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ABSTRACT: In the present paper, exact solution of the axial buckling analysis
to the functionally graded materials plates (Al/Al2O3) is studied. Using a four
variable refined plate theory, both a quadratic variation of the transverse shear
strains across the thickness and the zero traction boundary conditions on the
top and bottom surfaces of the plate is satisfied without using shear correction
factors, from the principle of minimum total potential energy, we obtain the
governing equations. The number of independent unknowns of present theory
is four, as against five in other shear deformation theories. Numerical examples
on the buckling analysis of functionally graded plate demonstrate the accuracy
of the present approach.
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1 INTRODUCTION

Composite structures have long been of vivid interest to researchers because it is an
undesired phenomenon and some cases of it cannot be avoided under special condi-
tions. Recently, advanced composite materials known as functionally graded material
have attracted much attention in many engineering applications due to their advan-
tages of being able to resist high temperature gradient while maintaining structural
integrity [1]. The functionally graded materials (FGMs) are microscopically inhomo-
geneous, in which the mechanical properties vary smoothly and continuously from
one surface to the other. The classical Kirchhoff plate theory neglects transverse
shear deformation and gives acceptable results for relatively thin plates. In order to
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circumvent this problem earlier attempts were made by Reissner [2] and Mindlin [3].
However, a shear correction factor must be incorporated to overcome the problem of
a constant transverse shear stress distribution and its value depends on various pa-
rameters, such as applied loads, boundary conditions and geometric parameters, etc.
The inaccuracy occurs due to neglecting the effects of transverse shear and normal
strains in the plate [4]. Due to continuous variation in material properties, the first-
order shear deformation theory and higher order shear deformation theory may be
conveniently used in the analysis. It is noted that the first-order shear deformation
theory proposed by Mindlin [3] does not satisfy the parabolic variation of transverse
shear strain in the thickness direction. Subsequently, many higher order theories
were proposed, notable among them are [5–8]. The higher order theories assume the
in-plane displacements as a cubic expression of the thickness coordinate and the out-
of-plane displacement to be constant. Thus, the development of higher order shear
deformation theory to assimilate the behaviour of FGM structures has been of high
importance to the researchers. In the literature, studies of the buckling of FGM struc-
tures are as follows, several researchers have studied different phenomena such as
buckling analysis of FGM plates under uniform, linear and non-linear in-plane load-
ing is studied by [9]. In this paper, an efficient and simple refined theory is presented
for buckling analysis of functionally graded thick plates. Numerical examples cover
the effects of the gradient index, plate aspect ratio, side-to-thickness ratio on the crit-
ical buckling load of functionally graded plates are investigated and discussed. The
buckling response of plates with functional gradation is presented in this article using
Navier’s method with plate theory with four variables. The properties of the materials
of the plate are supposed to vary according to a form of power law in the direction of
thickness. Equilibrium equations are calculated analytically.

2 FORMULATION

Consider a functionally graded plate of thicknessh, side length a in x-direction, and
b in y-direction as shown in Fig. 1.

The assumptions of the present theory are as follows (see Shimpi [10]):

— the transverse displacements are partitioned into bending and shear compo-
nents;

— the in-plane displacement is partitioned into extension, bending, and shears
components;

— the bending parts of the in-plane displacements are similar to those given by
classical plate theory (CPT);
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Consider a functionally graded plate of thickness , side length in the x-direction, 
and in the y-direction as shown in Fig. 1. 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

Fig. 1. Geometry for rectangular FG plate subjected to compressive in-plane forces 
and distributed shear forces. 

 
 The assumptions of the present theory are as follows; see Shimpi, [9]: 
- The transverse displacements are partitioned into bending and shear components; 
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Fig. 1: Geometry for rectangular FG plate subjected to compressive in-plane forces
and distributed shear forces.

— the shear parts of the in-plane displacements give rise to the nonlinear varia-
tions of shear strains and hence to shear stresses through the thickness of the
plate in such a way that the shear stresses vanish on the top and bottom surfaces
of the plate.

Based on these assumptions, the following displacement field relations can be
obtained:

U(x, y, z) = u(x, y)− z ∂wb

∂x
− ξ(z)∂ws

∂x
,

V (x, y, z) = v(x, y)− z ∂wb

∂y
− ξ(z)∂ws

∂y
,

W (x, y, z) = wb(x, y) + ws(x, y) ,

(1)

where U , V , W are displacements in the x, y, z directions, u, v and wb, ws are mid-
plane displacements and ξ(z) is a shape function that represents the distribution of
the transverse shear strain and stress through the thickness, as presented in Table 1.

Consider a FG plate made of ceramic and metal, the material properties of FGM
such as Young’s modulus E are assumed to vary through the plate thickness with a
power law distribution of the volume fraction of the two materials

(2) E(z) = (Ecm)VC(z) + Em , Ecm = Ec − Em ,

where Ec and Em are the corresponding properties of the ceramic and metal, respec-
tively, and p is the volume fraction exponent which takes values greater than or equal
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Table 1: Different shear stress function

Model ξ(z) function

Ambartsumian [11] ξ(z) = (z/2)(h2/4− z2/3)

Karama et al. [12] and Aydogdu [13] ξ(z) = ze−2(z/h)2

Kaczkowski [14], Panc [15], Reissner [6] ξ(z) = (5z/4)(1− 4z2/(3h2))

Tounsi et al. [16], Bouderba et al. [17] ξ(z) = z − (h/π) sin(πz/h)

Levinson [18], Murthy [19] and Reddy [20] ξ(z) = z(1− 4z2/(3h2))

Sobhy [21] ξ(z) = z/(1 + 4z2/h2)

Touratier [22] ξ(z) = (h/π) sin(πz/h)

Soldatos [23] ξ(z) = h sinh(z/h)− z cosh(1/2)

Present ξ(z) = z − z/(1 + 4z2/h2)

to zero. The volume fraction VC (z) follows a simple power law as [24]:

1. Linear: VC(z) = (z/h+ 0.5)p;

2. Quadratic: VC(z) = ((z/h+ 0.5)2)p;

3. Cubic: VC(z) = (3(z/h+ 0.5)2 − 2(z/h+ 0.5)3)p;

4. Inverse quadratic: VC(z) = (1− (0.5− z/h)2)p.

The kinematic relations can be obtained as follows:

(3)


εx

εy

γxy

 =


ε0x
ε0y
γ0xy

+ z


kbx
kby
kbxy

+ ξ(z)


ksx
ksy
ksxy

 ,

{
γyz

γxz

}
= g(z)

{
γsyz
γsxz

}
,

where
ε0x
ε0y
γ0xy

 =


∂u/∂x

∂v/∂y

∂u/∂y + ∂v/∂x

 ,


kbx
kby
kbxy

 =


−∂2wb/∂x

2

−∂2wb/∂y
2

−2∂2wb/∂x∂y

 ,


ksx
ksy
ksxy

 =


−∂2ws/∂x

2

−∂2ws/∂y
2

−2∂2ws/∂x∂y

 ,

{
γsyz
γsxz

}
=

{
∂ws/∂y

∂ws/∂x

}

and ξ(z) given by:

(4) ξ(z) = z −
( z

1 + 4z2/h2

)
, g(z) = 1− dξ(z)

dz
.
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The linear constitutive relations are

(5)


σx
σy
τxy

 =

Q11 Q12 0
Q12 Q22 0

0 0 Q66


εx
εy
γxy

 and
{
τyz
τzx

}
=

[
Q44 0

0 Q55

]{
γyz
γzx

}
,

where (σx, σy, τxy, τyz , τyx) and (εx, εy, γxy, γyz , γyx) are the stress and strain
components, respectively. Stiffness coefficients, Qij , can be expressed as

(6) Q11 = Q22 =
E(z)

1− ν2
, Q12 =

νE(z)

1− ν2
, Q44 = Q55 = Q66 =

E(z)

2(1 + ν)
.

The strain energy of the plate can be written

(7) U =
1

2

∫
V

[σxεx + σyεy + τxyγxy + τyzγyz + τzxγzx]dV .

Substituting Eqs. (3) and (5) into Eq. (7) and integrating through the thickness of
the plate, the strain energy of the plate can be rewritten as

(8) U =
1

2

∫
A

[
Nxε

0
x +Nyε

0
y +Nxyε

0
xy +M b

xk
b
x +M b

yk
b
y +M b

xyk
b
xy

+M s
xk

s
x +M s

yk
s
y +M s

xyk
s
xy + Ss

yzγ
s
yz + Ss

xzγ
s
xz

]
dxdy ,

where the resultants forces, moments and shear forces, which are all defined by

(Nx, Ny, Nxy) =

h/2∫
−h/2

(σx, σy, τxy)dz ,

(M b
x,M

b
y ,M

b
xy) =

h/2∫
−h/2

(σx, σy, τxy)zdz ,

(M s
x,M

s
y ,M

s
xy) =

h/2∫
−h/2

(σx, σy, τxy)ξdz ,

(Ss
xz, S

s
yz) =

h/2∫
−h/2

(σx, σy, τxy)gdz .

(9)
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Substituting Eq. (5) into Eq. (9) and integrating through the thickness of the plate,
the stress resultants are given as

(10)


N
M b

M s

 =

 A B Bs

B D Ds

Bs Ds Hs


ε
kb

ks

 ,

{
Ss
yz

Ss
xz

}
=

[
As

44 0

0 As
55

]{
γsyz
γsxz

}
,

where

N={Nx, Ny, Nxy}t, M b={M b
x,M

b
y ,M

b
xy}t, M s={M s

x,M
s
y ,M

s
xy}t,(11)

ε = {ε0x, ε0y, γ0xy}, kb = {kbx, kby, kbxy},(12)

A=

A11 A12 0
A12 A22 0
0 0 A66

 , B=

B11 B12 0
B12 B22 0
0 0 B66

 , D=

D11 D12 0
D12 D22 0

0 0 D66

 ,(13)

Bs =

Bs
11 B

s
12 0

Bs
12 B

s
22 0

0 0 Bs
66

 , Ds =

Ds
11 D

s
12 0

Ds
12 D

s
22 0

0 0 Ds
66

 , Hs =

Hs
11 H

s
12 0

Hs
12 H

s
22 0

0 0 Hs
66

 ,(14)

where Aij , Bij , etc., are the plate stiffness defined by

{Aij , Bij , Dij , Eij ,Fij , Hij}=

+h/2∫
−h/2

{1, z, z2, z3, z4, z6}Qijdz (i, j=1, 2, 6),(15)

Bs
ij = −1

4
Bij +

5

3h2
Eij (i, j = 1, 2, 6),

Ds
ij = −1

4
Dij +

5

3h2
Fij (i, j = 1, 2, 6),

Hs
ij =

1

16
Dij −

5

6h2
Fij +

25

9h4
Hij (i, j = 1, 2, 6)

{Aij , Dij , Fij} =

+h/2∫
−h/2

{1, z2, z4}Qijdz (i, j = 4, 5)(16)

As
ij =

25

16
Aij −

25

6h2
Dij +

25

h4
Fij (i, j = 4, 5).

The work done by applied forces can be written as
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(17) V =
1

2

∫
A

N0
x

(∂(wb + ws)

∂x

)2
+N0

y

(∂(wb + ws)

∂y

)2
+ 2N0

xy

∂(wb + ws)

∂x

∂(wb + ws)

∂y
dxdy ,

where N0
x , N0

y , N0
xy are in-plane pre-buckling forces.

The governing equations of equilibrium can be obtained as follows:

δu :
∂Nx

∂x
+
∂Nxy

∂y
= 0 , δv :

∂Nxy

∂x
+
∂Ny

∂y
= 0 ,

δwb :
∂2M b

x

∂x2
+ 2

∂2M b
xy

∂x∂y
+
∂2M b

y

∂y2
+ P (w) = 0 ,

δws :
∂2M s

x

∂x2
+ 2

∂2M s
xy

∂x∂y
+
∂2M s

y

∂y2
+
∂Ss

xz

∂x
+
∂Ss

yz

∂y
+ P (w) = 0 ,

(18)

where

(19) P (w) = N0
x

∂2(wb + ws)

∂x2
+N0

y

∂2(wb + ws)

∂y2
+ 2N0

xy

∂2(wb + ws)

∂x∂y
.

Substituting from Eq. (6) into Eq. (13), we obtain the following equation:

A11d11u+A66d22u+ (A12 +A66)d12v −B11d111wb

− (B12 + 2B66)d122wb − (Bs
12 + 2Bs

66)d122ws −Bs
11d111ws = 0 ,

A22d22v +A66d11v + (A12 +A66)d12u−B22d222wb

− (B12 + 2B66)d112wb − (Bs
12 + 2Bs

66)d112ws −Bs
22d222ws = 0 ,

B11d111u+ (B12 + 2B66)d122u+ (B12 + 2B66)d112v(20)

+B22d222v −D11d1111wb − 2(D12 + 2D66)d1122wb −D22d2222wb

−Ds
11d1111ws − 2(Ds

12 + 2Ds
66)d1122ws −Ds

22d2222ws + P (w) = 0 ,

Bs
11d111u+ (Bs

12 + 2Bs
66)d122u+ (Bs

12 + 2Bs
66)d112v +Bs

22d222v

−Ds
11d1111wb − 2(Ds

12 + 2Ds
66)d1122wb −Ds

22d2222wb −Hs
11d1111ws

− 2(Hs
12 + 2Hs

66)d1122ws −Hs
22d2222ws +As

55d11ws

+As
44d22ws + P (w) = 0 ,

where dij , dijl and dijlm are the following differential operators:

dij =
∂2

∂xi∂xj
, dijl =

∂3

∂xi∂xj∂xl
,

dijlm =
∂4

∂xi∂xj∂xl∂xm
, di =

∂

∂xi
, (i, j, l,m = 1, 2).

(21)
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Consider a simply supported rectangular plate with length a and width b which
is subjected to in-pline loading in two directions (N0

x = γ1Ncr, N0
y = γ2Ncr,

N0
xy = 0). Based on the Navier method, the following expansions of displacements

(u, v, wb, ws):

(22)


u
v
wb

ws

 =
∞∑

m=1

∞∑
n=1


Umn cos(λx) sin(µy)
Vmn sin(λx) cos(µy)
Wbmn sin(λx) sin(µy)
Wsmn sin(λx) sin(µy)

 ,

where λ = mπ/a, µ = nπ/b, and (Umn, Vmn,Wbmn,Wsmn) are unknown functions
to be determined. Substituting Eq. (16) into Eq. (15), the closed-form solution of
buckling load Ncr can be obtained from

(23)


Θ11 Θ12 Θ13 Θ14

Θ12 Θ22 Θ23 Θ24

Θ13 Θ23 Θ33 +K Θ34 +K
Θ14 Θ24 Θ34 +K Θ44 +K



Umn

Vmn

Wbmn

Wsmn

 =


0
0
0
0

 ,

where

Θ11 = A11λ
2 +A66µ

2 ,

Θ12 = λµ(A12 +A66),

Θ13 = −λ[B11λ
2 + (B12 + 2B66)µ

2],

Θ14 = −λ[Bs
11λ

2 + (Bs
12 + 2Bs

66)µ
2],

Θ22 = A66λ
2 +A22µ

2,

Θ23 = −µ[(B12 + 2B66)λ
2 +B22µ

2],

Θ24 = −µ[(Bs
12 + 2Bs

66)λ
2 +Bs

22µ
2],

Θ33 = D11λ
4 + 2(D12 + 2D66)λ

2µ2 +D22µ
4,

Θ34 = Ds
11λ

4 + 2(Ds
12 + 2Ds

66)λ
2µ2 +Ds

22µ
4,

Θ44 = Hs
11λ

4 + 2(Hs
11 + 2Hs

66)λ
2µ2 +Hs

22µ
4 +As

55λ
2 +As

44µ
2

K = Ncr(γ1λ
2 + γ2µ

2).

(24)

The nondimensional critical buckling load is defined as

(25) N̄ = Ncra
2/Emh

3 .

Functionally graded rectangular plate which its mechanical properties vary smoothly
and continuously along the thickness direction from one surface to the other. The
variation of Poisson’s ratio is generally small and it is assumed to be a constant for
convenience, see: [21, 24, 25].
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3 NUMERICAL RESULTS AND DISCUSSIONS

For having a numerical study and investigation, it is assumed that FGM plate is made
of Alumina (Al2O3) as the ceramic part (Ec = 380 GPa) and aluminum (Al) as metal
part (Em = 70 GPa). Also, the Poisson ratio is constant and equal to v = 0.3.

Table 2 shows the comparisons of the critical buckling loads obtained by the
present theory with those given by [25] based on CPT, Shariat and Eslami [26] based
on FSDT, and Bodaghi and Saidi [27] based on HSDT, Thai and Choi [28] based on
RPSDT. It can be seen that the results of present theory are in excellent agreement
with those obtained by HSDT [27] for all values of thickness ratio a/h. It should be
noted that the present theory involves only four independent variables as against five
in the case of HSDT [27] and FSDT [26]. Also, the present theory does not require
shear correction factors as in the case of FSDT. It can be concluded that the present
theory is not only accurate but also efficient in predicting critical buckling load of FG
plates.

Table 2: Critical buckling load of simply supported FGM (Al/Al2O3) plate (a/b =
0.5, p = 1)

(γ1, γ2) Theory a/h
5 10 20 30 40 50

(-1,0) CPT [25] 267.4800 33.4350 4.1794 1.2383 0.5224 0.2675
FSDT [26] 243.4100 32.6280 4.1537 1.2349 0.5216 0.2672
HSDT [27] 239.1500 32.4720 4.1486 1.2343 0.5215 0.2672
RPSDT [28] 239.1450 32.4721 4.1486 1.2343 0.5215 0.2672
Present 239.1450 32.4721 4.1486 1.2343 0.5215 0.2672

(-1,-1) CPT [25] 213.9900 26.7480 3.4353 0.9907 0.4179 0.2140
FSDT [26] 194.7300 26.1030 3.3230 0.9880 0.4173 0.2137
HSDT [27] 191.3200 25.9780 3.3189 0.9879 0.4172 0.2137
RPSDT [28] 191.3160 25.9777 3.3189 0.9874 0.4172 0.2137
Present 191.3160 25.9777 3.3189 0.9874 0.4172 0.2137

(-1,1) CPT [25] 356.6400 44.5800 5.5725 1.6511 0.6966 0.3566
FSDT [26] 324.5400 43.5050 5.5383 1.6466 0.6955 0.3563
HSDT [27] 318.8600 43.2960 5.5315 1.6457 0.6953 0.3562
RPSDT [28] 318.8600 43.2961 5.5315 1.6457 0.6953 0.3562
Present 318.8601 43.2961 5.5315 1.6457 0.6953 0.3562

The variation of nondimensional critical buckling load of plate versus thickness
ratio a/h is demonstrated in Fig. 2 and Fig. 3 using present theory and CPT. Since the
transverse shear deformation effects of plate are not considered in the CPT, the values
of nondimensional critical buckling load predicted by CPT are independent of thick-
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Fig. 2. The effect of thickness ratio on nondimensional critical buckling load  of 
simply supported square FGM plate under uniaxial compression along the x-axis 

(different volume fraction, p=2, ). 
 

  
  

(a)                                                                      (b)           
Fig. 3. The effect of thickness ratio on nondimensional critical buckling load  of 
simply supported square FGM plate under uniaxial compression along the x-axis 

((a):linear volume fraction, (b): Inverse quadratic volume fraction, 
). 

 
 The effects of aspect ratio b/a on nondimensional critical buckling load of 
simple supported plate under biaxial compression are shown in Figure 4. The 
thickness ratio a/h is assumed to be 10. It is shown that the nondimensional critical 
buckling load generally decreases by the increase of the aspect ratio b/a. The 
variation of nondimensional critical buckling load of plate versus thickness ratio 
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Fig. 2: The effect of thickness ratio on nondimensional critical buckling load N̄ of
simply supported square FGM plate under uniaxial compression along the x-axis
(different volume fraction, p = 2, γ1 = −1, γ2 = 0).
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Fig. 3: The effect of thickness ratio on nondimensional critical buckling load N̄ of
simply supported square FGM plate under uniaxial compression along the x-axis: (a)
linear volume fraction; (b) inverse quadratic volume fraction, γ1 = −1, γ2 = 0.

ness ratio. Whereas, the values of nondimensional critical buckling load predicted by
the present theory, which accounts for the transverse shear deformation effects, are
dependent of thickness ratio. It is observed that the nondimensional critical buckling
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demonstrated in Figure.6. It can be seen that the nondimensional critical buckling 
load increases as the ceramic -to- metal modulus ratio increases and decreases as 
the power law index increases. 
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Fig. 4: The effect of aspect ratio on nondimensional critical buckling load N̄ of
simply supported rectangular FGM plate (a = 10h) under biaxial compression: (a)
linear volume fraction; (b) inverse quadratic volume fraction, γ1 = −1, γ2 = −1).

load increases by the increase of thickness ratio a/h, while the CPT overestimates
the nondimensional critical buckling load of FG plate. The difference between two
theories is considerable for thick plates (a/h < 10), and negligible for thin plates.

The effects of aspect ratio b/a on nondimensional critical buckling load of simple
supported plate under biaxial compression are shown in Fig. 4. The thickness ratio
a/h is assumed to be 10. It is shown that the nondimensional critical buckling load
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Fig. 5: Critical buckling load of simply supported Al/Al2O3 plate (p = 2: (a) linear
volume fraction; (b) inverse quadratic volume fraction, γ1 = −1, γ2 = 1) with
variation of thickness ratio (a/h) and the aspect ratio b/a.
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simply supported square (Al/Al2O3) plate (a = b = 10h, γ1 = −1, γ2 = 0).

generally decreases by the increase of the aspect ratio b/a. The variation of nondi-
mensional critical buckling load of plate versus thickness ratio a/h and the aspect
ratio b/a is demonstrated in Fig. 5 using the present theory.

The variation of nondimensional critical buckling load of square plate versus the
modulus ratio Ec/Em of FGM for different values of power law index is demon-

Table 3: Nondimensional critical buckling load N̄ of simply supported square FGM
(Al/Al2O3) plate subjected to biaxial compression

a/h Theory volume fraction indexes (p)
0 0.5 1 2 10 20 100

10 Thai & Choi [29] 9.289 6.061 4.669 3.631 2.726 2.417 1.909
Hao Zuo et al. [30] 9.153 5.988 4.640 3.638 2.736 2.405 1.883
Present 9.289 6.061 4.669 3.631 2.726 2.417 1.909

20 Thai & Choi [29] 9.676 6.283 4.833 3.768 2.883 2.549 1.996
Hao Zuo et al. [30] 9.638 6.255 4.811 3.752 2.879 2.543 1.988
Present 9.676 6.283 4.833 3.768 2.883 2.549 1.996

100 Thai & Choi [29] 9.807 6.357 4.888 3.814 2.937 2.594 2.025
Hao Zuo et al. [30] 9.806 6.358 4.889 3.815 2.938 2.594 2.025
Present 9.807 6.357 4.888 3.814 2.937 2.594 2.025
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strated in Fig. 6. It can be seen that the nondimensional critical buckling load in-
creases as the ceramic -to- metal modulus ratio increases and decreases as the power
law index increases.

Table 3 shows the comparisons of the nondimensional critical buckling loads N̄
of simply supported square FGM (Al/Al2O3) plate subjected to biaxial compression
obtained by the present theory with those given by Thai and Choi [29] and Hao Zuo
et al. [30]. It can be seen that the results of present theory are in excellent agreement
with those obtained by [29] for all values of thickness ratio a/h.

4 CONCLUSIONS

A new refined shear deformation theory (RTSDT) is developed for the buckling anal-
ysis of functionally graded plates (Al/Al2O3).

The mixture of the metal and ceramic with continuously varying volume fraction
can eliminate interface problems of sandwich structures.

The volume fraction plays important roles in predicting critical buckling load of
FG plates.

The values of nondimensional critical buckling load predicted by the present the-
ory, which accounts for the transverse shear deformation effects, are dependent of
thickness ratio.

The nondimensional critical buckling load increases by the increase of thickness
ratio, while the CPT overestimates the nondimensional critical buckling load of FG
plate. The difference between two theories is negligible for thin plates, and consider-
able for thick plates.

The number of primary variables in this theory is even less than that of first- and
higher-order shear deformation plate theories, and moreover, it obviates the need for
a shear correction factor.

All comparison studies demonstrated that the critical buckling loads obtained us-
ing the present refined theory (with four unknowns) and other higher-order shear
deformation theories (with five unknowns) are almost identical.

Hence, it can be said that the proposed refined plate theory is accurate and simple
in solving the buckling behaviour of FG plates.
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