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A BSTRACT: This study discusses the phenomena of ultrasonic temporary
softening and ultrasonic residual hardening registered in the experiments for
plastic deformation of metals in ultrasonic field. This paper is aimed to model
these phenomena in terms of the synthetic theory of irrecoverable deformation.
We extend the flow rule relationships by two terms constructed on the base of
microstructural processes occurring in ultrasound assisted deformation. The
model results show good agreement with experimental data.
K EY WORDS : ultrasound, plastic deformation, residual hardening, residual
softening.

1

I NTRODUCTION

As a result of the high efficiency and simple implementation of ultrasound, it has
been widely accepted in the fields of biomedicine, chemistry, metal forming and metallurgy. The principle underlying the effect of ultrasound is that, when a sound wave
propagates through a substance, the acoustic energy is being scattered and absorbed
by the material, the sound waves interfere with its defects.
A number of studies relating the effect of ultrasound upon the deformation properties of metals can be resumed by Zhou et al. results shown in Figs. 1 and 2 [1].
Two portions can be identified:
(i) Ultrasound assisted deformation (acoustoplasticity).
The plastic flow of both aluminum and titanium takes place at stresses less compared
to the ordinary loading (Figs. 1 and 2, US-on). This phenomenon is referred to as
ultrasonic temporary softening.
Numerous positive effects from using ultrasound are reported by the researchers.
Hung [2] have studied the assistance of ultrasound vibrations in hot upsetting of aluminum alloys. It is found that the required compressive forces are declined by the
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reported by Lianshi [5] due to ultrasonic
energy.
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Fig. 1: Stress vs strain diagrams of alu- Fig.
2:
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titaoscillation amplitudes [1].

minum in the ultrasonic field of various
oscillation amplitudes [1].

nium in the ultrasonic field of various os(ii) amplitudes
Deformation
cillation
[1]. in post-sonicated period (Figs. 1 and 2, US

effect of ultrasonic vibration during hot upsetting. Crinkling and cracking could be
avoided by using ultrasonic energy supplied to the die of press forming, according
to Ashida and Aoyama [3]. Jimma et al. [4] studied the effect of ultrasonic assisted
deep drawing processes and found that ultrasonic energy increases the ratio of limiting drawing and reduce the drawing force. Improving the lubrication condition
between the wire and die and the drawing force reduction is reported by Lianshi [5]
due to ultrasonic energy. Simulations were performed by Lucas and Daud [6] for
ultrasonic assisted extrusion of aluminum.
(ii) Deformation in post-sonicated period (Figs. 1 and 2, US-off).
According to numerous investigations conducted for Zn [7], Cu [8], Mg [9], Au [10],
cold rolled steels [11], it can be argued that high frequency vibration can permanently
change the mechanical properties of metals, which results in so called ultrasonic
residual
effects.vs Strain diagrams of titanium in the ultrasonic field of various
Fig.
2 Stress
Yao
et
[12] developed
oscillational.amplitudes
[1]. a crystal plasticity-based model for modelling the ultrasonic assisted compression test of aluminum. They interpreted the residual hardening
effect
ultrasound assisted
multiplication
of the(Figs.
defects
of crystalline
(ii)by theDeformation
in post-sonicated
period
1 and
2, US-off).lattice.
Similarly to Yao, Zhou et al. [1], via EBSD tests, found that for aluminum the ultra-
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sonic vibration reduced the grain size and changed the orientation of the grains. As a
result, it may be concluded that excess of defects nucleated in ultrasonic field impede
the development of plastic deformation after the ultrasound is off.
The ultrasonic residual softening effect is mentioned as the possible result of
softening mechanisms dominating during the simultaneous action of vibrating and
unidirectional loading. Lum et al. [10], conducting experiments for ultrasonic wire
bonding of gold, explained that the ultrasonic vibration could induce sufficient heat
input to the sample to make it recrystallize and reduce the dislocation density; hence
there was a residual softening effect. Huang et al. reported similar results for cooper,
when studied the residual softening effect during the ultrasonic wire bonding [13].
The softening mechanism for titanium [1] was derived from the study of the fraction of twinning boundaries, which are abundant in many metals with low stacking
fault energy (SFE) such as titanium, copper, gold etc. It was reported that the ultrasonic vibration promotes the saturation of twinning and reduce the fraction of
twinning boundaries. Since the twinning boundary works as a hardening factor to
titanium, the titanium sample exhibits a residual softening effect with less twinning
boundaries.
From the short review of experimental results above, the conclusion cannot be
escaped that, at least in terms of experiments considered, the metals with high SFE,
such as, e.g., aluminum, are inclined to ultrasonic residual hardening. In contrast,
metals with low SFE (titanium, copper, gold) manifest the phenomenon of ultrasonic
residual softening.
This work is step forward in our research of modeling the effect of ultrasound on
the plastic deformation of metals which is started with Rusinko [14] in terms of the
synthetic theory of irrecoverable deformation [15]. In contrast to [14], where the ultrasonic temporary softening alone is modelled, here we discuss a more complicated
case obtained by Zhou et al. [1] which, in addition to acoustic temporary softening,
involves the residual softening for titanium and the residual hardening for aluminum.
2

S YNTHETIC T HEORY

In terms of this theory [15], plastic deformation at a point of body is determined via
deformations at the microlevel of material, i.e. as a sum of plastic shifts in active
slips systems where the resolved shear stress exceeds the material yield strength (the
Schmidt law)
ZZZ
~ dV ,
(1)
~e =
ϕN N
V

where ϕN – plastic strain intensity – is an average measure of plastic deformation
within one slip system.
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The main feature of the synthetic theory is the formulation of yield criterion and
strain hardening rule in terms of three-dimensional stress deviator space (S 3 ). To
be specific, we do not deal with a yield surface itself – for initial state we take the
von-Mises criterion – but with its tangent planes, i.e. the yield surface is considered
as an inner envelope of the tangent planes. The location of planes is defined by
~ ). Loading is exhibited by a stress
their distances (HN ) and unit normal vectors (N
~ During loading, the stress vector shifts at its endpoint a set of planes from
vector (S).
their initial position. The movements of the planes lying at the endpoint of vector
~ are translational. Planes which are not located at the endpoint of vector S
~ remain
S
stationary. The displacement of plane at the endpoint of stress vector represents a
plastic flow within corresponding slip system.
The plastic flow rule on the micro level of material is [15]
(2)

2
rϕN = HN
− SS2

(S
~ ·N
~ )2 − S 2
S
=
0

~ : HN = S
~ ·N
~
for planes reached by S
~ : HN > S
~ ·N
~
for planes not reached by S

.

~ ·N
~ defines the resolved shear stress acting in one slip system.
The scalar product S
The plane distance HN represents the hardening of material, because
p the greater HN
~ is needed to reach the plane. In Eq. (2), SS = 2/3σS , where σS
is, the grater S
is the yield strength of material; r is the model constant determining the slope of
stress∼strain curves; [r] = MPa2 .
The results obtained for uniaxial tension [14] can be also utilized for compression,
by using the advantage that the isotropy postulate holds
p in terms of
 the synthetic
~
theory. So, the loading is indicated by stress vector S
2/3σ, 0, 0 which extend
p
along the S1 axis, and HN = S1 N1 = 2/3σ sin β cos λ. Eqs. (1) and (2) take the
following form [15]:
ϕN =

(3)
(4)

4π
e=
3r

Zπ/2Zλ1 h
β1

i
2 h
(σ sin β cos λ)2 − σS2 ,
3r

i
(σ sin β cos λ)2 − σS2 sin β cos λ cos βdλdβ = a0 Φ (b) ,

0

where
πσS2
(5) a0 =
,
9r0

√
p
1h p
1
+
1 − b2 i
2
4
Φ(b) = 2 2 1 − b2 − 5b 1 − b2 + 3b ln
.
b
b
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The integration boundaries in (4) are obtained from (3) by letting ϕN = 0 and
λ=0
σS
σS
(6)
sin β1 =
≡ b,
cos λ1 =
.
σ
σ sin β
If to add σ/E to e from (4), we obtain the total deformation at the stress σ.
3

S YNTHETIC T HEORY FOR THE C ASE OF P LASTIC S TRAINING WITH
U LTRASOUND

For the purpose of modeling the effects of ultrasound on the plastic strain of metals,
we extend Eq. (2) by two terms, Ut and Ur
(7)

2
rϕN U = HN
+ Ut2 + f (γ)Ur2 − SS2 .

Ut represents the temporary softening action of ultrasound, and its presence in the
formula above makes it possible to maintain a given value of strain intensity at less
value of unidirectional stress. We define Ut as


A2
~ , t ∈ [0, τ ],
(8)
U t = A1 σ m
2 − e−pt ~u · N
where σm is the vibrating stress amplitude [MPa], ~u is the unit vector indicating the
vibration mode (longitudinal, torsional, etc.). For longitudinal sonication, the ~u vector has (1, 0, 0) coordinates in S 3 . Further, τ is the sonication duration, and p and Ak
~ the vector A1 σ A2 2 − e−pt ~u,
(k = 1, 2) are model constants. If to denote through U
m
~ ·N
~ , i.e. the action of ultrasound is presented by a vector,
Eq. (8) becomes Ut = U
whose component depends on vibration amplitude and time.
Equation (8) correlates with numerous investigations – [1, 10, 13, 16] – reporting
that the magnitude of ultrasonic temporary softening is governed by the amplitude of
A2 that links the stress amplitude to
oscillating stress. It is the power function 2A1 σm
the temporary softening effect.
Temporary development of softening effect is expressed in Ut via exponential
A2 e−pt correlates with the temporary multiplicafunction. As a result, the term A1 σm
tion of ultrasound induced defects (ψN U ) proposed by Rusinko [14]. The decreasing
fashion of e−pt function expresses experimental facts that the number of defects increases with time till they reach a plateau [9, 16].
Therefore, Eq. (8) is of dual nature. On the one hand, the ultrasound defects
harden the material, but, on the other hand, they become
centers of softening pro
−pt
cesses. As evident from (8), since the term 2−e
is always positive, the net effect
is a prevalence of softening mechanisms during simultaneous action of unidirectional
and oscillating load.
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The term f (γ) Ur2 in Eq. (7) models the deformation properties of metals after
the ultrasound is off, i.e. residual effects. Its effect depends on the sign of f (γ)
function, where γ is stacking fault energy. If to define f (γ) as a decreasing function
of γ, it takes a negative value for high stacking fault energies. In this case we obtain
the situation of residual ultrasonic hardening, because the negative term f (γ) Ur2 in
Eq. (7) suppresses the development of plastic slips ϕN U . Or vice versa, for positive
values of f (γ), which is typical for materials with small γ, we arrive at the case of
residual softening. We define Ur as a stress and time dependent function
Zτ
Ur = h (ε − σm ) × A3

(9)

A4
σm
dt,

0

where h is the Heaviside step function, ε is any positive infinitesimally small number
so that ultrasound of any intensity results in negative value of ε − σm difference. The
presence of h (ε − σm ) function means that the Ur term takes effect only after the
ultrasound is off. Again, we propose a power function to express the dependence
of ultrasonic residual hardening upon the ultrasound intensity with model constants
A3 and A4 . At the same time, the intensity of sonication is not the only parameter
governing the magnitude of hardening effect. Namely, the duration of sonication
plays an important role as well, in other words, the time-integral in (9) reflects the
time dependent magnitude of ultrasonic energy injected into material.
Summarizing, Ur reflects a post-sonicated-defect-pattern leading to the change in
material characteristics/response after the acoustoplasticity.
4

U NIAXIAL S TRESS S TATE

4.1

ACOUSTOPLASTICITY (σ > 0

V

σm > 0)

For vibrating-assisted deformation, t ∈ [0, τ ], Ut increases in the way prescribed by
(8). At the same time, due to h = 0 in (9), we have Ur = 0 during the action of
ultrasound.
So, Eq. (7) takes the following form:
h
i2
2
A2
~ ·N
~ )2 + A1 σm
~ ) − SS2
(10) rϕN U = HN
+ Ut2 − SS2 = (S
(2 − e−pt )(~u • N


2
2
3
2
A2
−pt
2
=
(σU sin β cos λ) +
A1 σm (2 − e ) sin β cos λ − σS .
3
2
Plastic deformation in acoustoplasticity (eU ) is calculated by Eq. (1) with the
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integrand from (10). As a result,
eU = a0 Φ (bU ) ,
(11)

σS

bU = r
σU2

+

3
2



A2
A1 σ m

(2 −

2 .

e−pt )

Comparing Eq. (11) with (5) and (6), we conclude that the deforming of material
in ultrasonic field develops at less unidirectional stress σU compared to that under
ordinary loading. Consequently, Eqs. (10) and (11) describe analytically the phenomenon of temporary ultrasonic softening.
V
4.2 P OST- SONICATED DEFORMATION (σ > 0 σm = 0)
While, due to σm = 0 for t > τ , Ut = 0, the integral from (9) gives nonzero value
(h(ε)= 1 ⇒ U r > 0).
Comparing to (10), the plastic strain intensity loses the term Ut , which facilitated
the strain intensity, but includes Ur :
(12)

2
rϕN r = HN
+ f (γ)Ur2 − SS2 .

Since, so far, there is no enough experimental data on the effect of SFE upon the
post-sonicated deformation for a wide range of metals, we propose a linear relationship for f (γ) related to the value of SFE for aluminum:
(13)

f (γ) = k(γAl − γ) − 1 ,

where k ≥ 1 is a model constant. Taking into account the range of SFE of metals
considered, we obtain that f (γAl ) = −1, and f (γTi ) takes a positive value because
γAl > γTi .
Now, Eq. (12) takes the following shapes for aluminum and titanium, respectively:



2
3
2
A4 2
2
rϕN r =
(σ sin β cos λ) −
A3 σ m τ − σ S ,
(14)
3
2




3
2
A4 2
τ − σS2 .
(15)
rϕN r =
(σ sin β cos λ)2 + f (γTi ) A3 σm
3
2
The deformation of both aluminum and titanium specimens is calculated via formula (1), with the difference being that the strain intensity ϕN is governed by Eq. (14)
and Eq. (15), respectively.
Comparing formula (14) to (3), it is obvious that ϕN r < ϕN , i.e. the stress∼strain
curve runs above that corresponding to ordinary loading. Therefore, formula (14)
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models the phenomenon of ultrasonic residual hardening, which is observed for aluminum.
With titanium, it is clear from (15) and (3) that ϕN r > ϕN , i.e. the stress∼strain
curve locates beneath that where unidirectional load acts alone. Here, we obtain the
case of ultrasonic residual softening.

Titanium. The specimens were sonicated with the following amplitudes (
5 R ESULTS 5.63, 6.44, 8.49, 10.37 µm [1]. Eq. (16) at 𝑐 = 3300 m⁄s gives the follow
of stress curves
amplitude:
𝜎}Z
= 3.2ofMpa,
𝜎}2 =theory
3.68 Mpa, 𝜎}. = 4.85 M
In this section wevalues
plot stress∼strain
obtained
in terms
the synthetic
𝜎}q =in5.9
Mpa.points. The purpose of this is to compare the anavia formulae developed
previous
to the
previous
case,
first, we assisted
choosecompression
an appropriate value of 𝑟 to ma
lytic results withSimilarly
those obtained
by Zhou
et al. [1]
in ultrasound
the
fundamental
stress~strain
diagram
to
the
experimental
one. Calculations
for aluminum and titanium (Figs. 3 and 4).
©
2
Eqs. (4)-(6) at 𝑟 = 5.3 × 10 MPa , 𝐸 = 10 Gpa and 𝜎5 = 370 MPa exhibit go
agreement
2,match
no vibration).
Ultrasound starts when
Aluminum.The first
step is to with
selectexperimental
the appropriatedata
value(Fig.
of r to
the ordinary
σ ∼ ε diagram (no
vibration)
to theMPa
experimental
one. The theoretical
σ ∼softening
ε curve is observed (𝜏 = 24
stress
is of 538
[1] and temporary
ultrasonic
2 , E = 70 Gpa, and
from Fig. 3, which
is plotted
using comes
Eqs. (4)–(6)
r = 6700
MPawith
Now,
Eq. (11)
intoatplay,
which
constants 𝐴Z = 205 MPaZ€~• , 𝐴2
€. experimental
σS = 45 MPa, exhibits
good
agreement
with
0.5, and
𝑝=
1.0 × 10
s€Z leads todata.
correct results.
The moment Finally,
the stress we
is 79.2
MPa
[1],
ultrasound
of
different
amplitude (A)
is
plot 𝜎~𝜀 diagrams for the post-sonicated
period.
If to utilize Eqs. (
on for 24 seconds (τ = 24 s). The values of A used2in the experiment are:2 4.06, 4.36,
and (1) at 𝛾˜™ = 166 mJ⁄m , 𝛾›œ = 15 mJ⁄m 𝐴. = 2.5 × 10€© MPaZ€~• , 𝐴q
4.65, 4.97 µm [1]. To calculate the amplitudes
of oscillating stress corresponding to
2, and 𝑘 = 1.0 m2 ⁄mJ, we achieve the conformity of the analytical a
experimental result (see Fig. 4).

Fig. 3.compression
Stress~strain
compression
diagrams
of aluminum
Fig. 3: Stress∼strain
diagrams
of aluminum
in the ultrasonic
field in the ultrasonic fi
(“exp“
– experimental
data;
“temp“
and “resi“– model curves).
(“exp“ – experimental
data;
“temp“ and “resi”
– model
curves).
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A, utilize the following relationship:
(16)

σm = E

2πf
A,
c

where c is the speed of sound (c = 6, 420 m/s for aluminum), and f is the frequency
(f = 30 kHz [1]). As a result, σm1 = 8.3 MPa, σm2 = 8.9 MPa, σm3 = 9.6 MPa,
σm4 = 10.2 MPa.
Now, via formula (11), we plot σ ∼ ε diagrams under the action of ultrasound.
As seen from Fig. 3, constants A1 = 1.9515 × 10−2 MPa1−A2 , A2 = 0.5, p =
5.5 × 10−3 s−1 , and t ∈ [0, 24] in Eq. (11) lead to correct results.
The final step is the deformation of post-sonicated material, which is calculated
via Eqs. (14) and (1). These relationships at A3 = 2.1 × 10−7 MPa1−A4 and A4 = 4
show good agreement with experimental data.
Titanium.The specimens were sonicated with the following amplitudes (A): 5.63,
6.44, 8.49, 10.37 µm [1]. Eq. (16) at c = 3, 300 m/s gives the following values of
stress amplitude: σm1 = 3.2 MPa, σm2 = 3.68 MPa, σm3 = 4.85 MPa, σm4 =
5.9 MPa.
Similarly to the previous case, first, we choose an appropriate value of r to match
the fundamental stress˜strain diagram to the experimental one. Calculations in Eqs. (4)–

Fig. 4compression
Stress~strain
compression
of titanium
in the ultrasonic field (“ex
Fig. 4: Stress∼strain
diagrams
of titaniumdiagrams
in the ultrasonic
field (“exp”
– experimental
data;–“temp“
and “resi“– model curves).
– experimental data;
“temp” and “resi”
model curves).

6. Conclusion
In this study two phenomena observed during plastic deformation in ultrasonic fie
are modelled – ultrasonic temporary softening and ultrasonic residual hardenin
Synthetic theory of irrecoverable deformation was used to develop a model
predict the stress~strain curves in ultrasound assisted compression for aluminu
and titanium. For this purpose we extended the flow rule by two terms whi
govern the plastic deformation of material in ultrasonic field and after t
ultrasound is off, respectively. The first term symbolizes the fact that ultrasou
facilitates the development of plastic deformation by activation of block
dislocations, localized heating and dynamic softening. The second one reflects t
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(6) at r = 5.3 × 105 MPa2 , E = 10 Gpa and σS = 370 MPa exhibit good agreement
with experimental data (Fig. 2, no vibration). Ultrasound starts when the stress is
of 538 MPa [1] and temporary ultrasonic softening is observed (τ = 24 s. Now,
Eq. (11) comes into play, which with constants A1 = 205 MPa1−A2 , A2 = 0.5, and
p = 1.0 × 10−3 s−1 leads to correct results.
Finally, we plot σ ∼ ε diagrams for the post-sonicated period. If to utilize
Eqs. (15) and (1) at γAl = 166 mJ/m2 , γTi = 15 mJ/m2 , A3 = 2.5 × 10−5 MPa1−A4 ,
A4 = 2, and k = 1.0 m2 /mJ, we achieve the conformity of the analytical and experimental result (see Fig. 4).
6

C ONCLUSION

In this study two phenomena observed during plastic deformation in ultrasonic field
are modelled – ultrasonic temporary softening and ultrasonic residual hardening.
Synthetic theory of irrecoverable deformation was used to develop a model to predict the stress˜strain curves in ultrasound assisted compression for aluminum and
titanium. For this purpose, we extended the flow rule by two terms which govern
the plastic deformation of material in ultrasonic field and after the ultrasound is off,
respectively. The first term symbolizes the fact that ultrasound facilitates the development of plastic deformation by activation of blocked dislocations, localized heating
and dynamic softening. The second one reflects the effect of the defect structure
formed during the sonication on the plastic properties of metals for post-sonicated
period. Analytical results obtained in terms of the synthetic theory show good agreement with experimental data.
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