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ABSTRACT: Coastal vegetation provides critical wave attenuation for shore-
line protection, but existing models are computationally prohibitive or lack
educational transparency. We present wave-attenuation-1d, an open-source
Python package implementing linearized shallow water equations with vegeta-
tion-induced drag. The model uses fourth-order Runge-Kutta integration on
a staggered grid, achieving unconditional stability through implicit treatment
of the drag term. Numerical experiments with monochromatic waves through
40-meter vegetation patches demonstrate transmission coefficients from 0.655
(sparse) to 0.010 (dense vegetation), corresponding to 34.5% and 99.0% wave
height reductions. While the one-dimensional framework simplifies three-
dimensional flows and flexible vegetation dynamics, it provides a computa-
tionally efficient baseline for understanding wave-vegetation interactions. The
package features standardized NetCDF output and modular architecture, bridg-
ing research-grade simulations and accessible educational tools for exploring
nature-based coastal protection solutions.
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NOTATIONS

x, z [m] Horizontal and vertical T = 2π/ω [s] Wave period
coordinates λ [m] Wavelength

t [s] Time c0 =
√
gh [m/s] Shallow water wave celerity

L [m] Domain length xv,1, xv,2 [m] Vegetation zone boundaries
h [m] Still water depth χveg(x) Vegetation indicator function
η [m] Free surface elevation CD Bulk drag coefficient
H = h+ η [m] Total water depth N [stems/m2] Stem density
u, ū [m/s] Horizontal velocity, ds [m] Stem diameter

depth-averaged hv [m] Vegetation height
p [Pa] Pressure u0 [m/s] Characteristic velocity
ρ [kg/m3] Fluid density amplitude
g [m/s2] Gravitational acceleration cD [s−1] Linearized drag coefficient
A [m] Wave amplitude Kt Wave transmission coefficient
ω [rad/s] Angular frequency

1 INTRODUCTION

Coastal vegetation provides natural defense against wave attack, with field observa-
tions demonstrating substantial wave height reductions through marsh systems and
significant attenuation through mangrove forests during tropical cyclones [1, 2]. The
theoretical foundation for wave attenuation by vegetation traces to Dalrymple et
al. [3], who adapted the Morison equation to model drag forces on rigid cylinders
representing plant stems. Subsequent refinements incorporated probabilistic stem
distributions [4] and extended the framework to random waves using spectral meth-
ods [5].

Laboratory experiments revealed limitations of the rigid-cylinder approximation.
Bradley and Houser [6] demonstrated that plant flexibility substantially reduces drag
coefficients, while three-dimensional flow structures generate momentum transport
mechanisms absent from depth-averaged formulations [7]. Contemporary advances
include flexible vegetation dynamics through fluid-structure interaction models [8,
9], extension to spectral wave environments [10–12], and integration into phase-
resolving codes [13–16].

Despite these advances, a gap exists between sophisticated research models and
practical tools accessible to coastal engineers. High-fidelity simulations remain com-
putationally prohibitive, while commercial software implements vegetation effects
through opaque parameterizations. Open science principles [17,18] and Python’s sci-
entific computing ecosystem [19–23] enable transparent, reproducible implementa-
tions. This work provides an open-source Python implementation accelerated through
just-in-time compilation [24], achieving computational efficiency while maintaining
code transparency for educational purposes.
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2 METHODS

2.1 PROBLEM GEOMETRY AND GOVERNING EQUATIONS

We consider wave propagation through a one-dimensional coastal flume of length L
containing a vegetation patch, as illustrated in Fig. 1. A Cartesian coordinate system
is adopted with the horizontal x-axis oriented along the direction of wave propagation
and the vertical z-axis pointing upward, with z = 0 at the still water level. The
domain extends from x = 0 to x = L, with constant still water depth h. A vegetation
patch occupies the region xv,1 ≤ x ≤ xv,2, characterized by rigid cylindrical stems of
diameter ds, height hv, and number density N (stems per unit horizontal area). The
free surface elevation η(x, t) represents the vertical displacement from still water
level, so that the total water depth is H(x, t) = h+ η(x, t).

Fig. 1. Problem geometry and coordinate system. Left: Computational domain with vertical
coordinate z measured from still water level (z = 0). The bottom lies at z = −h, giving still
water depth h. The free surface elevation η(x, t) is the displacement from z = 0, and total
water depth is H = h + η. The vegetation zone extends from xv,1 to xv,2 where χveg = 1.
Waves enter from the left with prescribed η0 and u0; Sommerfeld radiation conditions apply
at the right. Right: Vegetation detail showing rigid cylindrical stems with diameter ds, height
hv , density N , depth-averaged velocity ū, and drag force FD opposing the flow.

The motion of incompressible fluid is governed by the three-dimensional Navier-
Stokes equations. Let u = (u, v, w)T denote the velocity vector with components in
the x, y, and z directions. The continuity equation expressing mass conservation is
∇·u = 0, where∇ = (∂/∂x, ∂/∂y, ∂/∂z)T is the gradient operator. The momentum
equation is

(1) ρ
Du

Dt
= −∇p+ µ∇2u + ρg + Fext,

where ρ is fluid density [kg/m3], p is pressure [Pa], µ is dynamic viscosity [Pa·s],
g = (0, 0,−g)T is gravitational acceleration with g = 9.81 m/s2, Fext represents
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external body forces [N/m3], and the material derivative D/Dt = ∂/∂t + u · ∇
represents the rate of change following a fluid particle.

For shallow water flows where the horizontal length scale greatly exceeds the
depth (aspect ratio ε = h/L � 1), vertical accelerations become negligible and the
vertical momentum equation reduces to hydrostatic balance: ∂p/∂z = −ρg. Integra-
tion from depth z to the free surface, where pressure equals atmospheric pressure pa,
yields p = pa+ρg(η−z). Depth integration of the horizontal momentum equations,
using kinematic boundary conditions at the free surface and bottom, produces the
shallow water equations. Defining the depth-averaged horizontal velocity as

(2) ū(x, t) =
1

H

∫ η

−h
u(x, z, t) dz,

and considering one-dimensional propagation along the x-axis, the depth-integrated
continuity equation becomes ∂H/∂t+∂(Hū)/∂x = 0, and the momentum equation
becomes ∂(Hū)/∂t + ∂(Hū2)/∂x + gH∂η/∂x = F̄x, where F̄x represents depth-
integrated external forces per unit mass.

For small-amplitude waves satisfying |η| � h, we linearize by writing η = εη′

and u = εu′ where ε� 1, retaining only first-order terms, and dropping primes. The
linearized shallow water equations become

∂η

∂t
+ h

∂u

∂x
= 0,(3)

∂u

∂t
+ g

∂η

∂x
= −cDχveg(x)u,(4)

where u(x, t) now denotes depth-averaged horizontal velocity, and the right-hand
side of Eq. (4) represents linearized vegetation drag. The indicator function χveg(x) =
1 for xv,1 ≤ x ≤ xv,2 and zero elsewhere.

2.2 VEGETATION DRAG FORMULATION

The drag force on flow through an array of rigid cylinders follows from the Morison
equation framework [3]. The time-averaged drag force per unit volume is FD =
−1

2ρCDNds|u|u, where CD is the bulk drag coefficient (dimensionless), N is stem
density [stems/m2], and ds is stem diameter [m]. The quadratic velocity dependence
introduces nonlinearity that we remove through linearization.

For sinusoidal velocity u(t) = u0 sin(ωt) with amplitude u0 and angular fre-
quency ω, we seek a linear drag coefficient cD [s−1] such that the linearized force
F lin
D = −ρcDu dissipates the same energy per wave period as the quadratic drag.

Following the Lorentz linearization procedure [28], the period-averaged dissipation
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for quadratic drag is 〈Pquad〉 = (4/3π) · 12ρCDNdsu
3
0, while for linear drag it is

〈Plin〉 = 1
2ρcDu

2
0. Equating these expressions yields

(5) cD =
4

3π
CDNdsu0.

For vegetation of height hv in water of depth h, accounting for partial submer-
gence when hv < h, the depth-averaged linearized drag coefficient becomes

(6) cD =
4

3πh
CDNdshvu0.

The characteristic velocity u0 can be estimated from linear wave theory. For
shallow water waves, the velocity amplitude relates to surface elevation amplitude
A by u0 = A

√
g/h = Ac0/h, where c0 =

√
gh is the shallow water wave celer-

ity. Alternatively, u0 may be specified from field measurements or expected wave
conditions [28, 29].

2.3 NUMERICAL IMPLEMENTATION

We employ a staggered grid arrangement to ensure proper coupling between surface
elevation and velocity and to avoid spurious oscillations [25]. The domain [0, L] is
divided into nx cells of uniform width ∆x. Surface elevation η is defined at cell
centers xi = (i− 1/2)∆x for i = 1, . . . , nx, while velocity u is defined at cell faces
xi+1/2 = i∆x for i = 0, . . . , nx. The semi-discrete equations become

dηi
dt

= − h

∆x

(
ui+1/2 − ui−1/2

)
,(7)

dui+1/2

dt
= − g

∆x
(ηi+1 − ηi)− cDχi+1/2ui+1/2,(8)

where χi+1/2 = χveg(xi+1/2).
Time integration uses the classical fourth-order Runge-Kutta (RK4) method. Writ-

ing the system as dy/dt = f(y, t) where y contains all ηi and ui+1/2 values, the RK4
update from time level n to n+ 1 computes four intermediate stages:

k1 = f(yn, tn), k2 = f

(
yn +

∆t

2
k1, t

n +
∆t

2

)
,(9)

k3 = f

(
yn +

∆t

2
k2, t

n +
∆t

2

)
, k4 = f(yn + ∆tk3, t

n + ∆t) ,(10)

and combines them as yn+1 = yn + (∆t/6)(k1 + 2k2 + 2k3 + k4).
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The drag term −cDχvegu can become stiff for large cD, potentially requiring im-
practically small time steps. We treat this term implicitly within each RK4 stage. For
the isolated drag equation du∗/dτ = F − cDχu∗, where F is the pressure gradient
contribution and τ is sub-step time, the analytical solution is

(11) u∗(τ) = u∗(0)e−cDχτ +
F

cDχ

(
1− e−cDχτ

)
.

This implicit treatment ensures unconditional stability for the drag term regardless
of cD∆t. The time step is constrained only by the CFL condition for advection:
∆t ≤ CFL ·∆x/c0, where we use CFL = 0.4.

At the left boundary (x = 0), we impose an incident sinusoidal wave: η(0, t) =
A sin(ωt) and u(0, t) = (c0/h)A sin(ωt), with velocity determined from the linear
shallow water relation for a progressive wave. At the right boundary (x = L), we
apply the Sommerfeld radiation condition ∂η/∂t + c0∂η/∂x = 0, discretized as
ηn+1
nx

= ηnnx
− c0(∆t/∆x)(ηnnx

− ηnnx−1), allowing waves to exit without reflection.
The transmission coefficient Kt = Hout/Hin quantifies wave height reduction,

computed from wave heights H = 2
√

2ση (where ση is the standard deviation of
surface elevation) measured two wavelengths upstream and downstream of the vege-
tation zone, using the last 20% of simulation data to ensure quasi-steady conditions.

The solver is implemented in Python using NumPy [19] for array operations,
with performance-critical loops accelerated via Numba [26] just-in-time compilation,
achieving approximately 100× speedup. Output is stored in NetCDF-4 format [27]
with CF-1.8 conventions.

2.4 NUMERICAL EXPERIMENTS

We simulate wave propagation through a 200 m flume with depth h = 2 m. Monochro-
matic waves with amplitude A = 0.3 m and period T = 10 s (ω = 0.628 rad/s) enter
from the left boundary. The wavelength is λ = c0T =

√
gh ·T ≈ 44.3 m. Vegetation

occupies xv,1 = 80 m to xv,2 = 120 m, giving patch length Lv = 40 m. Two veg-
etation densities are considered: sparse (cD = 0.14 s−1, representative of Spartina
salt marsh [28]) and dense (cD = 1.4 s−1, representative of mangrove forests [29]).
Spatial resolution is ∆x = 0.5 m (89 points per wavelength), and simulations run for
50 wave periods.

3 RESULTS

Figure 2 presents the spatiotemporal evolution of wave energy density E = 1
2ρgη

2 +
1
2ρhu

2, representing potential plus kinetic energy per unit area. Dense vegetation
(Fig. 2a) exhibits rapid attenuation, with energy decreasing from approximately 900 J/m3
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Fig. 2. Spatiotemporal evolution of wave energy density E [J/m3] for (a) dense vegetation
(cD = 1.4 s−1) and (b) sparse vegetation (cD = 0.14 s−1). Dashed lines mark the vegetation
zone (x = 80–120 m).

upstream to near-zero downstream. Sparse vegetation (Fig. 2b) produces gradual at-
tenuation, maintaining 400–600 J/m3 downstream.

Figure 3 shows free surface elevation dynamics. Dense vegetation (Fig. 3a) re-
duces amplitudes from ±0.3 m to less than ±0.01 m. Sparse vegetation (Fig. 3b)
preserves wave structure with reduced amplitude and visible partial reflection (up-

Fig. 3. Spatiotemporal evolution of free surface elevation η [m] for (a) dense and (b) sparse
vegetation.
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Fig. 4. Root-mean-square velocity urms [m/s] for (a) dense and (b) sparse vegetation. Shaded
region indicates the vegetation zone.

stream amplitude modulation).
Figure 4 displays root-mean-square velocity urms(x) =

√
〈u2〉t, where 〈·〉t de-

notes time averaging over the last five periods. Dense vegetation (Fig. 4a) reduces
urms from 0.655 m/s to 0.0005 m/s (99.2% reduction). Sparse vegetation (Fig. 4b)
shows reduction from 0.765 m/s to 0.042 m/s (35.5% reduction).

Figure 5 shows the wave envelope Aenv(x) = maxt |η(x, t)|. Dense vegetation
(Fig. 5a) produces exponential decay from 0.37 m upstream to 0.0006 m downstream.
Sparse vegetation (Fig. 5b) shows oscillatory behavior due to partial reflection, with
envelope ranging from 0.48 m to 0.025 m.

Table 1 summarizes quantitative results. The transmission coefficient is Kt =
0.655 for sparse vegetation (34.5% height reduction) and Kt = 0.010 for dense
vegetation (99.0% reduction). Energy dissipation is 50.7% and 100.0%, respectively.
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Fig. 5. Wave envelope Aenv [m] for (a) dense and (b) sparse vegetation. Shaded region
indicates the vegetation zone.

Table 1. Summary of wave attenuation results

Parameter Sparse Dense Units

Drag coefficient (cD) 0.14 1.4 s−1

Mean amplitude before vegetation 0.369 0.276 m
Mean amplitude after vegetation 0.242 0.003 m
Amplitude reduction 34.5 99.0 %
Transmission coefficient (Kt) 0.655 0.010 –
Peak energy density 1479.0 910.9 J/m3

Energy dissipation 50.7 100.0 %
Max urms (upstream) 0.765 0.655 m/s
Min urms (downstream) 0.042 0.0005 m/s
Velocity reduction 35.5 99.2 %
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4 DISCUSSION

The computed transmission coefficients are consistent with literature values for wave-
vegetation interactions [31–33]. The sparse vegetation result (Kt = 0.655) falls
within typical experimental ranges for salt marsh under moderate waves. The dense
vegetation result (Kt = 0.010) represents extreme attenuation characteristic of thick
mangrove forests, though such complete dissipation is rarely observed in field set-
tings where nonlinear effects and three-dimensional flow structures reduce efficiency.

The linearized framework follows Dalrymple et al. [3] and Méndez and Losada
[28], capturing fundamental physics while accepting simplifications. Rigid vegeta-
tion overestimates drag compared to flexible plants that reconfigure under flow [34].
Two-dimensional nonlinear formulations [36] capture spatial variations absent here
but at greater computational cost. Combined vegetation-structure systems [37] ex-
hibit interactions not representable by vegetation-only models.

Wave height decay through vegetation follows H(x) = H0 exp(−kix) where
ki = cD/(2c0) [28], assuming quasi-steady conditions and negligible reflection. The
partial reflection visible for sparse vegetation (Fig. 5b) arises from impedance mis-
match at vegetation boundaries. Extreme attenuation for dense vegetation may over-
estimate field performance because nonlinear effects including wave breaking be-
come important for large cDLv/c0 [38, 39], the one-dimensional formulation cannot
capture lateral flow diversion [40,41], and real vegetation exhibits spatial heterogene-
ity not represented by uniform cD.

The Numba-accelerated implementation achieves efficiency comparable to com-
piled languages while maintaining Python accessibility. The staggered grid ensures
proper pressure-velocity coupling [25], and implicit drag treatment provides uncon-
ditional stability. Future work should address flexible vegetation [30], irregular wave
spectra [10], and wave-current interactions [35].

5 CONCLUSIONS

This study presents an efficient numerical framework for wave attenuation through
coastal vegetation using linearized shallow water equations with vegetation drag. The
formulation derives systematically from three-dimensional Navier-Stokes equations
through depth integration and linearization, with explicit definitions of all variables
and parameters. The numerical implementation employs a staggered grid with fourth-
order Runge-Kutta integration and implicit drag treatment.

Numerical experiments yield transmission coefficients from 0.655 (sparse) to 0.010
(dense vegetation), corresponding to 34.5% and 99.0% wave height reductions, con-
sistent with published observations. While the one-dimensional linear framework
cannot capture full three-dimensional complexity, it provides a computationally ef-
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ficient tool for preliminary assessment and education. The open-source Python im-
plementation, available through PyPI, enables the coastal engineering community to
apply and extend the framework.
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