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ABSTRACT: The dynamics is investigated for an axially moving immersed
plate subjected to time-dependent tension and follower force. The study is fo-
cused on simultaneous resonant cases i.e. principal parametric resonance and
subharmonic resonance. Based on von Kdrman plate theory and D’ Alambert’s
principle, the vibration equations of the plate are derived. Employing the
method of multiple scales, simultaneous resonance is discussed. Stability of
periodic solutions of the system is examined by Lyapunov’s stability theory.
By analyzing the influence of follower load amplitude and tuning parameter
on the steady-state periodic motion of simultaneous resonances, the system
displays complex and variable dynamical behaviors. Furthermore, the approx-
imate analytical results are verified by using the Runge-Kutta method.

KEY WORDS: Axially moving plates; Follower force; Simultaneous reso-
nances; Stability.

1 INTRODUCTION

The axially moving structures are commonly found in manufacturing and industrial
engineering fields such as conveyor belts, wire cutting machining, elevator transmis-
sion cables and steel strips in a steel sheet production line, etc. In some mechanical
systems, axially moving components are the main source of vibration; for this reason,
dynamic characteristics of such systems have been studied for many years [1-7].
Nonlinear vibration of axially moving systems exists in a number of industrial
applications. Some references [8—11] studied the nonlinear dynamic behavior of
such systems, like forced resonance, internal resonance and combined resonance.
Pakdemirli and Oz [12] analyzed the transverse vibrations of simply supported axi-
ally moving Euler—Bernoulli beams, and performed the detailed analysis of the res-
onances. Ghayesh [13] investigated the forced dynamics of an axially moving vis-
coelastic beam and presented the amplitude-frequency responses and bifurcation di-
agrams of Poincaré maps for several values of the system parameters. Mao et al. [14]
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used the method of multiple scales to study internal and forced resonances of an ax-
ially moving beam. Tang and Chen [15] used analytical and numerical methods to
study the steady-state responses of in-plane translating viscoelastic plates in external
and internal resonances. Zhou and Wang [16] investigated the transverse vibration
and dynamic stability of the axially moving viscoelastic plate and analyzed the vari-
ation relationship between the first three complex frequencies of the system and the
dimensionless axially moving speed with different aspect ratio and dimensionless de-
lay time. Lu et al. [17] studied the dynamic stability of an axially moving graphene
reinforced laminated composite plate and evaluated the stability of the system. Con-
sidering different boundary conditions, Song and She [18] studied the nonlinear res-
onance behavior of axially moving graphene platelets reinforced metal foams plates
with geometric imperfection, and discussed the effects of different boundary con-
ditions, material properties, geometric imperfection, and axial velocity on the reso-
nance of the plate.

For axially moving structures, time-dependent axial velocity and tension can cause
complex parameter vibrations. For example, Ghayesh [19] examined the coupled
longitudinal-transverse nonlinear dynamics of an axially accelerating beam, where
the axial speed is assumed to be comprised of a constant mean value along with
harmonic fluctuations. Tang et al. [20] investigated parametric and 3:1 internal res-
onance of axially moving viscoelastic beams on elastic foundation. The paper car-
ried out a detailed study to determine the influence of the viscoelastic coefficient
and the viscous damping coefficient on dynamic behavior of the system. Mao et
al. [21] employed the method of multiple scales to study steady-state responses of
an axially moving beam subjected to parametric combined with forced excitations.
Sahoo et al. [22-24] applied analytical and numerical approach to find the steady-
state and dynamic behaviors of an axially accelerating viscoelastic beam subject to
two-frequency parametric excitation in presence of internal resonance, and studied
the effect of variations of fluctuating tension component, fluctuating velocity compo-
nent independently and when combined, internal and parametric frequency detuning
parameters and damping on the traveling viscoelastic beam. Zhang et al. [25] investi-
gated nonlinear transverse vibrations of in-plane accelerating viscoelastic plates with
a varying tension in the presence of principal parametric and 3:1 internal resonance.

In above-mentioned researches, the dynamics researches of the axially moving
structures are based on the manufacturing and engineering backgrounds. Therefore,
in practical applications, the axially moving structures may locate in particular envi-
ronment or subjected to special load, leading to complex nonlinear dynamic behav-
iors. For example, Hu and Zhang [26] investigated nonlinear parametric vibration
and stability of an axially accelerating rectangular thin plate subjected to paramet-
ric excitations resulting from the axial time-varying tension and axial time-varying
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speed in the magnetic field. Yao et al. [27] studied the nonlinear primary resonances
of an axially moving plate in aero-thermal environment concerning on manufacturing
background of the hot rolling. Wang et al. [28] analyzed vibration and stability of an
axially moving beam in fluid by introducing the “axial added mass coefficient”. Yao
et al. [29] investigated dynamics and stability of an axially moving beam subjected
to axial flows, and indicated that the beam loses stability via buckling or flutter at
a critical speed of moving beam which is associated with variations of system pa-
rameters. Wang et al. [30] developed an efficient method to study the vibration and
stability of moving plates immersed in fluid by applying the Kirchhoff plate theory
and finite element method. Guo et al. [31] investigated the dynamic characteristics
and stability of the moving thermoelastic coupling rectangular plate subjected to uni-
formly distributed tangential follower force. Wang et al. [32] analyzed the stability
of the moving viscoelastic plate with the piezoelectric layer subjected to uniformly
distributed tangential follower force.

In this paper, the studying model originates from the hot-dip galvanizing pro-
duction line in the steel industry (Fig. 1). Literatures [33-35] studied the influence
of fluid parameters on the vibration characteristics of the plate coupled with fluid.
Therefore, the focus of this paper is applied on the nonlinear dynamic behaviors of
axially moving immersed plates subjected to time-varying tension and follower force.
The governing partial-differential equation of motion of the plate is developed, then is
discretized using Galerkin’s technique. For the time-variant tension case, the method
of multiple scales and Runge Kutta method are employed to analyze parametric and
subharmonic simultaneous resonances.
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Fig. 1. Continuous hot-dip galvanizing production line.



328 Dynamics of Axially Moving Plates Immersed in Fluid ...

2  GOVERNING EQUATION

The paper simplifies the research model derived from the continuous hot-dip gal-
vanizing process (Fig. 1) to moving rectangular plates submerged in fluid (Fig. 2).
Under in-plane time-varying tension F;(t), the plate is moving with a speed V' in the
x direction, and subjected to follower force Fy. The plate has the length a, width b
and thickness h in x, y and z directions, respectively. The density of the plate is p,
Young’s modulus is E, Poisson’s ration is p, damping coefficient is c. The density
of the fluid is p;. Displacements of the mid-plane of the plate are u = u(z,y,1),
v =wv(z,y,t) and w = w(z,y,t) in the x, y and z directions from the static equilib-
rium (v = v = w = 0), respectively.

Fig. 2. Axially moving immersed plates subjected to follower force.

According to the von Kdrman nonlinear plate theory, the following relations,
between the strain of a generic point of the plate and the displacement field, are
given [36]:
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The relations between the stresses and strains for homogeneous and isotropic ma-
terials may be written as



Hong Ying Li, Qin Jing Ji, Ming Yao Zhang, Jian Li 329

E
_ MQ (636 + .UEy) )

(2) oy = _7H2(5y + pes) |

F
Toy = =~ .
W ()

The force and moment resultants can be expressed as
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The plate considered here is coupled with fluid, which is assumed to be invis-
cid and incompressible, and the motion is irrotational. According to D’ Alambert’s
principle, the equation of nonlinear vibration of the axially moving plate is obtained
as
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where P, = madd( 92 +V B 815)' P, indicates the dynamic pressure of fluid,

which is transformed from the effect of interaction between fluid and plate by apply-
ing the velocity potential function and Bernoulli’s equation. P, can be solved by the
method introduced in [37]. m.qq 1s the added mass of fluid.

For axially moving plates, the total derivative can be expressed as
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In this paper, the follower force and the time-varying tension can be given as

Fo=Qd(x — Vi, y — o)
F,(t) = Fy, + Fy, cos(Qt)

(6)
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where () is the amplitude of follower force, F;,, is the mean axial tension, Fy, is the
amplitude, and {2; is the frequency of the harmonically varying components.

Introducing stress function ®
® 0*® 0*® 0*®

Or = ——, Oy=—5, Toy=———.
ooz Y a2 Oxdy

By the relations between the strains and the displacements (Eq. (1)), coordinated

equation is constructed as
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Substituting Eq. (2) and Eq. (8) into Eq. (9), meanwhile, substituting Eqgs. (1)—(3)
and Egs. (5)-(6) into Eq. (4), one can obtain
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where D = Eh3/[12(1 — p?)].
Introduce following dimensionless parameters and variables
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Introducing Eq. (11) into Eq. (10) gives the dimensionless equations
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The dimensionless boundary conditions of the plate with four edges simply sup-
ported are as follows:

(13a) W =w :@‘ :w( —0,
7=0 z=1 7=0 7=1
(13b) Pw) 0w Pw| w
072 lz=0 072 lz=1 0y?lg=0  Oy? lg=1

Through analytical and numerical analysis, it is found that the axially moving im-
mersed plate subjected to time-varying tension and follower force exhibits complex
dynamic characteristics. This paper mainly focuses the first mode (m =1, n =1), and
more complex mode interactions will be discussed in subsequent work. According
to the four-edge simply supported boundary condition, the displacement function can
be given

(14) w(z,y,7) = qui(7) sin(77) sin(77y) .
Substitute Eq. (14) into the first equation of Eq. (12), dimensionless stress func-
tion is obtained

— 1 1
(15) D = g%, (A1 cos 27T + Ag cos 217 + §Pm@2 + §Py52 ,

where A1 = £2/32, Ay = 1/(32¢2).

Considering a thin plate with four-edge simply supported, the dimensionless ex-
pressions for the relative distance of the two opposite sides of the plate can be ob-
tained by Eq. (1), Eq. (2), Eq. (8), Eq. (14) and Eq. (15)

11 _ B B
(16a) 0/0/[(5222?;’_”22;) —;@5)2}%@:0,
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Substitute Eq. (14) and Eq. (15) into Eq. (16), one can obtain
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Substituting Eq. (7), Eq. (14), Eq. (15) and Eq. (17) into the second expression
of Eq. (12), the nonlinear differential equations (Eq. (18)) on modal coordinates are
achieved using the Galerkin integration

. . S —
(18) 11 = digu1 + dogu1 +d3(Fezo — V7 )an1
+ d3Fy, cos(U7)qun + dagiy + dsFgsin(Qar),

where the over-dot means derivative with respect to 7,
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3 SOLUTION PROCEDURE

The method of multiple scales [38—40] is used to solve the nonlinear equation. For
the procedures of multiple scales method, Eq. (18) can be rewritten

(19) G11+w? g1 =e(s1d11+52q11+53G11 F 'y cos(Q17) 45447, )+d5 F g sin(Qa7),

where € is a small dimensionless parameter, wi; is the first dimensionless natural
frequency of the system, s; = d; /e (i = 1,3,4), s = (da +d3(Fx, —V2) +w?))/e.
Time scales are defined as T, = €"7 (r = 0, 1). Therefore,

2

d
— = D +2eDy Dy + O(€?),

d
(20) — =Dy +eD; +0(£%),
dr

dr

in which DD == 8/8Tg, D1 == 8/8T1.
According to the method of multiple scales, the approximate solution for Eq. (19)
can be expressed in terms of different time scales as

(21) q1(t) = q1(To, T1) + eq2(To, T1) -
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Substituting Egs. (20) and (21) into Eq. (19), then equating the coefficients of °
and £! at both sides, it yields
e Order of £°

(22) Diq1 + qw? = dsFgsin(Q2Ty) .
e Order of ¢!

(23) D3gs +wi g2 = —2DoD1g1 + 51Doq1 + s2q1 + 53q1 Far, cos(Q1Tp) + 54 -
The solution of Eq. (22) can be written as

(24) q1(To, T1) = a1(Ty) cos[wiTp + B1(Th)] + 2B sin(Qa7)
= A(t)enT 4 iBe2To 4 e,

where a1 (77) and /31 (71) are amplitude and phase respectively,
AT) = ay(T)e? T )2, B = (dsFq)/ (2w} —200;).

cc denotes the complex conjugate of the preceding terms.

In this section, simultaneous resonant cases, namely principal parametric reso-
nance and subharmonic resonance, are investigated. The detuning parameters o; and
o9 are introduced to define principal parametric resonance and subharmonic reso-
nance, respectively,

(25) Q) =2wy1 +e01, Qo =3wi1 +€e09.
Substituting Eq. (24) and Eq. (25) into Eq. (23), one gets
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I
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26b D =
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2w1 8&)1
3s4B%ay  3s4Ba?sin(367 — 02Th)

w1 4y



334 Dynamics of Axially Moving Plates Immersed in Fluid ...

By analyzing equation Eq. (26), it can be seen that for steady-state response
(Dia; = 0and D1B; = 0), (81 + 0111 — 02T1), (281 — Tyo1) and (381 — 02171)
in Eq. (26) are all constants, this means D131 = o9 = 301/2. Letting v, = 51 +
01171 — 0917, one gets nonlinear equations

s1a1 53Fx1a1 sin 2v1 n 53fol COs Y1 n 354Ba% cos 371

27 D = — ,
( a) 1 2 4(.;)1 2W1 4(4}1
09 S9 33Fx1 cos 271 s;;BFxl sin y1 334(1%
27b) D =—— - — — - —
( ) m 3 2&)1 4w1 20.)1&1 8w1
354B? 3s4Bay sin3y;
w1 4w '

The approximately analytical solution of Eq. (27) can be expressed as

1—- _
(28) ¢11(T) = aj cos <§QQT + 71) + 2Bsin(Qo7) ,

where a and -y are determined by Eq. (27).

Letting D1a; = 0 and D;7y; = 0in Eq. (27), one can obtain steady-state response
for the system.

To study the stability of the steady-state solution, a state vector Z = [a,y
defined, then the vector function can be constructed from Eq. (27) as

1T is

(29) F(Z)=17=

s1a1 s;;Fxlal sin 21 n s;;BFxl cos 1 . 334Ba% cos 371

2 4w, o 2w1 4uwn
oy Sz S3Fg cos2yy  s3BF,, sinvyg 334a% 3s4B? 3s4Baj sin 31
3 2w1 4w1 2001@1 8(«}1 w1 4w1
The Jacobi matrix of F(Z) is
J11 J12]
30 J = ,
30) [le J22
where
S1 33F1,1 sin2vy;  3s4Baj cos3m;
Ju=—- — + ;
2 4(,«.)1 4&)1
s;:,Fxl a1 cos 271 s;»,BFxl sin y1 954Ba% sin 3v1
Ji2 = — - - ;
2&1 2w1 4w1
J 3337951 siny;  3s4a1  3s4Bsindm
21 = - - ’

2wia? 8w 4wy
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Ty — 83Fx1 sin 21 s;;BFxl cosvyr  9s4Baj cos3vp
22 2w 2wiay 4w '

The characteristic equation of Jacobi matrix of F(Z) is
(31) M4 SA\+H=0,

where S = Tr (J), h = det(J), and X is the eigenvalue.
According to Lyapunov’s stability theory, when all eigenvalues of the Jacobi ma-
trix have negative real parts, the steady-state solution is stable, otherwise it is unsta-

ble.

4 RESULTS AND DISCUSSIONS
Take the axially moving plate submerged in fluid as an example. The main parameters
are as follows: a = 1m, b = 1m, h = 1 mm, p = 7.85 x 103 kg/m?, p; =
1.0 x 103 kg/m3, E = 207 GPa, © = 0.3. Unless otherwise specified, the fixed
parameters are selected as follows: wi; = 3.95, € = 1, yo = 0.5, ¢ = 0.01,
Fg =336, F, =53 and I, = —5.3.

To verify the correctness and accuracy of the analytical solutions obtained by
Eq. (28), the fourth-order Runge-Kutta method is applied to solve Eq. (18). As shown
in Fig. 3, the analytical solution exhibits good agreement with numerical results.

For the steady-state response, amplitude-frequency curves (Fig. 4a) and phase-
frequency curves (Fig. 4b) of simultaneous resonances are obtained by solving Eq. (27).
To judge the stability of system’s periodic solutions, Lyapunov’s stability theory is
applied by solving the eigenvalue of Eq. (31). It can be noticed that the system can

(a) 1.2 (b) 0.6
) —— analytical solution analytical solution
- > numerical solution f( ¢ numerical solution
04 P 0.4 @ & 8 )
: T
| o« fRARBARGS

Th ) 0 Q & d

= 0.6 S 4{1{,j§£§%;’§§%§}1f
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04 5 o9d g [iﬁ §/i}( 29 ix

0] 3 82 99 ks gi 88 15 43 4
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B
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T T
€0, 422 . 423 424 425

Fig. 3. Comparison of amplitude-frequency response and steady-state response: (a)
amplitude- frequency response; (b) steady-state response.
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(a) (b)4
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Fig. 4. Simultaneous resonance response curves: (a) amplitude-frequency curves; (b) phase-
frequency curves.

have up to three bifurcation points (H;, Hz and H3), which means the number and
stability of periodic solutions change at these points. The amplitude-frequency re-
sponse (Fig. 4a) contains as many as seven branches, namely si, s2, s3, S4, S5, Sg
and s7. Among them, s1, s2, s3 and s4 are stable solution branches, while s5, s and

{=p]

Fig. 5. Stable periodic orbits (F g = 336, eoa = 0.2).
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s7 are unstable solution branches. Further analysis indicates that solution branches
51, 84 and s5 display subharmonic resonance characteristics, s2 and sg exhibit prin-
cipal parameter resonance characteristics. However, s3 and sy represent coupled
resonances when simultaneous resonances of subharmonic resonances and principal
parametric resonances occurs to the system.

Taking oo = 0.2 as an example, the periodic orbits of four stable solutions (s,
S92, s3 and s4) are shown in Fig. 5. This multi-value characteristic can be used to
switch motion state of the system. Variation in state parameters (i.e., ¢11 and ¢11)
enables system to switch from one periodic

Analysis reveals that parameters Fy,, F,,, Fg and €09 all affect periodic mo-
tions of the system. Here F' and 0y are selected as an example to identify the
periodic motion of the system with the variation of parameters, namely, subharmonic
resonance, principal parametric resonance and coupling resonance. Variation pattern
of bifurcation points under different periodic motions is further analyzed. The same
rule also applies to influences of F;, and F';, on periodic motions of the system.

In Fig. 6, three bifurcation curves (I, II and III) divide the parametric plane into
seven regions. Region A is single-valued, where system has one stable periodic so-
lution while FQ and o4 locate in this region. Regions B, C' and D are three-valued,
where system has two stable periodic solutions and one unstable periodic solution.
Region F and F' are five-valued, where system exhibits five periodic solutions (three

600
el
500
400 +
1 S
300 + e
200+
— [ bifurcation curve
100 —e— [I bifurcation curve
—4&— [II bifurcation curve
0 T — T — L T T
-0.6 -0.5 -0.4 -0.3 -0.2 -0.1 0.0 0.1

Fig. 6. Bifurcation curves for periodic solutions.
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Fig. 7. Amplitude-frequency curves.

stable solutions and two unstable solutions). When FQ and 04 enter into region G,
motion of the system becomes most complex while there are four stable periodic so-
lutions and three unstable solutions. Points A1, A5 and Ajs are the intersection points
of three bifurcation curves. H;, Hy and Hs (Fig. 4) correspond to points on curves
I, IT and III of Fig. 6, respectively. The detailed analysis of variation trend for these
three bifurcation curves (I, II and III) will be presented in subsequent contents.
Changing parameter F'¢, the amplitude-frequency curves (Fig. 7) are plotted. Ob-
serving Fig. 6 and Fig. 7, it is noticed that when the excitation amplitude F is rela-
tively small, the subharmonic resonance bifurcation point lies on curve I, the principal
parametric resonance bifurcation point lies on curve II and the coupling bifurcation

Fig. 8. Amplitude-frequency curves.
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Fig. 9. Amplitude-frequency curves.

point does not appear. As excitation amplitude increases, both point H; and point
Hj move to the right, but point H; moves faster. When Fig = 290.15, the abscissas
of point H; and point Hy are the same (Fig. 7b), curves I and II intersect at point
A; (Fig. 6) where bifurcation occurs to the system, and number of periodic solutions
jumps from one to five. As FQ continues to increase, point Hy locates on curve I and
point H; locates on curve II, bifurcation point Hs appears and moves rapidly left-
ward. When FQ increases to 548.65, the abscissas of point H; and Hs are the same
(Fig. 8b), curves IT and III intersect at point A3 (Fig. 6), and number of periodic solu-
tions jumps from three to seven. As F' continue to increase, point H; and point H
move rightward, point H3 overtakes point H; and keeps moving leftward. At point
Ay (Fig. 6), the abscissas of point Ho and point H3 are the same (Fig. 9b), and curves
I and II intersect again. Then with the increase of FQ, point H3 surpasses point Hy
and continues to move to the left. At this moment, point H3 lies on the curve I, point
Hy is on curve II and point H; locates on curve III. Above-mentioned analysis shows
that the emergence sequence of subharmonic resonance bifurcation point (point Hy),
principal parametric resonance bifurcation point (point Hs) and coupled resonance
bifurcation point (point H3) is closely related to parameters Fg and 0. At some
special points (A1, A3 and As), two kinds of bifurcations occur at the same time, and
system displays complicated nonlinear dynamic characteristics.

5 CONCLUSIONS

Considering the time-variant tension case, the paper applied analytical and numer-
ical approach to analyze parametric and subharmonic simultaneous resonance of
fluid-structure coupling system subjected to follower force, and Lyapunov’s stabil-
ity theory is introduced to determine the stability of periodic solutions of the system.
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Through analytical analysis, it is noticed that the influence of excitation amplitude
F( and detuning parameter o2 on the steady-state response of the system is more
remarkable, therefore bifurcation curves of periodic solutions on these two parame-
ters are given.

Analysis shows the emergence sequence of three bifurcation points (i.e. principal
parametric resonance bifurcation point, subharmonic resonance bifurcation point and
coupled resonance bifurcation point) relates closely to Fg and 0y, and sometimes
two kinds of bifurcations appear at the same time in the system. Adjust of excitation
amplitude and detuning parameter enables the system to display different dynamic
behaviors, such as subharmonic resonance, principal parametric resonance or simul-
taneous resonance. This dynamic characteristics make it possible to keep the system
in a specific motion state by adjusting the parameters, so to achieve optimization of
the system. In the hot-dip galvanizing production line, it is necessary to establish an
online control system for the surface quality of steel strips, so to improve the quality
of galvanized layer. Results of this paper provide an effective theoretical basis for the
online control system.
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