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ABSTRACT: A general Mathieu-Hill equation is considered. The periodic
function of the equation consists of series of cosine functions with arbitrary
number of elements. Stability analysis is performed via the strained parameters
method, a perturbation technique. Stability branches are calculated approxi-
mately up to second order for the first, second and general n’th regions for an
arbitrary number of elements m. Hence, the analysis presents a general solu-
tion for any n’th stability region with arbitrarily large m number of elements
which cannot be traced in the past literature. The first three stability regions are
plotted for a special problem having three parametric excitation terms. Numer-
ical simulations of sample stable, and unstable solutions are given. As with all
classical perturbation methods, the analytical solutions for stability branches
are compatible with the real stability branches if the perturbation parameter
is not large. For large perturbation parameters, the real stability branches and
the approximate analytical ones diverge from each other making the approxi-
mate stability branches not reliable. This general approach in which there are
infinite number of parametric excitations and general solutions for any stabil-
ity branches is the main contribution of this work to the literature. The work
has the potential of application to a wide range of problems modeled by the
Mathieu-Hill equations. The general formulas derived are applied to a specific
rotating blade vibration problem arising in rotor dynamics and turbomachinery.
A study that results in a stability map for the shaft/blade design and operational
parameters is extremely valuable for designers, diagnostics, and maintenance
engineers. The system contains a number of even frequency parametric ex-
citations. Special solutions of the previous results and the reduction of the
general solutions presented here to this specific problem are compatible within
the range of order of magnitudes considered.
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1 INTRODUCTION

Mathieu-Hill equation and its special form, Mathieu equation, find applications in
vast areas of physical problems. Mathieu first derived the equation when studying
the vibration of elliptical membranes [1]. The inverted pendulum problem, radio
frequency quadrupole, frequency modulation in microphones, stability of a floating
body, the Paul trap for charged particles, the mirror trap for neutral particles are some
examples of problems reducing to Mathieu type equations [2]. Stability of ships and
railroad trains, resonant internal sensors [3], propagation of electromagnetic waves,
distributed feedback lasers, fiber-optic wave guides [4] are application areas of the
equations. The vibrations of Euler beams subjected to unsteady wind force reduces
to a Mathieu-Hill equation [5]. The equation appears in the parametrically excited
composite plates [6]. Harmonically excited nanobeam problem [7], vibrations of
carbon nanotubes [8] reduces to Mathieu-Hill equations. A double frequency Math-
ieu equation with the frequency ratio not an integer was considered in determining
the effects of time dependent gravity on the thermal convective stability of a fluid
layer [9]. In the discretization process of the vibrations of an axially accelerating
string problem, the single mode discretization reduced to the Mathieu equation [10].
The rotating blade vibration due to torsional excitation yielded a special Mathieu-Hill
equation [11]. For torsional vibrations and stability analysis, see also [12, 13].
Mathieu-Hill equations and their special cases of Mathieu equation are well known
examples of parametrically excited systems. Depending on the physical parameters,
the solutions may be decaying (stable), bounded or unbounded (unstable) within time.
Usually stability charts (Strutt diagrams) are formed for the specific problem of tech-
nological interest to show the stable and unstable regions. The lines separating the
stable and unstable regions are called as the stability branches. The well-known ana-
Iytical technique is the perturbation method which enables the calculation of stability
branches analytically. For calculation of the stability branches by various perturba-
tion techniques such as the Strained Parameters Method, the Whittaker’s Method, the
Method of Multiple Scales and the Method of Averaging, see [14—17]. The well-
known numerical technique for calculating the stability of Mathieu type equations is
the Floquet theory used in [8, 10, 11, 14] which is based on one period integration
of the equation, calculating the so-called Monodromy matrix and determining the
stability through the eigenvalues of the matrix. Forming a stability chart via numer-
ical methods however requires extensive computational time [11] because for each
point in the parametric space, the equation has to be integrated over one period and
if one needs a high resolution of such charts, the computational effort tremendously
increases. The approximate analytical techniques have the advantage of directly de-
termining the stability branches with the deficiency of being confined to small pertur-
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bation parameters. Recently, there are some attempts to validate the analytical results
for large perturbation parameters also [18-20] in which the Homotopy Perturbation
Method [18, 19] and the Algebraic Harmonic Balance Method [20] were employed
in the calculations. For a theoretical analysis of the non-oscillatory solutions of the
Mathieu equation with two frequencies, see [21].

In this work, a Mathieu-Hill equation with arbitrarily large numbers of harmonic
functions is considered. Stability branches are analytically determined in their most
general form by the strained parameters method, a perturbation technique. The first
and second stable regions are calculated first. Then the n’th stable region with m
number of harmonic functions, n and m being arbitrarily large, is calculated. Previ-
ous studies investigated a restricted form of the Mathieu-Hill equation, considering
a few harmonic excitation terms. In contrast, in this study, a generalized form with
infinitely many harmonics case is treated in its most general form. Specifically, for-
mulas for the boundaries of the n’th stability region for arbitrary m term harmonic
excitations are reported in this study for the first time. The algorithm developed may
be applicable to a wide range of physical problems as special cases. One such appli-
cation, namely the rotating blade vibration problem is treated as an example of the
implementation of the general solution procedure.

2 THE EQUATION OF MOTION AND THE STRAINED PARAMETERS METHOD

Consider the Mathieu-Hill equation with arbitrary number of harmonic parametric
excitation terms

m
(1) ﬁ+<6+52ak0052kt)u:0.

k=1
The equation is a generalization of many Mathieu-Hill type equations. For example,
the model given in [11] is a special case of (1) with m = 4 and appropriate definitions
of ag—4. u = wu(t) is the time dependent response function to the multi-frequency
parametric excitation. The equation is assumed to be cast into a non-dimensional
form.

The Strained Parameters Method is one of the most effective perturbation methods
when handling such problems [14—17]. Depending on the locations in the J —¢ plane,
the solutions may be stable or unstable. The aim in the perturbation approach is to
determine the stability branches separating the stable and unstable regions. Assuming
an expansion up to second order

2) U (t) = Ug (t) + cuq (t) + 52uQ (t) 4+ ...

and since the straightforward expansion breaks down for § ~ n%, n = 0,1,2,3,...,
an expansion of the parameter ¢ is necessary in the vicinity of such values to eliminate
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the so-called secular terms responsible for the non-physical terms growing in time
(3) §=n?4e6 +e20+--, n=0,1,2,...

Substituting the expansions into the original equation and separating terms with re-
spect to orders yields

(4) O(1) : iig +n*ug =0,
m
(5) O(E) : ih +n2u1 = —(51U0 —UOZak COS th,
k=1
m
(6) 0(52) Sl 4 nlug = —0oupg — 01Ul — Uy Z ay, cos 2kt .
k=1
The first order solution is
(7) up = acos(nt) + bsin(nt) , n=0,1,2,...

Solutions vary depending on the number of n. n = 1, n = 2 and n = n cases will be
treated separately.

3 THE FIRST UNSTABLE REGION

Due to its importance, the first instability region is treated first. For n = 1, the first
order solution is

(8) ugp = acost + bsint.

Substituting this solution to the next order of approximation and arranging

9) U1 + Uy :cost(—él—%)a—&-sint(—él—l—%)b

- b
_Zak (gcos(2k+ 1)t+ isin(2k+ 1)t>
k=1

- b
- Z ag (g cos (2k — 1)t — B sin(2k — 1)t> .

k=2

Two conditions arise from the requirement of elimination of secular terms

(10) (61+%)a20 and (51—%)6:0.
Satisfaction of both equations require then either 61 = —«;/2,b = 0or §; = a1/2,

a = 0. The two cases lead to two different stability branches and should be treated
separately
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(1) 6 = —01/2, b=0

The equation to be solved is from (9)

m m
. a a
(11) i +up = — kg_l Qg 5 €08 (2k+1)t— ,;_2 Qg5 €08 (2k—1)t

the solution of which is

m

Lot o ok
(12) wu= 5 (; k1?1 cos(2k+1)t + ; @h—1)7 =1 cos(2k 1)75).

Substituting this solution to the next level of approximation yields
.. 1
(13) 9 +uo = acost —52—7{

N i ozk(ak +ay_q) }) L NST

where NST stands for non-secular terms. Elimination of the secular term then re-
quires

1 amlon + agy) | o= awlon +ayy)
14 by = —~ Rk ktl)
14 2 4{;(%“ +}§ 2k — 1)2 1}

One should take o;,+1 = 0 when summing up the terms since this term is not a
system parameter.

(Mo =01/2, a=0
Proceeding in a similar way,

m

m
(15) w sm (2k + 1)t— sin(2k — 1)t
b (k; 2k + g 2k — 1 —1 )

and upon eliminating the secular term at the last level requires

m

_ ag(ar — oy - k(k_ak )
(16) _“{Z 2k+1 S ) +; 2%k —1)2 1 }

k=1
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In summary, combining the results, the two stability branches emanating from n = 1
are

a1 €2 [ oo + ay ) oo+ ay )
17) d=1l-en— 1) 0 ML TR
{17 3 4{;(2k+1)2—1+§(2k—1)2—1}’
2 M m
(o7 IS ak(ak - ak+1) ak(ak - ak71>
18) =14t /N TR el -
(18) ey 4{;(2k+1)2—1+;(2k—1)2—1}

For m = 1, a; = 2, the equation is the Mathieu equation treated in [14] and the
stability branches reduce to

1 1
(19) 5:1—E—§€2; (5:1+€—§€2’

which is the same result reported there. For the special case of m = 3, the stability
branches are

2
20 s=1- s% - f@ (602 + 803 + 302 + 12010 + 4asas)
@1 S=14e™ - £ (602 4802 4 302
) =14 6? ~ 1oz (6041 + 8aj + 303 — 12019 — 4a2a3) .

For a1 > 0, equation (20) represents the left branch and (21) represents the right
branch. For a;; < 0, the reverse is true and (20) represents the right and (21) the left
branch.

A sample plot of stability branches is given in Figure 1. By using the functional
relationships given in equations (20) and (21), the § — € curves can easily be plot-
ted. In this study, all figures are obtained by using the MATLAB program. The
region between the branches is unstable and the regions on the left and right of the
branches are stable. The solutions on the branches are harmonic bounded solutions
as determined by the perturbation analysis. Perturbation solutions must be uniform
for validity. Uniformity requires that the correction terms be much smaller than the
leading terms. For the specific stability branch solution of (20) for example, the uni-
formity conditions are

2
22) (5%‘ <1, %(Ga% 1802 + 302 — 12a10s — dasas)

a1

57
<<‘ 9

)

which depends on the perturbation parameters as well as the other coefficients.
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Fig. 1. Stability branches for the first unstable region (n = 1, a3 = 1, ag = 1, ag = —2).

4 THE SECOND UNSTABLE REGION
For n = 2, the first order solution is

(23) ug = acos 2t + bsin 2t

Substituting this solution to the next order of approximation and arranging yields

(24) i1 + 4u; =cos 2t (—(51 - %) a + sin 2t (—(51 + %) b— %a

% b

— Zak (;cos(2k+2)t+ 281n(2k+2)t>
k=1
i a b .

- Z ag, (2 cos (2k —2)t — B sin(2k — 2)t> .
k=3

Elimination of secular terms requires

25) (51—|—%)a20 and (51—%>b:0.

The two cases 1 = —a/2,b = 0 or d; = a2/2, a = 0 should be treated separately
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(1) 6 = —02/2, b=0

The equation to be solved is from (24)

(26) i +4uq = —ala—<Zak0082k’+2>—|—2ak0082k—2)

2
k=1 k=3

the solution of which is

Ui ay cos(2k + 2)t "y cos (2k — 2)t
27 .
@) wm= <; (2k + 2)2 +Z; 2k —2)2 —4

Substituting this solution to the next level of approximation and elimination of secular
terms yield

1 1 ak(ak+ak 2) | = anlog +ag o)
28 §g = —af — = + :
(28) 27 8™ 4{; (2k + 2)? +kz::3 ok —2)2 — 4

One should take o, 41 = a2 = 0 when summing up the terms since they are not
system parameters. Also if m < 3 ignore the second summation term.

(M) & =a2/2, a=0

Proceeding in a similar way,

b a sin( 2k+2 " aysin 2k—2)
29 == —_—
@9 “ 2(2 (2k + 2)2 D 2P 1 (2k —2)2 —
k=1 k=3
and upon eliminating the secular term at the last level requires
(30) PR Zm: —a’“(a’“ Wt2) | i {0k — 0 )
2T (2k + 2)2 (2k—2)2—4 [
k=1 k=3
Therefore, the two stability branches emanating from n = 2 are
(B1) §—d_:%2 ¢ e2f1, Zak ak+ak+2 i ag(og+oy_,)
o T 2™ <k:—1 (k27 —4 2= (2 - 2)? 4) ’

k(@ ak+2 o~ Ok (ak ak 2)
(2 0=de _{Z 2k+2 e (2k — 2)° 4}'

k=1 k=3
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Fig. 2. Stability branches for the second unstable region (n = 2, a1 = 1, as = 1, ag = —2).

For m = 1, oy = 2, the solution reduces to

5 1
—44 = =4 —¢2
(33) 0=4+ 1 25 0 55
which is the same result reported in [14]. For the special case of m = 3, the stability

branches are

34 §=4—c22 k-l —

(34) 62 e (480‘1 128727 240" T 24 )
1 1 1

35 §=4+e—- —¢ — a3 — —

(33) teg e (48 1+128 %+ 1508~ 240‘10‘3>

The unstable region vanishes for O(g) when az = 0. The O(¢?) terms vanishes if
ag = 40a; /31. The region under these conditions would then be very narrow having
O(e?) and smaller terms.

Plot of the stability branches is given in Figure 2 for this case.

5 THE GENERAL SOLUTION

In fact, any arbitrary instability region n = n can be retrieved from the analysis. The
calculations reveal that there are three distinct cases: (i) n > 2m, (i) m < n < 2m,
(iii) n < m. Skipping the involved algebra and proceeding with a similar way as in



380 A General Analytical Stability Analysis of the Mathieu-Hill Equation

the previous sections, the results for each case are directly given in this section.

2 Z 1 1
36) s=n- 2( ) 2
(36) "y Zak (2k +n)? —n2 - (2k —n)? — n2 (n > 2m)

k=1
2 & a? ak(ag + ap_k)
37 §=n>—=— k L m<n<2m
GD 4 ;(%ﬂ—n)z—n? (2k —n)? — n2 -
62 s 042 ozk(ozk—oz —k)
38) d=n%—— k - m<n<2m
( 4 kzl (2k+n)? —n2  (2k —n)* —n2
2 m
2 _ %_g( ok (o + anyi)
(9 o=n—emr g kzzl(zwrn)?—n?
(ot g+ Q)
+ Z (2k —n)2 —n? ) nsm
k=1(k+#n)
o £ [ & ag(ag — any)
4 — 2 J_7< Qre\X — Antk)
@) o =nTtem =7 kZZI(Qk:—i-n)Q—nQ
o — Ok — )
+ Z (2k —n)2 —n? ) nsm
k=1(k#n)

When calculating the sums, note that «; is within the range of 1 < ¢ < m. If 1 < 1
or ¢ > m take a; = 0 in the calculations. For the case of n > 2m, there is only one
stability branch up to O(g?). The left and right stability branches diverge from each
other at O(£3). For the case of m < n < 2m, the left and right stability branches
diverge from each other at O(?). Finally, when n < m, the left and right branches
diverge at O(eg). For n =1 and n = 2, (39) and (40) reduces to the results of the
previous sections.

Results reported in [11] can be retrieved from the general stability branches given
here by appropriate definitions of the «y, coefficients. The stability branches agree up
to O(e?). More details are given in the next section.

For the special case of n =3, m =3, the stability branches (39) and (40) reduces

to
o3 1 1 1 1

41) 0=9-— € + &2 <64a% + Ea% - @ag + 16a1ag> ,
o3 1 1 1 1

(42) 0=9+ 2y + €2 <64a% + Ea% - @ag — 16a1a2> .

The plot of the stability branches is given in Figure 3.
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Fig. 3. Stability branches for the third unstable region (n = 3, 1 = 1, ag = 1, ag = —2).

Sample stable (Point A) and unstable (Point B) points are chosen in the diagram
and time histories are given in Figures 4 and 5.

15 T T T T T T T T T

0.5 N

0 5 10 15 20 25 30 35 40 45 50

Fig. 4. Time history of the stable point A (6§ =8, =0.2,a1 = 1,a0 =1, a3 = —2).
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Fig. 5. Time history of the unstable point B (0 =9, =0.2, a1 =1, a0 = 1, ag = —2).

6 AN APPLICATION TO ROTATING BLADE VIBRATIONS

An application of this study may be the rotating blade vibrations. The mathematical
derivation of the equation of motion and reduction to Mathieu-Hill equation was
outlined in detail in [11]

1
(43) x4 (5 + 8erg cos 27 + 262 cos AT + 564 cos 87’) z=0.

The parameters and the new time variable are defined as follows:

(44) 5:4r%+4r§+§62, lew—B, 7“2:9, Tlet,
2 w w 2
where r; is the ratio of blade natural frequency wp to the torsional excitation fre-
quency w, 73 is the ratio of the constant rotation speed 2 to the torsional excitation
frequency w and ¢ is the torsional vibration amplitude which is assumed to be small.
0 is defined in terms of the dimensionless parameters indicated.
Comparing (43) with our general equation (1), note that

1
45) a1 =8ry, ag =2, ag=0, ag= 55—:3
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Substituting the coefficients (45) into the stability branches given in (17) and (18),
neglecting terms smaller than O(¢*), the results are

1
(46) 0=1-— 84’/”2 - 5227“% — 537‘2 — 654’

1
(47) 0 =14 ¢edry — 5227“% + 537“2 — 654 .

Comparing the above results with those given in [11] for the first stability region, the
stability boundaries are exactly the same up to O(g?). There are some discrepancies
between the results for the coefficients of O(e?) and O(c*) terms. This is because in
this analysis, perturbation expansion up to O(¢?) is taken whereas in that analysis the
expansions are carried out up to O(¢*) terms. Similar conclusions can be drawn for
the second, third and fourth stability regions given in that study. Since the torsional
vibration amplitudes ¢ are rather small in practical applications, the discrepancies
have negligible effects on the stability boundaries. As noted in [11], the exact loca-
tion of the stability boundaries requires extensive numerical calculations with high
computational costs. The analytical solutions therefore provide a guidance in lower-
ing such costs since one may determine the location of the boundaries approximately
by the analytical results.

7 CONCLUDING REMARKS

For a general Mathieu-Hill equation having arbitrary numbers of harmonic paramet-
ric excitations, a detailed stability analysis is given. By employing the Stained Param-
eters Method, the stability branches are calculated approximately. Explicit functional
forms of the stability branches are given in their most general form for the numbers
n and m where n represents the number of the stability region and m represents the
number of the parametric excitation terms. The general formalism presented here
can be applied to a variety of problems of technological interest in determining their
stability. A rotating blade vibration problem has been treated as a direct application
of the general formalism developed in this study.

Further studies may be to apply the results to other specific problems. Calcula-
tions can be carried to higher order of approximations but this may be a tedious work
and the formulas may be much more complicated.
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