR FORCED FRACTIONAL OSCILLATOR

Next, we consider the forced oscillator of the form

(26) CED2 (1) + w2a(t) = F(t),

where F(t) is dependent to the driving force. We can get the solution of fractional
forced oscillation by using the reduction to ODE method via the application of frac-

tional integral counterpart of the operator (2). We can express (26) as

27) (1) +wpl e (t) = I F(t),
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which can be simplified as

2w2v(1 —v) . w2v?

(28) E(t) + mx(t) + mx@) = f(t),
where
29) (1) (1—-v)? dF(t) 2v(l —v) dF(t) v? F(t).

T1+(1-v)2 a2 T 1+(1-v)? dt | 1+(1-v)?

Assuming that F'(t) is continuous up to its second derivative. Clearly, the forced
fractional oscillator can be expressed as a forced damped vibration which the solution
can be easily shown. However, we show the analysis for the effect of the fractional
order v. Before we show the solution(s), we must evaluate the discriminant of the
auxiliary equation of motion

L 4w wi(1—v)?
(30) Mv,wn) =174 o2 [ - 1+<1—u>2]

and different solution may be obtained, depending on the sign of M. For simplicity,
we let

N = 2w2v(1 —v) Wi
TIra-v2 P i (a-v)2
so that we can write (28) as
(31) Z(t) + Ma(t) + dex(t) = f(¢).
Now, consider the discriminant M/ = 0, then we can derive the corresponding solu-
tion with natural frequencies w, = 0 and w,, = 1?&;)”2)2. Obviously, the general

solution of auxiliary equation of motion can be written as

t t
M o -7/ -7/
B(t)=ce t{zl /0 Tf(7)e 2dr +t <z2 ~l—/0 f(r)e 2d7') },

where 21 and 29 are constants which can be obtained by imposing an initial condition.
Clearly, for the case of w,, = 0, the solution yields

(33) 2(t) = 21 — /0 TR <ZQ + /O t f(r)d7> ,

which is the solution of the Newton’s second law of motion considering that f(¢) is

. . . . 2
continuous and has a physical meaning. In addition, for the case of w,, = 1J(rl(iy)”2) ,

the general solution yields

(34 z(t) = e%t{zl — /t Tf(r)e TV dr 4+t <22 + /t f(T)eluVTdT> }
0 0
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Looking at this different analytical solution, the fractional order has a huge impact on
the system since it can give a whole new point of view. However, it is an interesting
notion since the natural frequency is found to be connected with the fractional order,
which gives a clearer physical of the effect of nonsingular kernel derivative. For
further generalization of the solution, we assume M > 0 so that it yields

(35) ﬂf(t) — 6)\1t/2 {ylemt/Q +y2e—mt/2}

A2 eVMt/2 rt gV e VM2 gt VD~
pet2 [ e BT o [,
vM Jo vM Jo
where y; and y are constants. We have successfully written the analytical solution
of the forced fractional oscillator. In the different cases of the values of M, we are
certain that the solution does exist. Next, we give an example of forced fractional
oscillator and we present the amplitude analysis with respect to the fractional order
v.

Example: One of the common driving force of a mechanical damped system is given
by F(t) = Fpcos(wt). Then starting from (26) and using (28), we have the term

(36) f(t) = Fy {(—aw® + ¢) cos(wt) — bwsin(wt)}
where
. (1-w)? (1 -v) B 2
“CTlva-v»2 "TIr-v2 T 1+a-v)?

and the resulting auxiliary equation of motion follows the expression:
(37) E(t) + ME(t) + Xoz(t) = Fy {(—aw® + ¢) cos(wt) — bwsin(wt) } .

Now, applying the method shown in (35) and conducting a computer simulation on
the displacement of a fractional oscillator, we present the figure below.

According to the presented simulation, the fractional-order gives a flexible dy-
namics of the consider fractional oscillator. We simulated for different cases of the
driving frequency and natural frequency. In figure (4a), the case for w < wy, is shown
transient oscillation of the amplitude response is depicted relative to the fractional-
order v and the driving force. For the case w = wy,, the oscillation is unstable for
lower v and w > wy,, the higher amplitude of oscillation is observed.

Now, for further analysis, we shall give a brief discussion of the amplitude analy-
sis. Consider the particular solution,

(38) xp(t) = Acos(wt) + Bsin(wt),
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— ;= (0

| A/ \/ b b=
p=
— =1 00

0 10 20 30 40 50 0 10 20 30 40 50

tional oscillator with nonsingular kernel
and (a) w < wy, (b) w = wy, (C) w > wy,.

or the form,
(39) xp(t) = X cos(wt — ¢),

where A = X cos(¢), B = Xsin(¢), and ¢ = tan! (%). From the auxiliary
equation of motion (31), we get

2 2N o2 2,2
A:F()((cw” w?) (e aw)—i—bwnw)’

40
( ) (cw% _ w2)2 + b2wﬁw2
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@1) B—F, (bw2w)(c — aw?) — bw(cw? — w?)
(w2 — w?)? + b2wiw?
Then we obtain the amplitude as

1
V(w2 —w?)? + 2wie?

(42) X=F

Such that the phase angle ¢ is given by

(bw2w)(c — aw?) — bw(cw? — w?)
(cw? — w?)(c — aw?) + bwiw?

(43) 6=

From Fig. (5), we have the amplitude plot versus the frequency of the driving
force. We can observe three regions in the peaks of the amplitude relative to the im-
posed value of the fractional-order and the driving frequency. In the case of w < wy,
a lower damping regime can be observed for decreasing v since the peak increases.
However, increasing v decreases the amplitude peak and gain another increase in am-
plitude at around w ~ 0.6w,,, amplitude peak gradually increases as w — w,, until
it reaches an asymptotic value at v = 1 where there is no damping. Hence, classi-
cal observation of amplitude analysis occurs at around w > wy,. In general, around
w < 0.6wy, lower damping oscillation dominates the system because the excitation
due to the driving force overcomes the damping imposed by the fractional-order v.

s 1 = (.95

Amplitude

Fig. 5: Amplitude vs. frequency of the driving force.
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Meanwhile, at case 1 > w > 0.6w,, the peak has a gradual increase making the
system less damped. Lastly, for larger driving frequency, fractional scheme, and
classical analysis converges.

5 CONCLUSION

This work presents the detailed derivation on the fractional equation of motion from
the fractionally-modified Euler-Lagrange equation and we show that the fractional
equation of motion can be reduced to the form of a classical ordinary differential
equation, which the analytical solution is already established. We have shown the
explicit form of the arising damping term due to the imposed memory kernel of the
fractional derivative. The obtained damping term can significantly contribute to the
non-idealness of the obtained fractional oscillator model, as shown from the simu-
lated EGR. In general, the fractional-order v can make the state of the system to be
non-ideal and a dissipative effect can be observed. Also, the forced fractional os-
cillator was analyzed and the general solution was presented. The acquired general
solution is consistent with the classical solution if » — 1. Interestingly, different am-
plitude peaks can be observed at the lower driving frequency as presented in Fig. (5).
Lastly, this paper gives additional insights into the effect of the fractional derivative
operator on dynamical a systems.
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