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ABSTRACT: Dynamic fracture behaviour of multiple anti-plane nano-cracks
in infinite functionally graded magnetoelectroelastic (MEE) solid under exci-
tation of time-harmonic SH-wave is studied. The applied approach is based
on the non-hypersingular traction based boundary integral equation method
(BIEM) for the graded bulk MEE solid extended with the non-classical bound-
ary conditions and the localized constitutive law for the MEE matrix-nanocrack
interface within the framework of the Gurtin-Murdoch theory. The formulation
allows for an exponential variation of the material properties in an arbitrary
direction. The boundary integral equation (BIE) system is treated by using
the frequency dependent fundamental solution derived analytically by Fourier
transforms. The numerical solution provides displacements and tractions at any
point in the infinite graded solid as well as the generalized crack opening dis-
placements from which the generalized stress concentrations are determined.
Simulations for different nano-cracks configurations such as collinear, parallel
or nanocracks in arbitrary position to each other are presented and discussed.
They demonstrate among others the MEE coupling, the frequency dependent
shielding and amplification effects resulting from nano-cracks interaction and
reveal the sensitivity of the stress concentration factors to the complex influ-
ence of wave-crack and crack-crack interactions, existence of material gradient
and surface elasticity effects.
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1 INTRODUCTION

The main feature of magnetoelectroelastic (MEE) composite materials that makes
them attractive for use in numerous modern multifunctional technical implementa-
tions such as microwave devices, sensors, transducers, filters, memory elements, en-
ergy harvesters, batteries, etc. is their capacity to convert energy among the magnetic,
electric and mechanical fields. The triple energy conversions have facilitated MEE
materials to exhibit excellent multifunctionality. A coupled electrical and magnetic
phenomenon is realized via elastic interaction. The magnetic phase changes its shape
magnetostrictively when a magnetic field is applied to a composite. The strain is
then passed along to the piezoelectric phase, resulting in an electric polarization. In
the last years MEE nanostructures have become an extremely important topic, since
they, especially magneto-electric thin films, are easy to on-chip integration, which
is a prerequisite for incorporation into microelectronic devices. Additionally, in the
last years the next new class of smart MEE materials appear and they are so called
functionally graded materials (FGM) with continuously varying properties that have
significant advantages over discretely layered composites. These modern function-
ally graded MEE composites are very attractive also for nano-sensors, nano-actuators
and nano-transducers. Due to their inherent brittleness, fracture behavior and relia-
bility have to be evaluated. One of the key issues regarding the fast growing use
of this class of smart FGM is related to understanding and modeling their fracture
behavior under combined mechanical, electric and magnetic static, time-harmonic
and impact loadings. As compared to the piezoelectric cases, relatively limited work
has been done so far when it comes to analyze fracture phenomena in graded MEE
materials. This is true with even greater force for continuously inhomogeneous func-
tional graded nano-cracked MEE materials. A literature review for available in the
literature results concerning dynamic fracture problems of graded MEE materials
with cracks at macro and nano-level shows the following state. 2D dynamic fracture
problems in graded MEE solids with macro-cracks are considered in [1–10]. One
of the main thrusts of what is now known as nano-scale mechanics is the so called
multi-scale approach, which aims at extending the range of classical continuum me-
chanics by bridging its basic theoretical principles with the effects observed at the
molecular level. Along this direction we mention the pioneering work of [11, 12]
who developed a general theoretical frame work to represent both surface and inter-
face stresses. A review for dynamic fracture behaviour of piezoelectric and MME
nano-composites in the frame of Gurtin and Murdoch model shows that few results
are available. The only known result is in [13], where anti-plane elastodynamic prob-
lem for shear (SH) wave scattering by a single nano-crack in a homogeneous MEE
plane is solved. [14] studied dynamic fracture behavior of an in-plane nano-crack in a
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homogeneous piezoelectric plane under incident time-harmonic P or SV wave. Anti-
plane dynamic problem of a finite exponentially inhomogeneous piezoelectric solid
with a nano-crack is solved in [15]. To the authors knowledge there are no available
results for static or dynamic fracture behaviour of multiple nano-cracks in graded
MEE continua.

The main aim of this work is to solve 2D dynamic problem for scattering, diffrac-
tion and stress concentration in a graded MEE plane with multiple nano-cracks sub-
jected to normal plane time-harmonic SH-wave by developing of a non-hypersingular
traction based BIEM extended by the non-classical boundary condition derived in
[11, 12] model. The paper is a continuation of our previous results in [13, 16] where
we consider nanocracked homogeneous MEE material in the first one and exponen-
tially inhomogeneous MEE media with a single nano-crack in the second one.

The paper is organized as follows: the statement of the problem and its reformu-
lation by non-hypersingular traction boundary integral equations are given in Sect.
2 and Sect. 3 correspondingly. Numerical results are presented in Sect. 4, while
concluding remarks are discussed in Sect. 5.

2 PROBLEM STATEMENT

In a Cartesian coordinate system Ox1x2x3 consider an infinite exponentially inho-
mogeneous transversely isotropic MEE plane x3 = 0 subjected to incident time-
harmonic with frequency ω and incident angle θ shear SH wave which is polarized
along Ox3 axis. Assume that MEE material shows hexagonal symmetry with respect
to the axis Ox3 and the poling axis is collinear with Ox3 axis.

The only non-zero field quantities in the case of anti-plane strain state under con-
sideration are:

i) mechanical field variables: out-of-plane mechanical displacement u3(x, ω),
stress components σ13(x, ω), σ23(x, ω) and strain components s13(x, ω),
s23(x, ω), all dependent on coordinates x = (x1, x2);

ii) electrical and magnetic field variables: in-plane components of the electric
field E1(x, ω), E2(x, ω), electrical displacements D1(x, ω), D2(x, ω), mag-
netic induction B1(x, ω), B2(x, ω) and magnetic field H1(x, ω), H2(x, ω).

Material characteristics such as density ρ(x), elastic shear stiffness c44(x), piezo-
electric coupled coefficient e15(x), dielectric permittivity ε11(x), piezomagnetic pa-
rameter q15(x), magnetoelectric parameter d11(x) and magnetic permeability µ11(x)
are variables with respect to the position vector x = (x1, x2). They are defined by



338 Dynamic Nano-Cracks Interaction in Graded Magnetoelectroelastic Solid

the inhomogeneous function h(x) = e2〈a,x〉 as follows:

ρ(x) = ρ0h(x), c44 = c044h(x), e15 = e015h(x), ε11 = ε011h(x),

q15 = q015h(x), d11 = d011h(x), µ11 = µ011h(x),
(1)

In the definition of function h(x), the notation 〈., .〉 is the scalar product inR2, a =
(a1, a2) is the inhomogeneity vector with the following components a1 = |a| cosα,
a2 = |a| sinα, |a| =

√
a21 + a22, α is the inhomogeneity direction, and ρ0,

c044, e015, ε011, q015, d015, µ011 are the reference material properties at a = 0,
i.e., material properties of the homogeneous material.

The graded MEE plane contains N straight nano-cracks with boundaries Sk,
k = 1, 2, . . . N , see Fig. 1a. The number of nano-cracks and their geometrical config-
uration is arbitrary. The model of the k-th nano-crack is a blunt crack with a crack‘s
root presented by a semi-elliptical shape with semi-major axis d0 and semi-minor axis
d, d ≤ d0, see Fig. 1b. The perimeter of the crack is |S| = 2(2c−2d0)+4d0E(e),
d0 = 0.0375c, with a size c belonging to the interval 10−7m − 10−10m, where
e =

√
1− (d/d0)2 and E(e) =

∫ π/2
0

√
1− e2 sin2 ϕdϕ is a complete elliptic inte-

gral of second kind, see [17]. If d = d0 the blunt nano-crack is with a crack‘s root
presented by semi-circular shape of radius d0.

An illustrative examples will be considered two nano-cracks in the following
mutual dispositions: (a) collinear cracks S and S1; (b) parallel cracks S and S2;
(c) shifted nano-cracks S and S3. We mark on Fig. 1a some corner points on
the cracks in order to define the distance between them in the numerical examples:
dist(S, S1) = |C − C1|, dist(S, S2) = |C − C2| and dist(S, S3) = |C − C3|.
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Fig. 1: A graded MEE plane subjected to normal incident time-harmonic SH- wave.
a) Multiple blunt nano-cracks: collinear S, S1, parallel S, S2, shifted S, S3 ; b)
Reference model of a single blunt nano-crack S.
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Fracture mechanics considers the crack front profile as an infinite sharp, where
the elastic and elasto-plastic crack-tip zones are well established. In reality the crack-
tips are not ideally sharp, but blunt with a curvature radius in the order of microns
or nanometers. In [18] is shown that the surface elasticity effect is localized at the
crack-tip. The stresses obtained via the atomic models are in a good agreement with
the predictions of linear fracture mechanics except in a very small vicinity of the
crack tip, where the effect of surface elastic energy should be taken into account.

The compact form of the constitutive equations in the plane x3 = 0 is obtained
by introducing the generalized field quantities described below, see [19, 20].

(2) σ(x, ω)iK = CiKJl(x)uJ,l(x, ω), x ∈ R2\Γ, or x ∈ R2\G,

where small indexes i, l = 1, 2, capital indexesK,J = 3, 4, 5, comma denotes partial
differentiation and summation in repeating indexes is assumed. The generalized field
variables are defined as follows:

• generalized displacement is uJ(x, ω) = (u3(x, ω), φ(x, ω), ϕ(x, ω));

• generalized stress tensor is σiJ(x, ω) = (σi3(x, ω), Di(x, ω), Bi(x, ω)) and

• generalized elasticity tensor is CiKJl(x) with the following components:

Ci33l(x) =

{
c44(x), i = l

0, i 6= l
, Ci34l(x)=Ci43l(x) =

{
e15(x), i= l

0, i 6= l
,

Ci35l(x)=Ci53l(x) =

{
q15(x), i = l

0, i 6= l
Ci44l(x) =

{
−ε11(x), i = l

0, i 6= l
,

Ci45l(x) = Ci54l(x) =

{
−d11(x), i = l

0, i 6= l
, Ci55l(x) =

{
−µ11(x), i = l

0, i 6= l

The kinematics relations under assumption of small displacements and electric φ and
magnetic ϕ field-potentials relations under quasi-static approximation, see [20] are
the next group of the governing equations:

si3(x, ω) = u3,i(x, ω),

Ei(x, ω) = −φ,i(x, ω),

Hi(x, ω) = −ϕ,i(x, ω), and i = 1, 2.

(3)

The dynamic equilibrium equation in the case there are no body force and free electric
and magnetic volume charges is given below, having in mind Eqs. (2), (3).

(4) σiK,i + ρKJω
2uJ = 0, i = 1, 2, J,K = 3, 4, 5,
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where ρKJ(x) =

{
ρ(x), K = J = 3,
0, K, J = 4 or 5.

.

For simplicity and if there is no misunderstanding we will omit the arguments of
the functions. The following assumptions are made: (a) the bulk material is trans-
versely isotropic MEE one describing via the constitutive equation (2); (b) the in-
terface Sk between the k-th nano-crack and the matrix material is considered as an
infinitely thin elastic isotropic layer with own surface elastic shear coefficient µS and

the following constitutive equation describes its behaviour σSl3 = cS44s
S
l3 = µS

∂uS3
∂l

,

here l is the tangential vector along the interface Sk and ∂uS3
∂l is the tangential deriva-

tive of the mechanical displacement uS3 ; (c) the infinitely thin interface layer Sk is
coherent and no atomic bonds are broken along it. Along coherent boundary which
is perfect bonded, the surface mechanical strain in tangential direction with respect
to the interface boundary is equal to the associated tangential strain inside the matrix,
i.e. sSl3 = sMl3 .

The cracks are assumed to be electrically and magnetic impermeable and in this
case the electric and magnetic field inside the cracks is ignored and they may be
thought as a low-capacitance medium with electric and magnetic potential jumps
∆φ = φ+ − φ− and ∆ϕ = ϕ+ − ϕ−. The generalized traction vector over Sk is
defined as tJ = (t3, t4, t5), where t3 = σi3ni, n = (n1, n2) is the normal vector on
Sk, t4 = Dn, t5 = Bn. The boundary conditions for the normal component of the
electric displacement and magnetic induction along the nano-crack Sk are Dn = 0
and Bn = 0, while the boundary condition for the mechanical stress satisfies the
non-classical boundary condition, derived in the frame of the [11, 12] theory

(5) σMn3 = tM3 = t3 = −
∂σSl3
∂l

= −µS ∂
2u3
∂l2

, x ∈ Sk, k = 1, . . . , N.

Note that at zero surface elastic properties, i.e., µS = 0, the boundary condition (5)
degenerates to the classical boundary condition as t3 = 0.

The total wave field uJ , σiJ in the graded MEE plane can be written as a sum of
the incident uinJ , σiniJ and the scattered uscJ , σsciJ wave fields, i.e., uJ = uinJ + uscJ
and σiJ = σiniJ + σsciJ . The generalized displacement and stress of the incident SH
wave propagating in a MEE continuum is presented in [8]. The scattered by the
cracks wave field is unknown and has to be determined.

Finally, the solution for the total wave field of the defined BVP satisfies the gov-
erning Eq. (4), the boundary condition (5) for the k-th blunt nano-crack and the
Sommerfeld‘s radiation condition for the scattered wave at infinite.

The computation of the generalized normalized stress concentration factor (GSCF)
close to the interface S of a blunt nano-crack at point (±x1, 0) is proceed with the
formulae



Tsviatko V. Rangelov, Yonko D. Stoynov, Petia S. Dineva 341

FIII((x1, 0), ω) =
t3((x1, 0), ω)

√
2π(x1 ∓ c)

tin3 ((x1, 0), ω)
, |x1| > c,

FE((x1, 0), ω) =
En((x1, 0), ω)

√
2π(x1 ∓ c)

tin3 ((x1, 0), ω)
, |x1| > c,

FH((x1, 0), ω) =
Hn((x1, 0), ω)

√
2π(x1 ∓ c)

tin3 ((x1, 0), ω)
.

(6)

Here
En = M21t3((x1, 0), ω) +M22t4((x1, 0), ω) +M23t5((x1, 0), ω),

Hn = M31t3((x1, 0), ω) +M32t4((x1, 0), ω) +M33t5((x1, 0), ω),

{Mij} are sub-determinants of the matrix M =

c044 e015 q015
e015 −ε011 −d011
q015 −d011 −µ011

, see [8, 10].

In the figures of Section 4 we plot the normalized GSCFs F ∗III = |FIII/
√
πc|,

F ∗E = |FE/
√
πc|, F ∗H = |FH/

√
πc|.

3 NON-HYPERSINGULAR TRACTION BOUNDARY INTEGRAL EQUATION

METHOD FOR SOLUTION OF THE PROBLEM

The BIEM is an attractive candidate for modelling of wave propagation in hetero-
geneous media with coupled properties because of certain advantages, discussed in
details in [21].

However, it is well known that the conventional displacement BIE formulation de-
generates for crack problems and it cannot be directly applied to them, see [22, 23].
Generally there are several methods to overcome this difficulty and among them is
the non-hypersingular traction based BIEM proposed for elastic isotropic and ho-
mogeneous solids in [24]. The derivation of the mentioned approach is done here
via combine usage of the two-state conservation integral of elastodynamics and the
frequency-dependent fundamental solution for anti-plane wave motion in 2D expo-
nentially graded MEE plane, following [8, 16].

In the considered case of multiple blunt nano-cracks the formulated above BVP is
presented by the following system of integro-differential equations along the interface
between the MEE matrix and the nano-cracks:

(7) γRJ(tinR (x, ω)−tMR (x, ω)) = CiJKl(x)ni(x)

×
N∑
k=1

∫
Sk

[(
σ∗ηPK(x, y, ω)usc,kP,η (y, ω)−ρQPω2u∗QK(x, y, ω)usc,kP

)
δλl

− σ∗λPK(x, y, ω)usc,kP,l (y, ω)
]
nλ(y)dSy, x ∈ ∪Nk=1Sk.
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Here γRJ is the jump term depending on the local geometry at the source point x, x =
(x1, x2) and y = (y1, y2) are the position vectors of the source and field points, u∗QK
is the fundamental solution of Eq. (4), i.e., Eq. (4) with right hand side −δ(x− y)I3,
where δ(x − y) is Dirac‘s delta function and I3 is unit 3 × 3 matrix. Symbol δλl
is the Kronecker symbol, σ∗iJQ = CiJMlu

∗
MQ,l. The fundamental solution u∗QK is

derived analytically by Fourier transform following the steps: (i) First, application of
the smooth functional transform u∗KM = e−〈a,x〉U∗KM to both sides of Eq. (4) with
right hand side −e−〈a,ξ〉δKMδ(x, ξ), aiming to obtain partial differential equation
with constant coefficients with respect to U∗KM ; (ii) The second step is an application
of Fourier transform to equation with constant coefficients and its solution, see [25],
in analytical form; (iii) The third step deals with the application of inverse Fourier
transform and analytical derivation of the function U∗KM ; (iv) Final step presents
fundamental solutions u∗KM for equation of motion in an exponentially graded MEE
continua. The derived fundamental solution is a 3 × 3 matrix-valued function and
is listed below. It is different from the one derived by Radon transform in [8] and
applied for numerical simulations in [16].

The wave number is k =

√
ρ0ω2

a0
− |a|2 with a0 = c044+

e0215
ε011

, c044 = c044+
q0215
µ011

,

e015 = e015 −
d011q

0
15

µ011
, ε011 = ε011 −

d0211
µ011

and let us introduce the notations

A =
µ011e

0
15 − q015d011

µ011ε
0
11 − (d011)

2
, B =

q015ε
0
11 − e015d011

µ011ε
0
11 − (d011)

2
.

The critical (cut-off) frequency is defined as ω0 = |a|
√
a0/ρ0 and ω0 > 0 for a 6= 0.

In the case ω > ω0 corresponds to the mechanical case of wave propagation and then
the fundamental solution has the form:

u∗(x, y, ω) =− e−〈a,x+y〉

2πa0

 1 A B
A A2 AB
B AB B2

K0(−ikr)

+
e−〈a,x+y〉

2π


0 0 0

0 − 1

ε̄011

d011
ε̄011µ

0
11

0
d011

ε̄011µ
0
11

−
( d0211
ε̄011µ

02
11

+
1

µ011

)
K0(|a|r),

where K0(z) is Kelvin function, see [17] and r =
√

(x1 − y1)2 + (x2 − y2)2.
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After discretization and collocation procedure applied to Eq. (7), the defined
problem transforms to a system of algebraic equations with respect to the unknown
scattered displacements usc,kJ along the k-th crack line Sk. Note, that the obtained
after discretization integrals are at least Cauchy principal value integrals.

Once the solution of the system of BIEs (7) is known for a fixed frequency ω, the
displacement and stress of the scattered field and by this the total field in the whole
MEE plane can be determined via the representation formulae

uscJ (x, ω) =−
N∑
k=1

{∫
Sk

σ∗iMJ(x, y, ω)usc,kM (y, ω)ni(y)dSk, x /∈ ∪Nk=1Sk,(8)

tscJ (x, ω) =− CiJKl(x)ni(x)

N∑
k=1

{∫
Sk

[
(σ∗ηPK(x, y, ω)∆usc,kP,η (y, ω)(9)

− ρQPω2u∗QK(x, y, ω)usc,kP )δλl

− σ∗λPK(x, y, ω)usc,kP,l (y, ω)
]
nλ(y)dΓy

}
, x /∈ ∪Nk=1Sk.

4 NUMERICAL RESULTS

The program code using Mathematica 6.0, see [26], has been created for solution
of the above described problem. The numerical results are for magnetoelectroelas-
tic composite BaTiO3/CoFe2O4. It is assumed that the material constants k0c of the
composite made of BaTiO3 as an inclusion with reference material properties k0i and
CoFe2O4 as a matrix with reference material properties k0m are defined by the us-
age of the formula k0c = 0.5(k0i + k0m) proposed in [27]. In sum the used reference
constants are: c044 = 44.15 GPa, e015 = 11.6 C/m2, ε011 = 5.64 × 10−10 C2/Nm2,
q015 = 550 N/Am, µ011 = −590 × 10−6 Ns2/C2, ρ0 = 6.65 × 103 kg/m3. The
magnetoelectric reference constant d011 = 5.2 × 10−12 Ns/VC is chosen based on
the micro-mechanical model proposed in [28]. The mesh of the blunt nano-crack
with interface boundary Sk of length |Sk| = 2.0428× 10−8 consists of 10 quadratic
boundary elements, 8 along the flat parts S−k ∪ S

+
k and 2 along the left Slk and the

right Srk elliptic edge.
The following normalized parameters are used: (a) normalized frequency defined

as η = cω
√
a0/ρ0; (b) dimensionless inhomogeneity magnitude defined as β =

2c|a|; (c) dimensionless surface parameter defined as s =
µS

2c044dds
with µ=6.091 N/m.

The values of µS are taken from the literature, see [29] and they are in the inter-
val [−10, 10] N/m. The parameter ds is the curvature radius in the quarter point–
boundary elements (QP-BE) used for adequately modelling the crack-tip zones. The
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Fig. 2: Comparison between SCF F ∗3 for one blunt nano crack S with s = 0, β = 0
in [16] and SCF F ∗3 for two parallel blunt nano cracks S, S1 with s = 0, β = 0 at
distance e = 10c in a cracked graded MEE plane under normal incident SH wave.

radius of curvature ds in the QP-BEs increases proportionally when the blunt nano-
crack approaches the line crack geometry. Conversely, when the value of surface
parameter decreases to 0, we recover the case of the classical line crack and in this
the SCFs F ∗III , F

∗
E , F ∗H defined in equation (6) under the limit for x1 → ±c become

SIFs K∗III , K
∗
E , K∗H , see our earlier publication [14], where this was discussed in

details.
The following values of the surface parameter s and ihomogeneity parameter β

are considered in the parametric study: s = 0.003; 0.8;−0.2; and β = 0; 0.6.
To the authors‘ best knowledge, no results are currently available in the literature

for the exponentially graded MEE plane containing two blunt nano-cracks. Due to
this reason we verify our numerical scheme for multiple nano-cracks using the model
of two collinear blunt nano-cracks situated in a homogeneous MEE plane under nor-
mal incident SH wave. The SCF results for two collinear cracks S and S1, which
are far away from each of other, i.e. when the distance e between them is e = 10c,
should recover the SCF for a single crack S as far as the interaction between the two
cracks is negligible on account of their large distance.

In order to illustrate this, we use the software code developed for the graded ma-
terial, and then prescribe zero values to all coefficients relevant to the inhomogeneity.
Fig. 2 compares the following frequency-dependent solutions of different BVPs in
the case of normal time-harmonic SH-wave: (a) the authors‘ solution for normalized
SCF F ∗III at the right crack-tip of a single blunt nano-crack with surface parameter
s = 0 in a homogeneous MEE plane, see [16]; (b) the solution for normalized SCF
F ∗III at the right crack-tip of the blunt nano-crack S, located in a graded MEE plane
with inhomogeneity magnitude β = 0 at fixed surface parameter s = 0 and fixed
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Fig. 3: Mechanical SCFs at the left (Figs. 3a, 3c) and right (Figs. 3b, 3d) crack-
tip of the reference nanocrack S which is at a distance e = 1.25c from its collinear
nanocrack S1 versus non-dimensional frequency η of normal incident SH-wave prop-
agating in a graded MEE plane with inhomogeneity direction α = 0, inhomogeneity
magnitude β = 0 (homogeneous case) in Figs. 3a, b and β = 0.6 (graded material)
in Figs. 3c, d. Results are for three different surface parameters s = 0.003; 0.8;−0.2.

distance e = 10c from its collinear blunt nano-crack S1, see Fig. 1a. As can be seen
in Fig. 2 the two solutions are almost identical. This means, the fixed mesh satisfies
excellent solution accuracy of the problem under consideration and it will be used in
all of the rest numerical simulations.

Figures 3–5 show mechanical, electric and magnetic SCFs at the left (Figs. a
and c) and right (Figs. b and d) crack-tip of the reference nano-crack S which is at a
distance e = 1.5c from its collinear nano-crack S1 versus non-dimensional frequency
η of SH-wave propagating in a graded MEE plane with inhomogeneity direction α =
0, inhomogeneity magnitude β = 0 (homogeneous case) in Figs. a, b and β =
0.6 (graded material) in Figs. c, d. Results are for three different surface elasticity
parameters s = 0.003; 0.8;−0.2.
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Fig. 4: Electric SCFs at the left (Figs. 4a, 4c) and right (Figs. 4b, 4d) crack-tip of the
reference nanocrack S which is at a distance e = 1.25c from its collinear nanocrack
S1 versus non-dimensional frequency η of normal incident SH-wave propagating in
a graded MEE plane with inhomogeneity direction α = 0, inhomogeneity magnitude
β = 0 (homogeneous case) in Figs. 4a, b and β = 0.6 (graded material) in Figs. 4c,
d. Results are for three different surface parameters s = 0.003; 0.8;−0.2.

Figure 6 illustrates the influence of the nano-cracks geometrical configuration on
the frequency dependent stress concentration field. It draws mechanical SCFs at the
right crack-tip of the reference nanocrack S versus non-dimensional frequency η of
SH-wave propagating in a graded MEE plane with inhomogeneity direction α and
inhomogeneity magnitude β = 0.6.

The following geometrical configurations are considered: (a) two collinear nano-
cracks S and S1 at distance e = dist(S,S1) = 1.25c, see Figure 6a; (b) two parallel
nano-cracks S and S2 with distance e = dist(S, S2) = 1.25c, see Figure 6b; (c)
two shifted nano-cracks S and S3, see Figure 6c with distance e = dist(S, S3) =
1.25
√

2c. Figure 6 reveals the role of the geometrical disposition in the case of the
multiple cracks. Amplification effect is visible in the case of parallel cracks (Fig. 6b),



Tsviatko V. Rangelov, Yonko D. Stoynov, Petia S. Dineva 347

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.1 0.3 0.5 0.7 0.9 1.1 1.3 1.5 1.7 1.9

s= 0.003

s= 0.8

s= - 0.2

10
6F*

H

L

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.1 0.3 0.5 0.7 0.9 1.1 1.3 1.5 1.7 1.9

s= 0.003

s= 0.8

s= - 0.2

F*
H

R

10
6

a) b)

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.1 0.3 0.5 0.7 0.9 1.1 1.3 1.5 1.7 1.9

s= 0.003

s= 0.8

s= - 0.2

10
6F*

H

L

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.1 0.3 0.5 0.7 0.9 1.1 1.3 1.5 1.7 1.9

s= 0.003

s= 0.8

s= - 0.2

F*
H

R

10
6

c) d)

Fig. 5: Magnetic SCFs at the left (Figs. 5a, 5c) and right (Figs. 5b, 5d) crack-tip of the
reference nanocrack S which is at a distance e = 1.25c from its collinear nanocrack
S1 versus non-dimensional frequency η of normal incident SH-wave propagating in
a graded MEE plane with inhomogeneity direction α = 0, inhomogeneity magnitude
β = 0 (homogeneous case) in Figs. 5a, b and β = 0.6 (graded material) in Figs. 5c,
d. Results are for three different surface parameters s = 0.003; 0.8;−0.2.

while shielding phenomenon occurs in the case of shifted cracks, shown in Fig. 6c.
All the figures illustrate the frequency dependent shielding and amplification ef-

fects resulting from nano-cracks interaction and reveal the sensitivity of the stress
concentration factors to the hybrid play of the following key factors: wave-crack and
crack-crack interactions, existence of material gradient and surface elasticity, cou-
pling between elastic, magnetic and electric fields.

5 CONCLUSION

Two dimensional dynamic anti-plane multiple nanocracks problem of a functionally
graded MEE solid is solved in the frequency domain by means of non-hypersingular
traction BIEM. The material properties vary exponentially in an arbitrary direction.
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Fig. 6: Mechanical SCFs at the right crack-tip of the reference nanocrack S versus
non-dimensional frequency η of normal incident SH-wave propagating in a graded
MEE plane with inhomogeneity direction α = 0 and inhomogeneity magnitude β =
0.6. The following geometrical configurations are considered: (a) two collinear nano-
cracks S and S1 at distance e = 1.25c, see Fig. 3d; (b) two parallel nano-cracks S
and S2 with distance e = 1.25c; (c) two shifted nano-cracks S and S3 with distance
e = 1.25

√
2c.

Numerical examples for two cracks in a plane under time-harmonic SH-wave are
solved. The general conclusion from the simulations is that the dynamic stress field
is a complex result of the dynamic load (its type and characteristics), the MEE ma-
terial with its specific peculiarities like anisotropy, inhomogeneity, electro-magneto-
mechanical coupling and the geometry of the cracks scenario (multiple cracks, crack-
tip position). Numerical results demonstrate that the mechanical, the electric and the
magnetic SCF are sensitive to the type, direction and magnitude of the material in-
homogeneity, to the frequency of the applied load and to the relation between the
magnitude of the gradient parameter and the crack size. Additionally, they are in-
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fluenced strongly by the cracks interaction, surface elasticity and geometry of the
nano-cracks system.
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