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ABSTRACT: In the article, using the approximate Rayleigh-Ritz method, the
first natural frequency of oscillations of the continuous member (elastic plate)
of the inter-resonance vibrating table with the electromagnetic drive is estab-
lished. For this purpose, the kinetic and potential energies of the plate were
presented in integral form, where the basic function of the plate surface deflec-
tions is given as the product of the functions of the transverse deflections along
the x and y axes, taking into account the boundary conditions. The transverse
deflection along the z-axis of the plate is described through Krylov-Duncan
functions and along the y-axis — through circular functions. The article found
the approximate value of the first natural frequency of oscillations of the con-
tinuous member. The reliability of the obtained data was confirmed experi-
mentally.
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1 INTRODUCTION

Given the prevalence of vibrating machines in many industries, it is important to
improve their technological efficiency. One of the most important indicators of the
technological efficiency of vibratory machines is energy efficiency. Achieving the
required amplitude of oscillations of the working body at the minimum power con-
sumption of the drive can improve the energy efficiency of the vibratory machines.
It is known that a significant increase in energy efficiency in vibrating machines
can be achieved by implementing them as three-mass oscillating systems with inter-
resonance regimes of work [1]. Actually, inter-resonance regimes of work allow the
vibratory machines to achieve a significant increase in energy efficiency compared to
resonant, which are based on two-mass oscillating systems. However, to implement
highly efficient inter-resonance regimes of work, the reactive mass of the vibrating
machine must be ultralight. In [2], to implement ultralight reactive masses, use a
continuous member in the form of a rod driven by a crank mechanism. This allowed
to effectively provide inter-resonance regimes of work.

The authors of this article are developing a discrete-continuous inter-resonance
vibrating table with an electromagnetic drive, where they decided to use a plate as
a reactive mass. In fact, the plate, which will be located between the wide poles
of electromagnetic vibrators, will effectively perceive the electromagnetic forces of
perturbation. The plate will play the role not only of the oscillating mass but also of
the elastic unit, the calculation of which is given much attention in [3].

An important step in the design of a discrete-continuous inter-resonance vibrating
table with an electromagnetic drive is to establish the first natural frequency of the
continuous section in the form of a plate. To calculate the natural frequencies of
oscillations of elastic plates with complex boundary conditions of attachment often
use the approximate Rayleigh-Ritz method [4,5]. The authors of [6] propose the
method for calculating the natural frequencies of oscillations of a T-shaped plate.
Jin et al. [7] developed an accurate modified solution of the Fourier series for the
calculation of free oscillations of conical shells, where all coefficients of expansion
were determined using the Rayleigh-Ritz method. Borkovié et al. [8] presented a new
method for the spatial discretization of two-dimensional domains for calculating the
natural frequencies of singly curved shells. Studies [9-12] performed free vibration
analysis of elastic plates made of functionally graded materials (FGM).

The use of a continuous member perturbed in an electromagnetic field can cause
beating the plate to the poles of the iron core of vibrators. This problem was consid-
ered in [13, 14]. It is possible to analyze the chance of beating both experimentally
and with the help of analytical calculation methods or simulation modeling. Shishe-
saz et al. [15] using the generalized differential quadrature (GDQ) method calculated
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the effect of the magnetic field on the stresses and displacements in the annular FGM
plate. This method F. Tornabene et al. [16] also used for calculating the natural oscil-
lations of arbitrarily shaped laminated composite shells.

Based on the above methods for calculating elastic plates, we can draw the fol-
lowing conclusion. The most expedient method of calculation, which is quite suitable
for solving our problem, is the approximate Rayleigh-Ritz method, which will allow
establishing the natural frequency of oscillations of the plate with complex boundary
conditions of attachment. This will require mathematically describing the shape of
the oscillations of the plate at its natural frequency, calculating its kinetic and poten-
tial energies. The article proposes the solution to these tasks.

2 METHODOLOGY OF CALCULATION THE NATURAL FREQUENCY OF
OSCILLATIONS OF THE CONTINUOUS MEMBER

The three-dimensional model of a discrete-continuous inter-resonance vibrating ta-
ble with an electromagnetic drive is shown in Fig. 1. The main components of the
structure are the active mass, the intermediate mass, and the continuous section in
the form of a plate hinged to the intermediate mass. The schematic diagram of the
vibrating table is shown in Fig. 2, on which it is possible to see the conditions of
attachment of the continuous member of the vibratory machine.

Active mass - "o
.é - - - - =
= é-j - =
N N
> Intermediate

mass

Elastic plate

Fig. 1: The three-dimensional model of a discrete-continuous inter-resonance vibrat-
ing table with an electromagnetic drive.
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Fig. 2: The schematic diagram of the vibrating table with overall and fastening di-
mensions of the continuous member.

The object of research of this article is the continuous member with complex
boundary conditions of attachment, for which it is necessary to set the natural fre-
quency of oscillation. For this purpose, we will allocate a continuous member sepa-
rately and consider that hinge support is motionless that is pertinent when establishing
the natural frequency of oscillation of the plate. The harmonic force of perturbation
drives the plate out of equilibrium. The shape of the deflections of the plate will look
like in Fig. 3. The amplitude value F' of the perturbation force is applied to the center
of the plate. We assume that the plate oscillates in the presented mode shape at a

W,
Bended plate 0) Plate at rest

Fig. 3: The expected shape of the deflections of the plate at the first natural frequency
of oscillation.
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frequency close to its natural. To calculate the natural frequency of oscillations by
the Rayleigh-Ritz method, we need to mathematically describe the presented mode
shape.

The mode shape of the plate surface is mathematically given in the form of a basic
function W (x, y), as a function of its deflections by two Cartesian coordinates 2 and
y (Fig. 3). We assume that the basis function W (x,y) is formed as the product of
the functions of the transverse deflections along z-axis (w (z)) and y-axis (w (y)) of
mutually perpendicular conditionally separated beams. The function w (z) is given
in the form of Krylov-Duncan functions describing the deflection of a conditionally
allocated beam along the axis Oz and the function w (y) in the form of circular func-
tions describing the deflection of a conditionally allocated beam along the axis Oy.
The function w (y) at the end of the console and on the hinge supports will have
differences, and therefore it is presented in the form of functions w.(y) and wy, (y).
Functions w(z), w.(y) and w,,(y) describe the natural forms of oscillations of ho-
mogeneous beams. The deflection functions of the beams must satisfy the boundary
conditions in accordance with the method of attaching the plate.

The surface of the perturbed plate will be mathematically described by the depen-
dence:

(1) W(z,y) = w(z)w(y).

To establish the function w(x), we consider a beam mounted on two hinged sup-
ports, which is affected by the amplitude value of the harmonic perturbation force
F' at a frequency close to its natural (Fig. 4). The two supports conditionally divide
the beam into the left end, the middle and the right end, the deflection of which is
respectively described by the functions w;(x), w,, (x), and w,(z).

w(x) 1, =0,5L=270mm
U L Middle wx) .
\\\\ w,(x) Rl{ | R, /‘>'

{Left end ~( \I Fl Wy () I( _ -7 Right enc% .
] ‘ TR i\{ ....... Y ........ T \ Y T

Section 1 N S.2 S.3 3 Section 4

L, =182mm L, =176 mm Ly =182mm

L=540mm

Fig. 4: The calculation scheme of the conditionally allocated transverse beam along
x-axis divided into sections.
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To determine the deflection of the beam, we use the known differential equation [17]:

d4
;;Ef) — w2mrmw(:c) =0,

(2) EJ,

where E is Young’s modulus. For steel it is equal £ = 2.1 x 10'' N/m?, .J, — the

moment of inertia of the area of the cross section of the beam, w — the forced circular

frequency of oscillations of the beam, m,.,,, — the mass per unit length of the beam.
If we denote £ = w?my.,,/(E.J,), the equation (2) will be:

d*w(x)

i lw(x) =0.

3)

The solution of the differential equation (3) is generally written as:
4) w(z) = AS(§x) + BT (éx) + CU (¢x) + DV (Ex)
where A, B, C, D denote coefficients, determined through boundary conditions

S(€x) = (cosh(&x) + cos(§, 2))/2, T(§x) = (sinh({z) +sin(§))/2,
U(&x) = (cosh(&x) — cos(€x))/2, V(&x) = (sinh(éx) — sin(€x))/2

— Krylov-Duncan functions.

Take the left end of the beam as the starting point. According to the boundary
conditions of attachment at this end, we form the equation of deflections of the left
section (Fig. 4). The left end of the section is free, where there is no bending moment
and transverse force. Therefore, the initial boundary conditions at this end will be:

d2
|, -ec-o.
dwy(x) 3
(6) i |, =&D=0.

Therefore, the constants C' = D = 0. In this case, imposing conditions (5), (6)
on expression (4), the equation of deflections on the left section will have the form:

) wi(x) = AS(§x) + BT (§x) .

For the middle and right sections of the beam, the corresponding equations are:

®)  wnla) = wle) + g V(e — L) + g V(Ele = L= L),
© () = (@) + 5 V(€ — Ly~ L)),

GEJ,
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where
V(eto — £2)) = SEE =T —snGE— L)) _
V(e — L - Ly)) = SHBEEL =Ly = Lf))2 sin€(L—Li= L)) _
V(e — Ly — Ly — S = L~ LQ))Q_ Sn(E(L— L= La)) _

Substituting expression (7) in (8), the general equation of deflections of the middle
section of the beam on the L1 < < L + Ly will be:

(10) wm(z) = AS(§x) + BT (€x)
Ry

T EE,

V(@ — L)) + V(§(x — Ly — Ly)).

B
§3EJ,

For the right section (L; + Ly < < L), substituting expression (10) in (9), we
obtain the following equation of deflections:

(1) wy(a) = AS(60) + BT(€a) + gV (¢lo = L)
R
+ mV(E(rc —Li—Lyf)) + £3E72JZV(£(:U — Ly — Ly)).

Equations (7) — (11) are written in a general form. To establish constants , and
reactions in the hinge supports 21, Ra, it is necessary to synthesize a system of four
equations. We form the first two equations using expression (11). The right end of
the beam is free. The bending moment and the transverse force that are respectively
the second and third derivatives of the deflection function at the right end are equal
to zero. Imposing these conditions on equation (11) we can write two necessary
equations:

d?w, (z) . ) R
(12)  —5—| | = ALUEL) + BEV(EL) + 5EJZT(5(L — L)
Ry r B
+ gEJZT(f(L — L1 — Ly)) + SEJZT(ﬁ(L —Ly) =0,
d*w, R
(13) ;stgx) | = AS@T(EL) + BEU(EL) + By S(E(L =~ L)

R F
5y SE(L =Ly~ L) +

_l’_
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where
U(EL) =
V(L) =
T(E(L -
T(&(L -
T(E(L -
T(¢L) =
S(E(L -
S(E(L -

SE(L -
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cosh(§L) — cos(EL)

2 =U,
sinh(¢L) — sin(€L) e

2 )
L) = sinh({(L — L1))2+ sin(¢(L — Ly)) .
L1 — Ly)) = sinh(¢(L — Ly — Lz))2+ sin(&(L — Ly — Ly))
L) = sinh(£(L — Lf));— sin(§(L — Ly)) T
sinh(¢L) +sin(§L) _ r

2 )
L) = cosh(§(L — L1))2—|— cos(¢(L — Ly)) .
Li— Ly)) = cosh(§(L — Ly — Lz));r cos(&(L — Ly — L))
L)) = oS- Lf))2+ cos(§(L = L)) _ g

2537

In the presence of four unknowns (constants , , and reactions in the supports /27 and
R2) we need two more equations besides (12) and (13). The third equation is formed
from the condition that the deflection of the beam in the hinge support R; is equal to
zero. Using equation (7) for the left section of the beam, we obtain the dependence:

(14)

where

wi(2)z=r, = AS({L1) + BT(£L1) =0,

S(EL1) = (cosh(€Ly1) + cos(€L1))/2 = Sy,
T(ELl) = (Slnh(ng) + sm(le))/Q =1Ty.

The fourth equation is formed from the condition that there is no deflection in the
hinge support Rs. Applying equation (10) for the middle section, we obtain:

(15)  win(2)o=L,+L, = AS((L1 + L2)) + BT ({(L1 + L2))

where

S(E(L1 + L)) =

Ry

T GET

V(EL2) +

EEJ.

cosh(&(Ly + La)) + cos(&(Ly + La))

2

V(§Ly) =0,

2557
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sinh(& (Ly + Ly)) + sin(€(Ly + Lo))

T(E(L1 + L2)) = 5 =T,
V(ELy) = sinh(§L2)2— sin(&Ls) 1
V(L) - sinh(¢ Lf)2— sin({Ly) _—

Therefore, taking into account expressions (12) — (15), we obtain a system of four
equations of forced oscillations of the beam:

Ry F

AU, + BtV LI T Ty =0
A S o A I A BT oW A

R, Ry F

AT, + B - =2 =

(16) 1+ U1+EJZSQ—|— EJZ53+ EJZSf 0,

AS,+BT, =0,
Ry F

A BT, Vi=0.

Sy + 5+§3EJZV5+§3EJZ =0

From the system of equations (16), analytical expressions for establishing all four
unknowns will be:

CFTu(—S83ToV; + S5T;Vs + SaTsVy — S5T3V5)
£%U<—&B&H+&B&R+&ﬂm%—&&%%>’
+5285 15Ty — S254T3Ts — TAT5Ty Vs + SaT3U1 Vs
FSy(—S5TyVs + S3TyVs + SaTsVy — S;T5Vs)
©E . ( =83T585Ty + S3T2S4T5 + S3TyUr Vs — S354V1 Vs ) 7
+89S5T3Ty — S95,T3T5 — ThT3T, Vs + SyT3U; Vs

17 A=

(18) B =

P —5355T4Tf + S5SfT3T4 + 5354T5Tf — S4SfT3T5
—|-53T4U1Vf — S354V1Vf - T1T3T4Vf + S4T3U1Vf

(19 R = ;
—8385515Ty + S35415T5 + SsTyU Vs — S354V1 V5
+85255T3Ty — S254T3T5 — T T3T, Vs + Sy T3U1 Vs

SQS5T4Tf — SQS4T5Tf — SQT4U1Vf + SQS4V1Vf
-F +T1T2T4Vf — T1T4V5Tf — S4T2U1Vf + S4TfU1V5
=S5 ST Ty + SaSfToTs + STyUi Vs — S4SfViVs

(200 Ro=

—S53S5ToTy + S3S4T0Ts + S3TyU1 Vs — S354V1 Vs
+S5255T5Ty — SoS4T5T5 — ThT3T4 Vs 4 S4T3U1 Vs
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Considering the conditionally allocated beam along z-axis (Fig. 3) with the di-
mensions of the plate, which are shown in Fig. 2, its moment of inertia of the area of
the cross section will be:

(21) J=h,b3/12=2.635 x 107" m*,

where h and b, are respectively, the width and thickness of the area of the cross
section of the plate.
The mass per unit length of the conditionally allocated beam will be:

(22) Mym = hbnp = 2.28 kg/m,

where p = 7850 kg/m? is the density of steel.

Assuming that the amplitude value of the perturbation force F' = 300 N, the fre-
quency of forced oscillations w = 314 rad/s, given the lengths of the sections shown
in Fig. 3, according to expressions (17) — (20) we set the values of the unknowns:

(23) A=0.022; B=-0017; Ry =Ry=—519932.

Using the experience obtained above, we construct a transverse deflection of the
plate along x-axis, dividing the plate into 4 sections (Fig. 4). Using expression (7)
and entering a variable z; lying within 0 < z; < L; = 0.182 m, the function that
describe the transverse deflection of the plate along x-axis in the first section will
take the following form:

24) wl(ajl) = ASS(ajl) + BTT(.’L'l) R

where
Sg(z1) = (cosh(&xy) + cos(€x1))/2,
Tr(x1) = (sinh(xq) + sin(éxq)) /2.

For the second section, enter a variable xo that varies within L1 = 0.182 m < zo <
Ly = 0.27 m. At these limits, expression (10) as a function we(x2) describing the
transverse deflection of the plate along x-axis in the second section will take the form:

(25) wa(w2) = ASg(x2) + BTr(x2) Vyi(xe),

LB
§3EJ,
where
Sg(x2) = (cosh(€ x2) + cos(Ex2))/2,
Tr(xz2) = (sinh(&xe) + sin(€xs)) /2,
Vi(ze) = (sinh(&(xg — L)) — sin(§(ze — L1)))/2.
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For the third section, enter a variable x3 that varies within Ly = 0.27 m < z3 <
Ly + Ly = 0.358 m. Using expression (10), we describe the function ws(z3) of the
transverse deflection of the plate along z-axis in the third section:

26 wale) = ASs(oa) + BTr(aa) + gt Walen) + g Wlea),
where

Ss(z3) = Cf)Sh@"”?)) : C'Os(fwg) |

Tr(zs) = Slfh<f”f3> : sin(£x;) ’.

Vi (as) = Slfh@(xs — L) - sg(g(:cg L)

Ve (g) = Smb(E(ws = Lf))2— sin€(rs — Ly))

Applying expression (11) to describe the deflection of the fourth section, which is
within the limits L1 + Lo = 0.358 m < z4 < L = 0.54 m, we find the function
wy(z4) that describes the transverse deflection of the plate along z-axis in the fourth
section:

(27) wy(x4) = ASs(x4) + BTp(z4)

+ ngllva(m) + g?ﬁfzvm(“) + E?)EF&VVF(M) |
where
Ss(aa) = Cf5h<5$4> - C.OS(EM) |
Tr(zs) = Slfh@w - sin(£x4) ,‘
Vii(zq) = STnh(g(“ - L1)>2— Sm(f(% L)
Vira(a) = Sf‘““ﬂ ~Li— L2>?2— sin(e(es = L — 1))
Vi(ag) = S(E(Es Lf)); sin(€(rs — 1y))

Substituting all the necessary parameters in expressions (24) — (27), the compared
functions of the deflections in the four sections that form the transverse deflection of
the plate along x-axis on its entire length, will take the form as in Fig. 5.
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Fig. 5: The transverse deflection of the plate along z-axis.

As can be seen from Fig. 5, section 1 (Fig. 4) is symmetrical to section 4, and
section 2 is symmetrical to section 3, so in the future calculations, we consider only
section 1 (console) and section 2 (left part of the middle).

To describe the transverse deflections of the console along y-axis (Fig. 3) on the
region 0 < y < h = 0.0875 m, we propose the following dependence:

(28) we(y) = sin(€y/(2h))0.003 + 1.

Transverse deflections of the middle of the plate along y-axis, given that the de-
flection in this area will be slightly smaller than the deflection of the console, are
described by the function:

(29) wm(y) = sin(y/(2h)0.001 + 1.

onsidering the plate console (Fig. 3), we construct the basic functions on individ-
ual sections of the plate. Deflection occurs simultaneously in the transverse directions
along the x and y axes. Operating by dependencies (24) and (28), the basic function
of deflections of this section will be:

(30) We(z1y) = wi(z1)we(y) -

Multiplying expressions (25) and (29), we can find the basic function for estab-
lishing the deflection of the surface of the left part of the middle of the plate. The
obtained function will be following:

(31) Win(z2,y) = wa(z2)wn(y) -
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W(x,y), m

0.02—H

001 —H—"]

Fig. 6: Three-dimensional deflection of the surface of half of the plate.

The graphical dependences of functions (30), (31), which describe the deflection
of the surface of half of the plate in 3D, are shown in Fig. 6. The deflection of the
second half of the plate will be symmetrical. This condition can be seen in Fig. 5.

Figure 6 shows that the transverse deflection along y-axis is small compared to the
transverse deflection along x-axis. Therefore, to simplify the calculations of the natu-
ral frequencies of oscillations of rectangular plates with similar fastening conditions,
we can consider their deflection only along x-axis.

According to the Rayleigh-Ritz method [17], the kinetic energy of the plate is
equal to the potential. So we can write the following equation:

(32) 2P, + 2P, = 2K, + 2K, ,
where
VP B Wy EWa(any)\ 2
c\T1,Y c\T1,Y
33) P=-/[D 2(1 —
33) 2// [( dz? + dy? >+( 2
0 0
[(dQWc(arl,y)>2 _ PPWe(z1,y) dQWc(wl,y)] \dy da
dxidy dz? dy? b
L L@ ay) PV (e g2
_t m\22,Y m\T2,Y -
34) P _2//1)[( Ty ) +2(1— p)
L1 0

X [(dQWm($2’y)>2 _ Wi (2, y) . W (w2, y)

dyd
dzady da? dy? }] yar
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— respectively, the potential energies of the console and the left side of the middle
of the plate:

Ly

h
(35) K. = //p nw 1'17 )) dydzy,
0 0

th

(36) m—//pbnw m(T2,y ))2dydx2

— kinetic energies of analogous parts of the plate.
In expressions (33), (34) the multiplier D can be obtained from:

(37) D = Eb, /(12(1 — p?)),

where ;1 = 0.26 — Poisson’s ratio.
Given expressions (33) — (36), from equation (32) we can write an analytical
expression to establish the first natural frequency of the plate:

2P. + 2P,
(38) wy = T I .
2 [ [ pbn(We(z1,v))2dydzy +2 [ [ pbp(Win(22,y))? dy dzo
00 L1 0

Substituting the necessary parameters into expression (38), the first natural cir-
cular frequency of the plate oscillations will be w,, = 311.8 rad/s (cyclic frequency
vp, = 49.6 Hz).

To verify the reliability of the proposed method for calculating the natural fre-
quency of oscillations of a plate with complex boundary conditions, experimental
investigation was performed on a discrete-continuous inter-resonance vibrating table
with an electromagnetic drive.

3 EXPERIMENTAL INVESTIGATION

In Fig. 7(a), an experimental sample of a discrete-continuous inter-resonance vi-
brating table during its work at the first natural frequency of the plate oscillations is
shown. The voltage on the electromagnetic vibrators was supplied from a 100-watt
harmonic signal generator. The perturbation of the plate occurred from electromag-
nets according to the sinusoidal law. The dimensions of the plate in the experimental
setup are similar to the dimensions of the theoretically considered plate.

The obtained value of the frequency sensor, shown in Fig. 7(b), indicates that
the first natural frequency of the plate corresponds to the results obtained using the
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/
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ld

|
-
RO

(a) (b)
Fig. 7: Experimental sample of a discrete-continuous inter-resonance vibrating ta-
ble with a plate (a) perturbed at the first natural oscillation frequency, and sensor
parameters (b) that show the values of voltage, current, and frequency.

proposed method of calculating the natural frequency of the plate (the results obtained
according to expression (38)).

4 CONCLUSION

Considering a plate with complex boundary conditions used in an inter-resonance
vibrating table with an electromagnetic drive, its first natural oscillation frequency
was established by the approximated Rayleigh-Ritz method. This value is neces-
sary for further synthesis of the structure. The feature of this calculation is that the
kinetic and potential energies of the plate were established through the basic func-
tions of the deflections of its surface, presented as the product of the functions of
the transverse deflections along the x and y axes, taking into account the boundary
conditions. The transverse forced deflection along the x-axis of the plate is described
by Krylov-Duncan functions, and transverse forced deflection along the y-axis by
circular functions. Due to this, it was possible to find the approximate value of the
first natural frequency of the plate oscillations quite accurately, which was confirmed
experimentally.
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