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A BSTRACT: In the article, using the approximate Rayleigh-Ritz method, the
first natural frequency of oscillations of the continuous member (elastic plate)
of the inter-resonance vibrating table with the electromagnetic drive is established. For this purpose, the kinetic and potential energies of the plate were
presented in integral form, where the basic function of the plate surface deflections is given as the product of the functions of the transverse deflections along
the x and y axes, taking into account the boundary conditions. The transverse
deflection along the x-axis of the plate is described through Krylov-Duncan
functions and along the y-axis – through circular functions. The article found
the approximate value of the first natural frequency of oscillations of the continuous member. The reliability of the obtained data was confirmed experimentally.
K EY WORDS : continuous member, natural frequencies and mode shapes,
Rayleigh-Ritz method, Krylov-Duncan functions.
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I NTRODUCTION

Given the prevalence of vibrating machines in many industries, it is important to
improve their technological efficiency. One of the most important indicators of the
technological efficiency of vibratory machines is energy efficiency. Achieving the
required amplitude of oscillations of the working body at the minimum power consumption of the drive can improve the energy efficiency of the vibratory machines.
It is known that a significant increase in energy efficiency in vibrating machines
can be achieved by implementing them as three-mass oscillating systems with interresonance regimes of work [1]. Actually, inter-resonance regimes of work allow the
vibratory machines to achieve a significant increase in energy efficiency compared to
resonant, which are based on two-mass oscillating systems. However, to implement
highly efficient inter-resonance regimes of work, the reactive mass of the vibrating
machine must be ultralight. In [2], to implement ultralight reactive masses, use a
continuous member in the form of a rod driven by a crank mechanism. This allowed
to effectively provide inter-resonance regimes of work.
The authors of this article are developing a discrete-continuous inter-resonance
vibrating table with an electromagnetic drive, where they decided to use a plate as
a reactive mass. In fact, the plate, which will be located between the wide poles
of electromagnetic vibrators, will effectively perceive the electromagnetic forces of
perturbation. The plate will play the role not only of the oscillating mass but also of
the elastic unit, the calculation of which is given much attention in [3].
An important step in the design of a discrete-continuous inter-resonance vibrating
table with an electromagnetic drive is to establish the first natural frequency of the
continuous section in the form of a plate. To calculate the natural frequencies of
oscillations of elastic plates with complex boundary conditions of attachment often
use the approximate Rayleigh-Ritz method [4, 5]. The authors of [6] propose the
method for calculating the natural frequencies of oscillations of a T-shaped plate.
Jin et al. [7] developed an accurate modified solution of the Fourier series for the
calculation of free oscillations of conical shells, where all coefficients of expansion
were determined using the Rayleigh-Ritz method. Borković et al. [8] presented a new
method for the spatial discretization of two-dimensional domains for calculating the
natural frequencies of singly curved shells. Studies [9–12] performed free vibration
analysis of elastic plates made of functionally graded materials (FGM).
The use of a continuous member perturbed in an electromagnetic field can cause
beating the plate to the poles of the iron core of vibrators. This problem was considered in [13, 14]. It is possible to analyze the chance of beating both experimentally
and with the help of analytical calculation methods or simulation modeling. Shishesaz et al. [15] using the generalized differential quadrature (GDQ) method calculated
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the effect of the magnetic field on the stresses and displacements in the annular FGM
plate. This method F. Tornabene et al. [16] also used for calculating the natural oscillations of arbitrarily shaped laminated composite shells.
Based on the above methods for calculating elastic plates, we can draw the following conclusion. The most expedient method of calculation, which is quite suitable
for solving our problem, is the approximate Rayleigh-Ritz method, which will allow
establishing the natural frequency of oscillations of the plate with complex boundary
ETHODOLOGY
OF CALCULATION THE NATURAL FREQUENCY
conditions of attachment. This will require mathematically describing the shape of
OSCILLATIONS
OF THE
MEMBER
the oscillations
of theCONTINUOUS
plate at its natural frequency,
calculating its kinetic and potential energies. The article proposes the solution to these tasks.
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The mode shape of the plate surface is mathematically given in the form of a basic
function W ( x, y) , as a function of its deflections by two Cartesian coordinates x and
y (Fig. 3). We assume that the basis function W ( x, y) is formed as the product of
the functions of the transverse deflections along x -axis ( w ( x) ) and y -axis ( w ( y ) )
of mutually perpendicular conditionally separated beams. The function w ( x) is
given in the form of Krylov-Duncan functions describing the deflection of a
conditionally allocated beam along the axis Ox and the function w ( y) in the form
of circular functions describing the deflection of a conditionally allocated beam along
the axis Oy . The function w ( y) at the end of the console and on the hinge supports
will have differences, and therefore it is presented in the form of functions wc ( y )
and w ( y ) . Functions w ( x), w ( y ) and w ( y ) describe the natural forms of
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frequency close to its natural. To calculate the natural frequency of oscillations by
the Rayleigh-Ritz method, we need to mathematically describe the presented mode
shape.
The mode shape of the plate surface is mathematically given in the form of a basic
function W (x, y), as a function of its deflections by two Cartesian coordinates x and
y (Fig. 3). We assume that the basis function W (x, y) is formed as the product of
the functions of the transverse deflections along x-axis (w (x)) and y-axis (w (y)) of
mutually perpendicular conditionally separated beams. The function w (x) is given
in the form of Krylov-Duncan functions describing the deflection of a conditionally
allocated beam along the axis Ox and the function w (y) in the form of circular functions describing the deflection of a conditionally allocated beam along the axis Oy.
The function w (y) at the end of the console and on the hinge supports will have
differences, and therefore it is presented in the form of functions wc (y) and wm (y).
Functions w(x), wc (y) and wm (y) describe the natural forms of oscillations of homogeneous beams. The deflection functions of the beams must satisfy the boundary
conditions in accordance with the method of attaching the plate.
The surface of the perturbed plate will be mathematically described by the dependence:
W (x, y) = w(x)w(y) .

(1)
(1)

W ( x, y) = w ( x) × w ( y) .
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by the amplitude
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the
harmonic
perturbation
forcedivide
F at a frequency close to its natural (Fig. 4). The two supports conditionally
F at a frequency close to its natural (Fig. 4). The two supports conditionally divide
the beam
into into
the the
leftleft
end,
thethemiddle
theright
rightend,
end,
deflection
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is
the beam
end,
middle and
and the
thethe
deflection
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respectively
described
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the
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w
(x),
w
(x),
and
w
(x).
respectively described by the functions wl ( x ) , wm ( x ) , and w r( x ) .
l

m

r

4. The calculation scheme of the conditionally allocated transverse beam along
Fig. 4:Fig.
The
calculation scheme of the conditionally allocated transverse beam along
x -axis divided into sections.
x-axis divided into sections.
To determine the deflection of the beam, we use the known differential equation
[17]:
d 4 w ( x)
(2)
E Jz
- w2 mrm w( x) = 0 ,
d x4
where E – Young's modulus. For steel it is equal E = 2,1×1011 N / m2 ,
J z – moment of inertia of the area of the cross section of the beam,
w – forced circular frequency of oscillations of the beam,
mrm – mass per unit length of the beam.
If we denote x4 = w2 mrm / ( E J z ) , the equation (2) will be:
(3)

d 4 w ( x)
- x4 w ( x) = 0 .
d x4
The solution of the differential equation (3) is generally written as:
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To determine the deflection of the beam, we use the known differential equation [17]:
(2)

EJz

d4 w(x)
− ω 2 mrm w(x) = 0 ,
dx4

where E is Young’s modulus. For steel it is equal E = 2.1 × 1011 N/m2 , Jz – the
moment of inertia of the area of the cross section of the beam, ω – the forced circular
frequency of oscillations of the beam, mrm – the mass per unit length of the beam.
If we denote ξ 4 = ω 2 mrm /(EJz ), the equation (2) will be:
d4 w(x)
− ξ 4 w(x) = 0 .
dx4

(3)

The solution of the differential equation (3) is generally written as:
(4)

w(x) = AS(ξx) + BT (ξx) + CU (ξx) + DV (ξx) ,

where A, B, C, D denote coefficients, determined through boundary conditions
S(ξx) = (cosh(ξx) + cos(ξ, x))/2 ,

T (ξx) = (sinh(ξx) + sin(ξx))/2 ,

U (ξx) = (cosh(ξx) − cos(ξx))/2 ,

V (ξx) = (sinh(ξx) − sin(ξx))/2

– Krylov-Duncan functions.
Take the left end of the beam as the starting point. According to the boundary
conditions of attachment at this end, we form the equation of deflections of the left
section (Fig. 4). The left end of the section is free, where there is no bending moment
and transverse force. Therefore, the initial boundary conditions at this end will be:
d2 wl (x)
dx2
d3 wl (x)
dx3

(5)
(6)

x=0

x=0

= ξ2C = 0 ,
= ξ3D = 0 .

Therefore, the constants C = D = 0. In this case, imposing conditions (5), (6)
on expression (4), the equation of deflections on the left section will have the form:
wl (x) = AS(ξx) + BT (ξx) .

(7)

For the middle and right sections of the beam, the corresponding equations are:
(8)
(9)

wm (x) = wl (x) +

R1
V
3
ξ EJz

(ξ(x − L1 )) +

wr (x) = wm (x) +

R2
V
3
ξ EJz

F
ξ 3 EJz

V (ξ(x − L1 − Lf )) ,

(ξ(x − L1 − L2 )) ,
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where
sinh(ξ(L − L1 )) − sin(ξ(L − L1 ))
= V2 ,
2
sinh(ξ(L − L1 − Lf )) − sin(ξ(L − L1 − Lf ))
= Vf ,
V (ξ(x − L1 − Lf )) =
2
sinh(ξ(L − L1 − L2 )) − sin(ξ(L − L1 − L2 ))
V (ξ(x − L1 − L2 )) =
= V3 .
2
V (ξ(x − L1 )) =

Substituting expression (7) in (8), the general equation of deflections of the middle
section of the beam on the L1 ≤ ≤ L1 + L2 will be:
(10) wm (x) = AS(ξx) + BT (ξx)
R1
F
+ 3
V (ξ(x − L1 )) + 3
V (ξ(x − L1 − Lf )).
ξ EJz
ξ EJz
For the right section (L1 + L2 ≤ ≤ L), substituting expression (10) in (9), we
obtain the following equation of deflections:
(11) wr (x) = AS(ξx) + BT (ξx) +
+

F
ξ 3 EJz

R1
V
3
ξ EJz

(ξ(x − L1 ))

V (ξ(x − L1 − Lf )) +

R2
V
3
ξ EJz

(ξ(x − L1 − L2 )).

Equations (7) – (11) are written in a general form. To establish constants , and
reactions in the hinge supports R1 , R2 , it is necessary to synthesize a system of four
equations. We form the first two equations using expression (11). The right end of
the beam is free. The bending moment and the transverse force that are respectively
the second and third derivatives of the deflection function at the right end are equal
to zero. Imposing these conditions on equation (11) we can write two necessary
equations:
(12)

(13)

d2 wr (x)
dx2

R1
T (ξ(L − L1 ))
ξEJz
x=L
R2
F
+
T (ξ(L − L1 − L2 )) +
T (ξ(L − Lf )) = 0 ,
ξEJz
ξEJz
d3 wr (x)
R1
= Aξ 3 T (ξL) + Bξ 3 U (ξL) +
S(ξ(L − L1 ))
3
dx
EJz
x=L
R2
F
+
S(ξ(L − L1 − L2 )) +
S(ξ(L − Lf )) = 0 ,
EJz
EJz
= Aξ 2 U (ξL) + Bξ 2 V (ξL) +
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where
cosh(ξL) − cos(ξL)
= U1 ,
2
sinh(ξL) − sin(ξL)
V (ξL) =
= V1 ,
2
sinh(ξ(L − L1 )) + sin(ξ(L − L1 ))
T (ξ(L − L1 )) =
= T2 ,
2
sinh(ξ(L − L1 − L2 )) + sin(ξ(L − L1 − L2 ))
T (ξ(L − L1 − L2 )) =
= T3 ,
2
sinh(ξ(L − Lf )) + sin(ξ(L − Lf ))
T (ξ(L − Lf )) =
= Tf ,
2
sinh(ξL) + sin(ξL)
T (ξL) =
= T1 ,
2
cosh(ξ(L − L1 )) + cos(ξ(L − L1 ))
S(ξ(L − L1 )) =
= S2 ,
2
cosh(ξ(L − L1 − L2 )) + cos(ξ(L − L1 − L2 ))
S(ξ(L − L1 − L2 )) =
= S3 ,
2
cosh(ξ(L − Lf )) + cos(ξ(L − Lf ))
S(ξ(L − Lf )) =
= Sf .
2
In the presence of four unknowns (constants , , and reactions in the supports R1 and
R2 ) we need two more equations besides (12) and (13). The third equation is formed
from the condition that the deflection of the beam in the hinge support R1 is equal to
zero. Using equation (7) for the left section of the beam, we obtain the dependence:
U (ξL) =

(14)

wl (x)x=L1 = AS(ξL1 ) + BT (ξL1 ) = 0 ,

where
S(ξL1 ) = (cosh(ξL1 ) + cos(ξL1 ))/2 = S4 ,
T (ξL1 ) = (sinh(ξL1 ) + sin(ξL1 ))/2 = T4 .
The fourth equation is formed from the condition that there is no deflection in the
hinge support R2 . Applying equation (10) for the middle section, we obtain:
(15) wm (x)x=L1 +L2 = AS(ξ(L1 + L2 )) + BT (ξ(L1 + L2 ))
R1
F
V (ξL2 ) + 3
V (ξLf ) = 0 ,
+ 3
ξ EJz
ξ EJz
where
S(ξ(L1 + L2 )) =

cosh(ξ(L1 + L2 )) + cos(ξ(L1 + L2 ))
= S5 ,
2
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sinh(ξ (L1 + L2 )) + sin(ξ(L1 + L2 ))
= T5 ,
2
sinh(ξL2 ) − sin(ξL2 )
V (ξL2 ) =
= V5 ,
2
sinh(ξ Lf ) − sin(ξLf )
= Vf .
V (ξLf ) =
2
T (ξ(L1 + L2 )) =

Therefore, taking into account expressions (12) – (15), we obtain a system of four
equations of forced oscillations of the beam:
R1
R2
F
T2 +
T3 +
Tf = 0 ,
ξEJz
ξEJz
ξEJz
R1
R2
F
AT1 + BU1 +
S2 +
S3 +
Sf = 0 ,
EJz
EJz
EJz
AS4 + BT4 = 0 ,
R1
F
AS5 + BT5 + 3
V5 + 3
Vf = 0 .
ξ EJz
ξ EJz
AU1 + BtV1 +
(16)

From the system of equations (16), analytical expressions for establishing all four
unknowns will be:
(17)

−F T4 (−S3 T2 Vf + S3 Tf V5 + S2 T3 Vf − Sf T3 V5 )

A=

−S3 T2 S5 T4 + S3 T2 S4 T5 + S3 T4 U1 V5 − S3 S4 V1 V5

ξ 3 EJ

(18)

+S2 S5 T3 T4 − S2 S4 T3 T5 − T1 T3 T4 V5 + S4 T3 U1 V5
F S4 (−S3 T2 Vf + S3 Tf V5 + S2 T3 Vf − Sf T3 V5 )

B=
ξ3E J ·

−F
(19)

R1 =

!,

−S3 T2 S5 T4 + S3 T2 S4 T5 + S3 T4 U1 V5 − S3 S4 V1 V5

!,

+S2 S5 T3 T4 − S2 S4 T3 T5 − T1 T3 T4 V5 + S4 T3 U1 V5
!
−S3 S5 T4 Tf + S5 Sf T3 T4 + S3 S4 T5 Tf − S4 Sf T3 T5

+S3 T4 U1 Vf − S3 S4 V1 Vf − T1 T3 T4 Vf + S4 T3 U1 Vf
!
−S3 S5 T2 T4 + S3 S4 T2 T5 + S3 T4 U1 V5 − S3 S4 V1 V5

,

+S2 S5 T3 T4 − S2 S4 T3 T5 − T1 T3 T4 V5 + S4 T3 U1 V5


S2 S5 T4 Tf − S2 S4 T5 Tf − S2 T4 U1 Vf + S2 S4 V1 Vf


−F  +T1 T2 T4 Vf − T1 T4 V5 Tf − S4 T2 U1 Vf + S4 Tf U1 V5 
(20)

R2 =

−S5 Sf T2 T4 + S4 Sf T2 T5 + Sf T4 U1 V5 − S4 Sf V1 V5
!
−S3 S5 T2 T4 + S3 S4 T2 T5 + S3 T4 U1 V5 − S3 S4 V1 V5
+S2 S5 T3 T4 − S2 S4 T3 T5 − T1 T3 T4 V5 + S4 T3 U1 V5

.
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Considering the conditionally allocated beam along x-axis (Fig. 3) with the dimensions of the plate, which are shown in Fig. 2, its moment of inertia of the area of
the cross section will be:
(21)

J = h, b3n /12 = 2.635 × 10−10 m4 ,

where h and bn are respectively, the width and thickness of the area of the cross
section of the plate.
The mass per unit length of the conditionally allocated beam will be:
mrm = hbn ρ = 2.28 kg/m ,

(22)

where ρ = 7850 kg/m3 is the density of steel.
Assuming that the amplitude value of the perturbation force F = 300 N, the frequency of forced oscillations ω = 314 rad/s, given the lengths of the sections shown
in Fig. 3, according to expressions (17) – (20) we set the values of the unknowns:
(23)

A = 0.022;

B = −0.017;

R1 = R2 = −519932 .

Using the experience obtained above, we construct a transverse deflection of the
plate along x-axis, dividing the plate into 4 sections (Fig. 4). Using expression (7)
and entering a variable x1 lying within 0 < x1 < L1 = 0.182 m, the function that
describe the transverse deflection of the plate along x-axis in the first section will
take the following form:
(24)

w1 (x1 ) = ASS (x1 ) + BTT (x1 ) ,

where
SS (x1 ) = (cosh(ξx1 ) + cos(ξx1 ))/2 ,
TT (x1 ) = (sinh(ξx1 ) + sin(ξx1 ))/2 .
For the second section, enter a variable x2 that varies within L1 = 0.182 m < x2 <
Lf = 0.27 m. At these limits, expression (10) as a function w2 (x2 ) describing the
transverse deflection of the plate along x-axis in the second section will take the form:
(25)

w2 (x2 ) = ASS (x2 ) + BTT (x2 ) +

R1
3
ξ EJz

· VV 1 (x2 ) ,

where
SS (x2 ) = (cosh(ξ x2 ) + cos(ξx2 ))/2 ,
TT (x2 ) = (sinh(ξx2 ) + sin(ξx2 ))/2 ,
VV 1 (x2 ) = (sinh(ξ(x2 − L1 )) − sin(ξ(x2 − L1 )))/2 .
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For the third section, enter a variable x3 that varies within Lf = 0.27 m < x3 <
L1 + L2 = 0.358 m. Using expression (10), we describe the function w3 (x3 ) of the
transverse deflection of the plate along x-axis in the third section:
(26)

w3 (x3 ) = ASS (x3 ) + BTT (x3 ) +

R1
VV 1 (x3 )
3
ξ EJz

+

F
ξ 3 EJz

VV F (x3 ) ,

where
cosh(ξx3 ) + cos(ξx3 )
,
2
sinh(ξx3 ) + sin(ξx3 )
TT (x3 ) =
,
2
sinh(ξ(x3 − L1 )) − sin(ξ(x3 − L1 ))
,
VV 1 (x3 ) =
2
sinh(ξ(x3 − Lf )) − sin(ξ(x3 − Lf ))
VV F (x3 ) =
.
2

SS (x3 ) =

Applying expression (11) to describe the deflection of the fourth section, which is
within the limits L1 + L2 = 0.358 m < x4 < L = 0.54 m, we find the function
w4 (x4 ) that describes the transverse deflection of the plate along x-axis in the fourth
section:
(27) w4 (x4 ) = ASS (x4 ) + BTT (x4 )
R1
R2
F
+ 3
VV 1 (x4 ) + 3
VV 2 (x4 ) + 3
VV F (x4 ) ,
ξ EJz
ξ EJz
ξ EJz
where
cosh(ξx4 ) + cos(ξx4 )
,
2
sinh(ξx4 ) + sin(ξx4 )
TT (x4 ) =
,
2
sinh(ξ(x4 − L1 )) − sin(ξ(x4 − L1 ))
VV 1 (x4 ) =
,
2
sinh(ξ(x4 − L1 − L2 )) − sin(ξ(x4 − L1 − L2 ))
VV 2 (x4 ) =
,
2
sinh(ξ(x4 − Lf )) − sin(ξ(x4 − Lf ))
VV F (x4 ) =
.
2
SS (x4 ) =

Substituting all the necessary parameters in expressions (24) – (27), the compared
functions of the deflections in the four sections that form the transverse deflection of
the plate along x-axis on its entire length, will take the form as in Fig. 5.

Substituting all the necessary parameters in expressions (24) - (27), the compared
functions
ofEstablishment
the deflections of
in the
sections
that formoftheOscillations
transverse deflection
210
thefour
Natural
Frequency
of ... of
the plate along x -axis on its entire length, will take the form as in Fig. 5.

x -axis.
Fig. 5. TheFig.
transverse
of deflection
the plate along
5: Thedeflection
transverse
of the
plate along x-axis.

As can be seen from Fig. 5, section 1 (Fig. 4) is symmetrical to section 4, and
section
symmetrical
to section
3, so in
future
we to
consider
only
As
can 2beis seen
from Fig.
5, section
1 the
(Fig.
4) iscalculations,
symmetrical
section
4, and
section 1 (console) and section 2 (left part of the middle).
section 2 is symmetrical to section 3, so in the future calculations, we consider only
To describe the transverse deflections of the console along y -axis (Fig. 3) on the
section 1 (console) and section 2 (left part of the middle).
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Multiplying expressions (25) and (29), we can find the basic function for establishing the deflection of the surface of the left part of the middle of the plate. The
obtained function will be following:
(31)

Wm (x2 , y) = w2 (x2 )wm (y) .

Multiplying expressions (25) and (29), we can find the basic function for
establishing the deflection of the surface of the left part of the middle of the plate.
The obtained function will be following:
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Fig. 6: Three-dimensional deflection of the surface of half of the plate.
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— respectively, the potential energies of the console and the left side of the middle
of the plate:
ZL1 Zh
Kc =

(35)

0

ρbn ωn2 (Wc (x1 , y))2 dy dx1 ,

0

ZLf Zh
Km =

(36)

ρbn ωn2 (Wm (x2 , y))2 dy dx2

L1 0

— kinetic energies of analogous parts of the plate.
In expressions (33), (34) the multiplier D can be obtained from:
D = Eb3n /(12(1 − µ2 )) ,

(37)

where µ = 0.26 – Poisson’s ratio.
Given expressions (33) – (36), from equation (32) we can write an analytical
expression to establish the first natural frequency of the plate:
v
u
2Pc + 2Pm
u
(38) ωn = u
.
L
f Rh
u L
h
1
R
R
R
t2
ρbn (Wc (x1 , y))2 dy dx1 + 2
ρbn (Wm (x2 , y))2 dy dx2
0 0

L1 0

Substituting the necessary parameters into expression (38), the first natural circular frequency of the plate oscillations will be ωn = 311.8 rad/s (cyclic frequency
υn = 49.6 Hz).
To verify the reliability of the proposed method for calculating the natural frequency of oscillations of a plate with complex boundary conditions, experimental
investigation was performed on a discrete-continuous inter-resonance vibrating table
with an electromagnetic drive.
3

E XPERIMENTAL I NVESTIGATION

In Fig. 7(a), an experimental sample of a discrete-continuous inter-resonance vibrating table during its work at the first natural frequency of the plate oscillations is
shown. The voltage on the electromagnetic vibrators was supplied from a 100-watt
harmonic signal generator. The perturbation of the plate occurred from electromagnets according to the sinusoidal law. The dimensions of the plate in the experimental
setup are similar to the dimensions of the theoretically considered plate.
The obtained value of the frequency sensor, shown in Fig. 7(b), indicates that
the first natural frequency of the plate corresponds to the results obtained using the
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CONCLUSION
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the transverse deflections along the x and y axes, taking into account the boundary
deflections of its surface, presented as the product of the functions of the transverse
conditions. The transverse forced deflection along the x-axis of the plate is described
deflections along the x and y axes, taking into account the boundary conditions.
by Krylov-Duncan functions, and transverse forced deflection along the y-axis by
x -axis
The transverse
forced deflection
of the
is described
Krylovcircular functions.
Due to this,along
it wasthe
possible
to find
theplate
approximate
value by
of the
Duncan
and transverse
forced deflection
along which
the ywas
-axis
by circular
firstfunctions,
natural frequency
of the plate oscillations
quite accurately,
confirmed
experimentally.
functions.
Due to this, it was possible to find the approximate value of the first natural
frequency of the plate oscillations quite accurately, which was confirmed
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