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FLUID MECHANICS
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ABSTRACT: In the present paper, a closed form solution of transverse Stokes
rarefied slip fluid flow past axially symmetric bodies is being considered. The
transverse Stokes drag is evaluated for axially symmetric bodies in the slip-flow
regime and which is valid for Knudsen numbers, Kn ≤ 0.1. The extension
of Stokes drag on micro-axially symmetric particles from no-slip boundary
conditions to slip boundary conditions has been given. It has been concluded
in the end that transverse Stokes drag on the micro-axially symmetric particles
is equivalent to Stokes solution for continuum flows multiplied by a rarefaction
coefficient which is dependent upon the Knudsen number. The author proposed
a new approach of providing analytic closed form drag formula for transverse
Stokes slip flow past axially symmetric bodies for rarefied gas.

KEY WORDS: Stokes drag, slip flow, micro axially symmetric particle,
rarefaction coefficient.

1 INTRODUCTION

From last few years or so, the process of manufacturing and operation of Micro Elec-
tro Mechanical Systems (MEMS) or miniaturised devices [1–3] has drawn the atten-
tion of physicist, mechanical engineers and fluid mechanists. These MEMS devices
are continuously using in instrumentation, micro-rectors, actuators and lab-on-a-chip
bio-chemical sensors. The successful operation of these microfluidic systems involve
accurate fluid manipulation based on continuum hypothesis or non-continuum hy-
pothesis mainly for fluids as gases. The non-continuum flows were only encountered
in low-density (rarefied gas) applications such as vacuum or space-vehicle technol-
ogy. One of the main difficulties in trying to predict fluid transport in micron-sized
devices lies in the fact that the continuum flow assumption implemented in conven-
tional fluid dynamics breaks down because of the very small length scales involved.

For example, the mean free path of air molecules at standard temperature and
pressure is approximately 70 nm. Consequently, the ratio of the mean free path of
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the molecules to the characteristic dimensions of a MEMS device can be apprecia-
ble. This ratio is referred to as the Knudsen number and as it increases, the mo-
mentum transfer starts to be affected by the discrete molecular composition of the
fluid; in other words, the gas begins to exhibit non-continuum flow effects. One of
the main distinctions between conventional rarefied gas dynamics and microfluidic
processes lies in the fact that rarefaction effects in MEMS take place at normal oper-
ating pressures. The small lengths and fluid velocities employed in MEMS also lead
to extremely low Reynolds numbers. Consequently, the analysis of gaseous trans-
port in microfluidic devices often involves the intriguing combination of rarefied gas
dynamics and ultra-low Reynolds number flows or creeping flows.

The analytic solutions have been developed for a number of simple device ge-
ometries including long straight micro channels. This was George Gabriel Stokes [4]
who gave first the analytic form value of drag on sphere in creeping flow under no-slip
boundary conditions which is popularly known as “Stokes Law”. Barber and Emer-
son [5] have presented a study describes an extension of Stokes analytical solution
for creeping flow past a sphere which takes into account rarefaction (non-continuum)
effects. The analysis follows the slip-flow methodology originally proposed by Bas-
set [6]. Datta and Srivastava [7] provided a simple Stokes drag formula based on
geometrical variables of axially symmetric bodies in both axial and transverse flow
cases under no-slip boundary conditions. In present analysis, author emphasize onto
find the analytical expression of drag force experienced by micro-axially symmetric
particle subjected to unconfined low Reynolds number fluid flow with the help of
simple Stokes drag formula for axially symmetric particles proved in [7] and drag
formula for micro-slip-sphere derived in [5]. In other words, the present paper is
the generalization of the work of Barber and Emerson from micro sphere to micro
axially symmetric particles under the slip flow regime. In other words, author has
been extended the expression of Stokes drag on axially symmetric bodies (described
in Fig. 1) derived in [7] from Continuum to Non-continuum and presented it in terms
of Knudsen number, Kn, with value less than 0.1.

2 CLASSICAL STOKES DRAG ON AXIALLY SYMMETRIC PARTICLE IN

NEWTONIAN CONTINUUM FLUID

In Fig. 1 geometry of body of revolution of curve is presented in meridional plane
x-y (or r-θ, which are polar coordinates) where P (x, y) is any point on curve may be
consider in Cartesian coordinates (x, y) or in polar coordinates (r, θ), ψ is the angle
between tangent and x-axis, R is the intercepting length between a point on the curve
and x-axis, α is the angle between x-axis and intercepting length between a point on
the curve varies from 0 to π which is same to the variation of θ in polar coordinates,
am and b are the maximum length on x-axis and y-axis respectively. Ux and Uy are
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Fig. 1. Geometry of axially symmetric body of revolution of curve in meridional plane.

free uniform fluid stream velocities along axial and transverse directions respectively.
Datta and Srivastava [7] gave the expressions of Stokes drag on axially symmetric

particle of revolution of curve in meridional plane with the condition of continuously
turning tangent (see Fig. 1) in transverse flow (along y-axis, the transverse flow di-
rection) as

(1) Fy =
1

2

λb2

hy
,

where

(2) λ = 6πµUy

and

(3) hy =
3

16

∫ π

0
R
(
2 sinα− sin3 α

)
dα .

In the above formulas, variable ‘R’ is the intercepting length of normal between
axis of symmetry and point on body curve in meridional plane and α is the angle
made by normal from axis of symmetry. Also, hy represents the height of centre of
gravity of force system in transverse flow configurations and ‘b’ is the semi-transverse
length of body curve in meridional plane xy and ‘µ’ is the viscosity coefficient [7].
The subscript ‘y’ indicates that stream is approaching to body along the direction
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perpendicular to x-axis, i.e. transverse flow is considered. This meridional curve has
restrictions of continuously turning tangent avoiding straight line segment, nodes and
corners.

In every fluid-particle interaction problem in fluid dynamics, the important quan-
tity to evaluate is the drag experienced by body which in traditional approach always
found as a solution of linear steady Stokes equation along with continuity equation

0 = −1

ρ
gradp+ ν∇2u ,

divu = 0 ,

(4)

under no-slip boundary condition [8]. In equation (4), ρ is fluid density, p – the
pressure, ν – the kinematic viscosity and u be the fluid velocity.

3 SLIP FLOW AROUND THE SURFACE OF THE AXIALLY SYMMETRIC BODY

To account for non-continuum flow effects around the microsphere, the Navier-Stokes
equations are solved in conjunction with the slip-velocity boundary condition pro-
posed by Basset [6]

(5) τt = βut ,

where ut is the tangential slip velocity at the wall, τt is the tangential shear stress
on the wall and β is the slip coefficient. Schaaf and Chambre [9] show that the slip
coefficient can be related to the mean free path of the molecules as follows:

(6) β =
µ(

2−σ
σ

)
λ′
,

where µ is the viscosity of the gas, σ is the tangential momentum accommodation
coefficient (TMAC) and λ′ is the mean free path. For an idealised wall (perfectly
smooth at the molecular level), the angles of incidence and reflection of molecules
colliding with the wall are identical and therefore the molecules conserve their tan-
gential momentum. This is referred to as specular reflection and results in perfect slip
at the boundary. Conversely, in the case of an extremely rough wall, the molecules
are reflected at a totally random angle and lose their tangential momentum entirely;
referred to as diffusive reflection. For real walls, some of the molecules will reflect
diffusively and some will reflect secularly, and so the tangential momentum accom-
modation coefficient, σ, is introduced to account for the momentum retained by the
reflected molecules. Theoretically, the coefficient lies between 0 and 1 and is defined
as the fraction of molecules reflected diffusively. The value of σ depends upon the
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particular solid and gas involved and also on the surface finish of the wall. TMAC
values lying in the range 0.2–1.0 have been determined experimentally [10–12].

Equations (5) and (6) can be combined and rearranged to give

(7) ut =
2− σ
σ

(λ′
µ

)
τt ,

which can be recast in terms of the Knudsen number, Kn as follows:

(8) ut =
2− σ
σ

(Knb
µ

)
τt ,

where Kn is defined as the ratio of the mean free path of the molecules (λ′) to the
radius ‘b’ of the mid-cross section area (Fig. 1)

(9) Kn =
λ′

b
.

The use of Stokes equations with slip boundary conditions on axially symmetric bod-
ies for rarefied gas flows may not fully represent the physical behaviour of the system,
especially for moderate to high Knudsen number Kn. Due to this fact and in order to
validate the proposed formula, we consider the present study only for low Knudsen
number Kn < 0.1 for which the approximation of slow flow is valid for rarefied
gaseous medium.

4 PROPOSED DRAG ON AXIALLY SYMMETRIC BODY IN STOKES SLIP FLOW

The Stokes drag on axially symmetric body of revolution of meridional curve with
‘b’ as radius of mid cross-section area (Fig. 1) about x-axis under slip boundary
conditions (explained in Section 3) in rarefied medium is given by (replacing λ with
λ1 in equation (1) [7]

(10) (Fy)slip =
1

2

λ1b
2

hy
,

where

λ1 = 6πµU
1 + 2 ((2− σ)/σ)Kn
1 + 3 ((2− σ)/σ)Kn

= λRc ,(11)

λ = 6πµU ,(12)

hy =
3

16

∫ π

0
R(2 sinα− sin3 α)dα(13)
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and

(14) Rc =
1 + 2 ((2− σ)/σ)Kn
1 + 3 ((2− σ)/σ)Kn

,

where Rc is the rarefaction coefficient, dependent on the Knudsen number Kncand
σ is the Tangential Momentum Accommodation Coefficient (TMAC).

Author assumes that simple formula of drag (1) on axially symmetric particle
placed under transverse flow [7] is also valid and applicable for rarefied gas flow on
replacing λ with λ1 (11) along with low Knudsen number and slip boundary condi-
tions on surface of body.

5 APPLICATION OF PROPOSED FORMULA TO AXIALLY SYMMETRIC BODIES

5.1 SLIP FLOW PAST A SPHERE

Let us consider the sphere obtained as circle of revolution about x-axis. The para-
metric equation of circle having radius ‘a’ as

(15) x = a cos t, y = a sin t, 0 ≤ t ≤ π .

By detailed derivation, the expressions of transverse Stokes drag on this sphere placed
in Newtonian fluid under no-slip boundary conditions, by using (1) and (2) with fact
R = b = a, hx = a/2, Uy = U , comes out to be

(16) (Fy)no-slip =
16πµUa∫ π

0 (2 sinα− sin3 α)dα
= 6πµUa .

Now, the expression of drag on same sphere placed in transverse flow under slip
boundary conditions in rarefied medium can be calculated by proposed formula (10)
for R = b = a, hy = a/2, comes out to be

(Fy)slip = 6πµUa
1 + 2 ((2− σ)/σ)Kn
1 + 3 ((2− σ)/σ)Kn

= (6πµUa)Rc ,(17)

(Fy)slip = Rc (Fx)no-slip .(18)

The drag coefficient
(Fy)slip

6πµUa
= Rc (Kn), which confirms with the drag coeffi-

cient for microsphere placed under transverse slow slip rarefied gas flow obtained
by Beresnev et al. [13] and Stefanov et al. [14].

In the limiting case, as λ′ → 0, Kn → 0, Rc → 1, provides the classical Stokes
drag on sphere [4, 7] exists for Newtonian continuum case i.e., 6πµUa.
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5.2 SLIP FLOW PAST A SPHEROID

Prolate Spheroid. We considers the prolate spheroid of revolution of ellipse about
x-axis. The parametric equation of ellipse (with ‘a’ as semi major axis length and ‘b’
as semi minor axis length) is

(19) x = a cos t, y = b sin t, 0 ≤ t ≤ π .

By detailed derivation, the expressions of hy and transverse Stokes drag on this pro-
late spheroid placed in Newtonian fluid under no-slip boundary conditions, by using
eq. (1), comes out to be

hy =
3

32

b2

ae3
[(
3e2 − 1

)
L+ 2e

]
,(20)

(Fy)no-slip = 32πµUae3
[(
3e2 − 1

)
L+ 2e

]−1
,(21)

where L = log
1 + e

1− e
and ‘e’ is the eccentricity of ellipse.

Now, the expression of Stokes drag on same prolate spheroid placed in transverse
flow under slip boundary conditions in rarefied gas medium can be calculated by
proposed formula (10), with same value of hy calculated in (20), comes out to be

(Fy)slip =
1

2

λb2

hy
= 32πµUae3

[(
3e2 − 1

)
L+ 2e

] 1 + 2 ((2− σ)/σ)Kn
1 + 3 ((2− σ)/σ)Kn

(22)

= 32πµUae3
[(
3e2 − 1

)
L+ 2e

]
Rc

(Fy)slip = Rc (Fy)no-slip .(23)

This expression of drag on micro-prolate spheroid in slip rarefied gas medium in
terms of Knudsen number Kn is found to be new and never found in the literature.

In the limiting case, as λ′ → 0, Kn → 0, Rc → 1, provides the classical Stokes
drag on prolate spheroid [7] exists for Newtonian and continuum case i.e.,

(24) (Fy)no-slip = 32πµUae3
[(
3e2 − 1

)
L+ 2e

]−1
.

Oblate Spheroid. We consider the oblate spheroid of revolution of ellipse about x-
axis. The parametric equation of ellipse (with ‘a’ as semi major axis length and ‘b’
as semi minor axis length) is

(25) x = b cos t, y = a sin t, 0 ≤ t ≤ π .
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By detailed derivation, the expressions of hy and transverse Stokes drag on this pro-
late spheroid placed in Newtonian fluid under no-slip boundary conditions, by using
eq. (1), comes out to be

hy =
3

16

a

e3

[(
1 + 2e2

)
sin−1 e− e

√
1− e2

]
,(26)

(Fy)no-slip = 16πµUae3
[(
1 + 2e2

)
sin−1 e− e

√
1− e2

]−1
,(27)

where ‘e’ is the eccentricity of ellipse.
Now, the expression of Stokes drag on same oblate spheroid placed in transverse

flow under slip boundary conditions in rarefied gaseous medium can be calculated by
proposed formula (10), with same value of hy calculated in (26), comes out to be

(Fy)slip =
1

2

λb2

hy
(28)

= 16πµUae3
[
(1+2e2) sin−1 e− e

√
1− e2

] 1+2 ((2− σ)/σ)Kn
1+3 ((2− σ)/σ)Kn

= 16πµUae3
[(
1 + 2e2

)
sin−1 e− e

√
1− e2

]
Rc

(Fy)slip = Rc (Fy)no-slip .(29)

This expression of drag on micro-oblate spheroid in slip rarefied gas medium in terms
of Knudsen number Kn is found to be new and never found in the literature.

In the limiting case, as λ′ → 0, Kn → 0, Rc → 1, provides the classical Stokes
drag on oblate spheroid [7, 8] exists in Newtonian and continuum case i.e.,

(30) (Fy)no-slip = 8πµUae3
[
e
√

(1 + e2)− (1− 2e2) sin−1 e
]−1

.

6 CONCLUSION

The closed form expression of transverse Stokes drag has been evaluated for axially
symmetric bodies in the slip-flow regime in rarefied medium in terms of Knudsen
number with the use of DS-conjecture and the same is valid for Knudsen numbers,
Kn < 0.1. Rarefaction coefficient Rc depending on Knudsen number Kn separates
the two flow features like slip flow in rarefied medium (non-continuum) with no-slip
continuum flow of Newtonian fluid. The formula is being applied successfully to
micro sphere, micro spheroid (prolate and oblate both). This is the generalization of
the work of Barber and Emerson [5] from micro sphere to micro axially symmetric
particles under the slip flow regime in rarefied medium. Further, author claims that
they have extended the expression of Stokes drag on axially symmetric bodies (de-
scribed in Fig. 1) derived in [7] from continuum to non-continuum (rarefied medium)
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and presented it in terms of Knudsen number, Kn. The present work may open the
doors to solve many complex fluid mechanical problems in non-continuum mechan-
ics leading from revised DS-conjecture proposed in this paper. Author is exploring
these problems and may appear in future papers.
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