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ABSTRACT: Complex flow instabilities including wall slip and shear banding
occur in many industrial applications, such as in polymer extrusion processes,
thus affecting the throughput and the quality of the final product. The mod-
elling of rheological data is a key point when studying different polymeric
flows. The present survey incorporates three different ways to model the shear
stress of shear thinning polymers as nonlinear functions of shear stress: gen-
eralized Newtonian model (Carreau-Yasuda model), wall shear slipping and
banding with yield (Herschel-Bulkley model). Based on these models, the flow
in the nozzle tube of a 3D printer is analyzed by a numerical model and two
analytical models: the classical Weissenberg—Rabinowitsch—-Mooney (WRM)
model with slip; a simple model in three different regions in the tube (includ-
ing yield, parabolic and band, which match their boundaries). The real data
of measured shear stress by a plate—plate theometer for three nanocomposites
is used to compare the three models. The experimentally measured flow rates
during the extrusion of the same nanocomposites are used to give insight into
the corresponding flow structures in the nozzle tube.

KEY WORDS: shear thinning nanocomposites, shear inhomogeneity, wall slip,
shear banding, flow in a tube.

1 INTRODUCTION

The mechanical behaviour of complex fluids such as polymer melts and concentrated
polymer solutions is a subject of nonlinear polymer rheology. The rich phenomenol-
ogy of complex fluids includes flow instabilities, resulting in heterogeneous “shear
banded” states that display oscillations or irregular fluctuations [1,2]. Shear banding,
either steady or transient, is now well-established in a variety of soft materials, in-
cluding worm-like micelles, liquid crystals, entangled polymer solutions and melts,
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yield stress fluids, colloidal suspensions, etc. [3—6]. Particularly, in polymeric mate-
rials, shear banding is a phenomenon whereby regions of different shear rates, called
“bands,” can coexist in a system with sharp interfaces between them; for example,
liquid-like bands flow to a solid-like region or a highly aligned phase adjacent to a
less aligned one [4]. A limited number of publications discussed the flow instabili-
ties during 3D printing based on material extrusion, where the filament is advanced
through a melting zone and a nozzle that extrudes the material [7-9]. Zhu et al. [9]
observed the shear banding of well-entangled polymer melts during material extru-
sion under a controlled rate or controlled pressure.

In our previous study [10] on the 3D printability of polymer nanocomposites with
carbonaceous fillers, graphene and carbon nanotubes, we explained the flow insta-
bility in the printing nozzle as due to the “elastic turbulence” at high Weissenberg
numbers and very low Reynolds numbers near to the nozzle walls. However, publi-
cations on flow instabilities associated with shear banding and shear slipping during
the 3D printing of polymer nanocomposites and how this phenomenon is affected by
anisotropic nanofillers are not well studied in the scientific literature. In our latest
work [11], we focus on the shear banding model during the rheological measurement
of shear stress and afterwards during the material extrusion additive manufacturing
process. Thus we assumed that the negative slope of the shear stress in the shear-
thinning region is attributed to instability, expressed as banding.

Despite our efforts till now, the main question of what happens with the shear
stress during rheological measurements remains open: is there any shear banding or
shear slipping, or some other mechanism similar to turbulence, although at a small
Reynolds number? Analogous phenomena will also occur in the 3D printing process
that manifests shear, as well. In our present survey we try to model the rheologi-
cal results from experiments of some pure polymers such as polylactide (PLA) and
some filled polymer nanocomposites of PLA with graphene nanoplatelets (GNPs)
and PLA with multiwall carbon nanotubes (MWCNTs). Since these results show
instabilities of shear stress when increasing the shear rate, we apply the three mech-
anisms, described above, to their corresponding flows in the nozzle region of a 3D
printer (considered as a tube).

2 RHEOLOGICAL MODELS

To determine the rheological behaviour of complex fluids, specific experiments are
performed with different types of rheometers: capillary, rotational — cone to plate,
parallel plates, etc. During some experiments, flow discontinuity was observed, ex-
pressed by a sudden drop in apparent viscosity and shear stress at moderate and high
shear rates. At a high Weissenberg number Wi > 1 (product of the bulk shear rate
and the longest relaxation time), many complex fluids exhibit wall slip and/or shear
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banding [12]. Usually, a critical shear stress or shear rate is necessary to cause these
discontinuities. Wang, in his review paper [13], suggests that if in case a shear band-
ing occurs as characteristics of entangled polymers, then it is important to understand
if it is preceded or accompanied by a wall slip, thus the discontinuity nature of both
of them is identical. Afterwards, at higher shear rates, a polymer melt fracture may
also occur, which makes further measurements by the rheometer impossible.

As stated by Wang [13] the wall slip and shear banding have the same molecular
origin it can be supposed that chain disentanglement is caused by a force imbalance.
While at wall slip, the disentanglement starts at the interface between the polymer and
wall, the shear banding may start from one monolayer in the bulk, being disentangled
first, and then provoking an internal slip. Thus, the wall slip performs like a fast
shear band at the interface with a thickness of the order of a monolayer. However,
when the shear banding happens away from the interface, it can be easily identified.
Sometimes the shear banding appears like a slip (sometimes named apparent wall
slip) if it is located at the interface with a thickness much greater than a monolayer,
but macroscopically invisible [13].

2.1 GENERALIZED NEWTONIAN MODEL

The registered shear stress during the steady rheological experiments for shear thin-
ning polymers is usually represented as a nonlinear function of the shear rate, 7 =
f (), from which the viscosity is obtained, n = 7/4. The viscosity is constant only
for the Newtonian fluids, while for non-Newtonian ones the shear stress or viscosity is
a nonlinear function of shear rate. This function is often expressed by the generalized
Newtonian models, such as the Power law, the Carreau model and its generalization
— the Carreau—Yasuda model, the Casson model, the Cross model, etc. [2, 14-23]. In
our paper [10] the experimentally registered shear stress 7 () of the nanocomposites
is fitted with the Carreau—Yasuda viscosity model:

() 7 () = mo(1+ X4 ey

where 79 = n(¥ — 0) is the zero-shear rate viscosity, A is the relaxation time and
n. is the behavior index. The values of these constants are given in Table 1 for the
experimentally studied polymers, PLA and nanocomposites, 1.5% GNP/PLA and
1.5% MWCNT/PLA, and discussed in the present work. It is seen that n. < 0 for
all the considered materials, which complicates the modelling with (1) for different
flows. In the next Section 3.1, we shall discuss the analytical model of Weissenberg—
Rabinowitsch—-Mooney (WRM) [24] for the considered here flow in the tube and
show that the nonlinearity of (1) gives restrictions to the flow parameters and only for
some special cases solutions exist. Otherwise, the general problem can be analyzed
only by numerical modelling, as presented in Section 3.2.
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Table 1: Values of the constants in (1) and density p

Material o [Pa.s] A [s] Ne a p [kg/m?]
PLA 123.4 0.02629 -2.493 2 1240
1.5% GNP/PLA 426.3 0.05149 -5.07 2 1250
1.5% MWCNT/PLA 4712 0.03735 -2.212 0.4963 1250

In Fig. 1 the experimentally registered shear stress of the melt flow at 220°C by
a plate-plate rheometer is approximated by eq. (1) with the values of the constants
of Table 1. We have to note that the experiments were performed until the shear rate
4 < 100 s~1, as for larger shear rates in the plate—plate rheometer, the flow starts to
oscillate. For better illustration, the shear stress approximated plots are shown also
for higher values of % < 1000 s~ 1,

The negative slope of the shear stress is visible for all materials at ¥ > O(1),
which shows an instability presence of the flow in the rheometer, but not an os-
cillation. The Weissenberg number for the Carreau-Yasuda model is defined as:
Wi = Ay, where . is the critical shear rate found from experiments and given
in Table 5 [10]. For higher ¥ > ., in the negative slope region, it is evident that
Wi > 1 and the two following types of instability, discussed below, could be present.

v [Pa]

2| ©  1.5% GNP extperiment
1.5% GNP model

1.5% MWCNT experiment
— PLA model

104 L +  PLA experiment!

1.5 % MWCNT/PLA model

¥ [14e]

Fig. 1: Experimental data and their approximation with (1) for the shear stress as a
function of the shear rate.
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2.2 SHEAR SLIP

It is known that wall slip occurs when the stress in the polymeric chains reaches
a critical value and eventually leads to permanent detachment from the interface.
According to some experimental data [25], the slip velocity, (relative velocity of the
fluid with respect to that of the wall), could be regarded as a function of the wall
normal and shear stresses, the temperature, the molecular weight and its distribution,
the interaction between the fluid and the solid surface and surface roughness. The
first model of shear slip was proposed by Navier [26] relating the slip velocity u,,
with the wall shear stress 7,

(2) Uslip = Tw/ﬁ 5

where [ is the slip coefficient, depending on temperature, normal stress, pressure,
molecular parameters surface tension on interface, etc. [25]. The slip coefficient
can be given also by 5 = 1,,/d, where 0 is the extrapolation length (the extrapolated
distance from the wall, where velocity would reach zero). Then eq. (2) can be written
in terms of this length

3) Uslip = 0Yuw

with “,, as wall shear rate.

For complex fluids, in particular entangled polymers as in our case, this mecha-
nism is more complicated and an insight was made by de Gennes [27], concerning
the concept of extrapolation length 4.

In brief, slip can occur at a stress corresponding to the bulk shear rate of the
order of the relaxation rate (reciprocal to the terminal relaxation time). We assume
that during the measurements in the plate-plate rheometer the polymer melts do not
exhibit any slip on both plate walls with serrated surfaces. However during their
extrusion in the 3D printer nozzle, we shall concern both cases without slip and with
slip on the nozzle wall and a possible length § will be assessed.

2.3  SHEAR BANDING

A shear banding actually means that the shear rate profile suffers a discontinuity,
i.e., the shear rate takes two significantly different values 41 < 4. and 2 > .
when the shear stress is almost the same, here named 7,,,4. This phenomenon is well
described in [1] and an example for 1.5% wt. GNP/PLA is given in Fig. 2, where
both shear rates 71 and 2 are denoted, as well as the banding shear stress Tyanq. For
all discussed materials 4; < 100 s~', but 45 > 100 s~! and is not registered by
the experiment. Similarly, as in [11], we extrapolate the shear stress for higher shear
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Fig. 2: The shear stress modelling of 1.5 wt.% GNP/PLA. Banding shear stress
Tbhand = T(;Yl) = T(;}/Z)'

rates than 100 s~!. In [28] it is suggested that when the shear rate is in the banding
zone the fluid flow is unstable, while at other shear rates above that for which the
shear stress is minimal, the flow is predicted either metastable or stable. The unstable
flow region between the maximum and minimum shear stress and the corresponding
shear rates is marked as a box in Fig. 2.

The rheological behavior of hybrid polymer nanocomposite melts based on PLA
filled with MWCNTs and GNPs, approaches the limits of a yield stress fluid, at low
shear rates, where the viscosity is very high, and the material behaves as a solid.
Therefore in the first stable branch d <+, we use the Herschel-Bulkley model for
the shear stress [11,29]

¥=0, T<To
“4) _ ;
T = taug + my", T>T0

where 7y is the yield stress, m and n are constants of the fluid material with dimen-

Table 2: Rheological and banding properties

Material 7o [Pa] m[Pas”] nl[-]1 ™' A20s7'1 7o [Pal
PLA 0 118.85 0.9441 12.56 223 1295.85
1.5% GNP/PLA 0 380.19 0.9021 6.295 552 1998.82

1.5% MWCNT/PLA  334.7 511.6 0.6054  9.976 772 2393.9




Sonia Tabakova, Rumiana Kotsilkova 395

sions [m] = Pa.s” and n = [—].
The values of the model constants 7y, m, 1, Thand, Y1 and ~5 for the considered
materials are given in Table 2.

3 APPLICATION TO 3D PRINTING FLOW IN A TUBE (NOZZLE)

The 3D printing is based on the material extrusion technics, which consists in a jet
flow of the fused polymer from a nozzle on a substrate to produce objects by layer-to-
layer deposition. Some nanocomposites experience difficulties during the 3D print-
ing [2], which are connected with the flow instabilities. Moreover, according to our
experiments some of the highly filled PLA nanocomposites, with greater than 6% wt.
MWCNT in PLA block up the nozzle. Therefore the flow prior to its run out of the
nozzle is important to be studied.

Usually during the printing process, which is fully automated with respect to ap-
plied pressure (force) at a fixed velocity of filament entry in the printer heating box,
only the flow rate of jet exit can be measured. Therefore, the flow modelling in
the nozzle is in the fixed flow rate formulation at unknown pressure gradient, i.e.,
@ = const., for the different cases, as given in Table 3. The nozzle is assumed as a
straight tube with radius R = 0.25 mm.

Table 3: Flow parameters: flow rate (), mean velocity U, Reynolds number Re, slip
velocity ugip and relative slip coefficient /R as calculated in Section 3.1

. Q U=Q/(wR?) _ Uslip 0/R
Material [mm?3/s] [mm/s] Re = pUR/mo [mm/s]  [-]
PLA 1.1723 5.97 1.5107° 4.9 0.81
1.5% GNP/PLA 1.2417 6.32 0.46 10~° 5.93 2.75
1.5% MWCNT/PLA 1.2064 6.14 0.04 10~° 5.99 443

3.1 CLASSICAL WEISSENBERG—RABINOWITSCH-MOONEY MODEL

The flow rate formulation will be applied to the fully developed laminar flow through
tubes with slip following Weissenberg—Rabinowitsch—-Mooney (WRM) theory [24,
30]. The flow rate will be obtained from the wall shear rate in an explicit form
instead of directly integrating the velocity over the cross sectional area for Carreau—
Yasuda model (1). For the fully developed laminar steady flow of an isothermal and
incompressible fluid in infinite tube the equation of motion is simplified to: 7(r) =

§P, where r is the radial coordinate, x is the axial coordinate, P = —d—p 1S pressure
T
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gradient and the 7 is the shear stress. On the tube wall (r = R), the shear stress is

R
) Tw =T(R) = §P.
The flow is unidirectional with velocity u(r) and shear rate () = — o and wall
r

shear rate is: 7, = T—w, where 7),, is obtained from (1) for ¥(R) = ~,,. If the flow is

w
with slip, its velocity ugp is given by (2). Then the flow rate function is found as

R? R3
T Ty r2u(r) + Ii(r), where Ii(r)= ™
s T

L dr .

q(r) = ﬁw2<v>g§dv.

o\%\

At a fixed flow rate () the wall shear stress 7, and shear rate %,, must be obtained
from the expression for the flow rate in the whole tube

2
©6) Qzﬂ&z”%“+AWL

which depends on 3 [31]. Further, the velocity is found in the integral form

e ]
where

02 “'Y(T)I () d

Tw 1 T ..

For the Carreau—Yassuda model (1) this integral cannot be obtained analytically, but
only after numerical integration. However, [;(%(r)) has the following explicit for-
mula:

® 160~ g e e G )

b axeset (g, 1)2F1([a;r4’_3(nc —al) +a}7 [Z(a: 2)},—*&“)},

where oF7 is the hypergeometrical function. This expression (8) is confirmed at
a = 2 by the corresponding formula for the Carreau model in [24]. From (6) with (8)
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at given 3 or § (the extrapolation length or slip coefficient) the wall shear rate 4, or
stress T, is obtained and from (5) — the pressure gradient P.

It occurs that at negative n. < 0, the function ¢(7(r)) is of parabolic type for any
dq(¥)

r. Thus for a fixed value of g, apart from the positive slope > 0, there is a

da(%)

negative slope < 0, which is unrealistic, since the flow inside the tube is an

increasing function of +(r) and (r) is supposed to reach its maximum on the tube
wall. At a fixed flow rate @, two roots of eq. (6) are found (Y)1 < (§u )2, where
the second root corresponds to the negative slope, i.e., unrealistic. Since between
the flow rate () and the pressure gradient P there is a relation expressec(l b)y (5) and
dq(y

(6), it occurs that the shear rates corresponding to the positive slope > 0 are

dr(%)

identical to those of the slope > (, found from the analysis made on the same

problem, but at fixed P and unknown flow rate @) [32].

In Table 3 the values of the minimum slip velocity (corresponding to maximum
wall shear rate) are given at minimum possible slip length coefficient (extrapolation
length), 6/ R for the flow cases given in Table 2. The corresponding velocity profiles
are plotted in Fig. 3.

3.2 NUMERICAL MODEL

The negative slope of the shear stress at high shear rate for all nanocomposites is well
visible from the experimental data in Fig. 1, which suggests that the pressure is not
constant for these shear rates and the WRM model, discussed in the previous section,
is not applicable. We expect the flow velocity in the vicinity of the nozzle walls to
have a steep slope, which is a result of the strong rheological nonlinearity. Therefore,
the full system of Navier—Stokes equations modelling the flow velocity in the nozzle
region is solved numerically as in [10]. An iterative procedure in the framework
of the software Ansys/Fluent was performed with respect to the index n., starting
from the Newtonian solution. The flow rate () (Table 3) was kept constant, the outlet
pressure accepted as ambient and no-slip is assumed on the nozzle wall. The velocity
profiles for all materials, presented in Fig. 3, were found to be self-similar with a plug
flow in almost 90% of the flow region and a boundary layer close to the wall [10].

3.3 SHEAR BANDING WITH SHEAR SLIPPING MODEL

Following [11], we consider an analytical model based on the shear banding and
slipping assumption in the same geometry of the nozzle (tube) and flow characteris-
tics given in Table 3. The upper banding limit of the shear rate ¥ = 5 is supposed
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to be reached on the tube wall with » = R. For all discussed cases it is seen that
Re <« 1, Table 3, which shows that the inertia will not affect the polymer flow and
the flow has a complicated character, which is evident from the numerical results in
Fig. 3. This confirms the existence of three regions: a yield stress region, » < Rp;
a simple shear region of the tube at » <R;; and a boundary region close to the wall
with constant banding stress Tpang, Where R; will be obtained from the matching with
the flow rate. For the analytical model the flow is sought in these regions as a solution
of the following equations of motion:

¥=0, To at(TSRo),
1
9 fd%"(’l“T):P, 70 < T < Toand at (Ro <r < Ry),
r
"‘)/ZAT-FB, T = Tpand at (R1<T§R),

where P is the pressure gradient, Ry is the radius of the yield stress region, A and B

5 o
_ 2Tband RO:ToRl Qo2 B = — AR.

P ) ) - )
Ry Tband R—- R

The velocities corresponding to (3) in the different regions are obtained to be

Uyield = u(r = Rp) ,
n P\: 1 1
n+1(%> [(R1 — Ro)» — (r — Ro)"]

_ A g _
Uband = 2(7’ R )+B(T‘ R)

and the flow rate becomes:

Ry R
(1) W(Ry) = ﬂR%uyield + 277/ urdr + 27r/ Upand"dr
Ry Ry

+ WR%uband<R1) + 7TR2uslip y

where g, = 02 with slip length 4. If there is no slip, § = 0.
The unknown radius R; is obtained when equating the upper expression to the
given flow rate Q)

(12) W(R)=Q.

The profiles of the velocity functions (10) for the considered polymers are pre-
sented in Figs. 3a-c, with parameters given in Table 4. These profiles have similar
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Table 4: Flow and material parameters in the nozzle without slip/with slip
. Ry, Ry [mm]  Rg, Ry [mm] QY2 P
Material no slip slip §/R =0.02 Revua = T RTpand Witang = Y
— - —4
PLA 0.194 0.208 3.2 x 10 17.75
— - —4
1.5% GNP/PLA 0227 0238 5.4 x 10 87.69
0.033 0.034 _4
1.5% MWCNT/PLA 0235 0245 6.2 x 10 77.35

forms as those obtained from the numerical model given in [10]. Since the pressure is
not constant, Pyandg = 27hang/7 in the banding region, vortices may exist in it, giving
rise to turbulent structures, as discussed in [10]. The material with yield stress has a
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pronounced plug flow, Fig. 3c. For PLA from Figure 3a, the parabolic velocity profile
spreads on a larger zone in the tube, which resembles in some sense the Poiseuille
profile of Newtonian fluids. This is connected with its 4;, which has the highest
value among the all considered materials (Table 2). The Reynolds number Repang
and Weissenberg number Wip,ng for the banding region are also given in Table 4.
The very high Wiy,nq confirms the flow instability in the banding region.

4 CONCLUSIONS

In the present study, three different ways to model the instability of shear stress of
shear thinning polymers during their rheological measurement in plate-plate rheome-
ter are applied. The experimental data of shear stress have complicated structure with
positive and negative slopes and are approximated in the following manner: 1) as a
nonlinear function of shear rate by a generalized Newtonian model, e.g. Carreau-
Yasuda model; 2) by a wall shear slip using the Navier linear model; 3) as shear
banding with yield, e.g. Herschel-Bulkley model. These models are used for three
different materials: pure poly(lactic) acid (PLA), poly(lactic) acid (PLA) nanocom-
posite filled with 1.5% wt. graphene nanoplatelets (GNP) and poly(lactic) acid (PLA)
nanocomposite filled with 1.5% wt. multiwall carbon nanotubes (MWCNT). Among
the three studied materials only the MWCNT-based nanocomposite exhibits yield at
this low filler content.

The three rheological models are applied for the flow of these materials in the
nozzle tube of the 3D printer. Since during the extrusion process, only the flow
rate can be measured, while the pressure gradient is unknown, the flow rate formu-
lation is applied to the fully developed laminar flow through tubes with slip, as in
the Weissenberg—Rabinowitsch—-Mooney (WRM) theory. This analytical model is
valid only for the positive slope of flow rate with shear rate. Explicit formulas are
found for the flow rate and velocity, while the wall shear rate and stress are obtained
from the value of the flow rate. It occurs that for the experimentally registered flow
rates, the existing flows are only with wall slip. Therefore, for the whole shear stress
range, the flow is solved numerically by an iterative procedure based on the soft-
ware Ansys/Fluent for the nozzle region. The numerical simulation of the flow in
the boundary layer shows that the combination of the high Weissenberg number and
the very low Reynolds number causes “elastic turbulence” with a plug flow, which
could hamper the jet flow from the nozzle or even produce clogging [10]. Another
analytical model for shear stress with banding is proposed for the flow in the nozzle
considering the flow region composed of three different regions in the tube, which
match on their boundaries. This model has an advantage over the upper numerical
model, as it explains the structure of the flow in the nozzle tube and makes it possible
to conclude which materials are easier or harder to print [11]. The experimental rhe-



Sonia Tabakova, Rumiana Kotsilkova 401

ology supported with a simple analytical model for shear stress with banding explains
the role of flow instability in the 3D printing process.
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